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an appreclatmg t at t e omogeneous oun ary con ItIOns are Wit respect
to e leads to

r2 R" + rR1 0"____ = __ =,\2
R 0'

e" + ,\20 = 0 with 0 (0) = 0 (1r/3) = 0,

r2R" + rRI
_,\2 R = 0 with IR (0)1 < 00.

The eigenfunctions will be given

and it follows that the solution to the corresponding R function that is bounded
at the origin is given by

Rn (r) = r3n,

where, without loss of generality, we have taken the free integration constant
associated with the Rn (r) functions to be "1" since it will be absorbed into An
in any event. Thus, the general solution to Laplace's equation that satisfies the
boundary conditions and is bounded at the origin is given by

u (r, e) =LAnr3n sin (3ne).
n=l

00

u (a, e) = e (1r/3 - e) =LAna3n sin (3ne) . l\'\.-
n=l ~

The orthogonality conditions are \-(L/~, *,'t'lV
~ 0 ,(I-

('/3 1r
Jo sin (3ne) sin (3me) = "6bnm V n, m :::::1.

6 l1r/3An = -3 e (1r/3 - e) sin (3ne) de
1ra n 0

2 l1r/3 d= - -3- e (1r/3 - e) -e cos (3ne) de
1rna nod

2 2 l1r/3= - -3- [e (1r/3 - e) cos (3ne)]~ /3+ -3- (1r/3 - 2e) cos (3ne) de
1rna n 1rna n 0

2 l1r/3 d= 2 3 (1r/3 - 2e) de sin (3ne) de31rn a n 0

2 4 l1r/3= 3 2 3 [(1r/3 - 2e) sin (3ne)]o1r/3 + 2 3 sin (3ne) de
1rn a n 31rn a n 0



4 [ (3 B)]7r/3 4 [1 - (-It]cos n = ,91fn3a3n 0 91fn3a3n
where we have integrated by parts repeatedly. We see that if n is even then
An = 0 and if n is odd, then

8 ~ r3(2n+l) sin [3 (2n + 1) B]
u(r B) - - ~ --------

, - 91f n=O a3(2n+l) (2n + 1)3 .

fx2.r8(tA) (Ccnh'AA€DU~
Question 2.5.8(al. The pde and boundary conditions are given by

6u = 0, 0 < a < r < b, 0:::; B < 21f,

The general solution to Laplace's equation in polar coordinates may be written
in the form

rllS-;n ne- C<1) /'Yl (7 of e--
)-1f

S_~~inne.~)'VIe-Jg. -;:::::127r

sin (nB) sin (mB) dB = m5nm V n,m ~ 1,

S'T(Ccrsn{Hb~l'Ylf)--of.f).- r
27r

cos (nB) cos (mB) dB = 1fOnm V n, m ~ 1,
-7C Jo S 7f A I--rr I 27r -7()/nhrHP 27rS ~ n troi()- =:: r cos (nB) dB = 21fOnOand-=r sin (nB) dB = 0, V n ~ O.

-~ k k
Application of the b y condition along r = a leads to

r27r::::::: Jo sin (nB) cos (mB) dB = 0 V n ~ 0 and m ~ 1,

~
sin (B) = Ao+Bo In (a)+ f [(~:+ Bnan) cos (nB) + (~: + Dnan) sin (nB)] ,:;::l0 , nto (,"t..~, ~.e~) n=l~O ' y /1, )1...-::::::0 which implies that



C1-+D1a=1,a

Cn + Dnan = 0 \j n > 2.an -

sin (2B) = Ao+Bo In (b)+ ~ [( ~: + Bnbn) cas (nB) + (~: + Dnbn) sin (nB)] ,

Ao+Boln(b)=O,

An bn-,;:;;+ Bn = 0 \j n ~ 1,

C2 2b2 + D2b = 1,

Cn + Dnbn = 0 \j n i= 2.
bn

Thus, we can immediately conclude that

C1 C1
-;:;,-+ D1a = 1 and b + D1b = 0

ab2 a
~ C1 = -b2 2 and D1 = ~b2 '- a a -

C2 2 C2 2
a2 + D2a = 0 and b2 + D2b = 1,

a4b2 b2
~ C2 = ~b4 and D2 = -b4 4'a - - a

Hence, the solution can be written in the form

u (r, B) = (~l + D1r) sin (B) + (~: + D2r2) sin (2B)

(b2 _ r2) a (r4 - a4) b2
(b2 _ a2) r sin (B) + (b4 _ a4) r2 sin (2B).
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