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CHAPTER FIVE

FURTHER TOPICS IN INTEGRATION

Every n*n matrix A can be expressed as a product of a finite

number of matrices of the form

j eol
— —— + —_
1 0" 1 .
a‘ +krw- 11!10!' “+ k& rTow
Allw A‘E- -..
j 1
| 0 1 Lo -
i ecol
g + =
1 ]
ﬁa = . } LS + k row

I =

i.e. every linear function from g to E" can be expressed as a composition

of linear functions of the form
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Llfxl,.u,xk,-.-,xn} i (Il,-...,ax.k,...,xnj

lyltypesesliaecitoh ® sl iByon k)

La':xl!---ﬂﬂl‘l---rxj:---ixn] hod {xls--'lle*l':xkl”'ixn} .

We will not prove this statement. You should prove it yourself as an exercise;
it is obviously true for n = 1 , use induction on n . But first prove it for

n =2 to see how the general proof should go. Recall:
Interval in E : I = [ul,Bl] X e X [un,Bnl

n
Content of I t u(I) = 0 (B,=-u.,)
{=1 L IR ¢

n
Diameter of I : ACI) =[] {51'31}2]”2

i=1
p,q € I => |p-q| = A(I) .

Definition: If Bi—ui =a,i=1,...,m then I is an n-cube of side a

o, +8 o 4B
and centre { 12 l 3 sea ,_:E-z__n)

Lemma 5.1.1. If I d4s an interval in £ and ¢ : B° + F is linear then

p(e(I)) = IJ¢| u(I)

Proof: ¢ 4is a composition of a finite number of linear functions of the type

I..l 5 L2 & L3 . The lemma obviously holds for each of these; the type L1 are

the only ones which change the content.

E::TE_“‘EL“-_ELOE Generalize Lemma S.l,) o any st T with contedt.
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Lemmag 5.1.1 = 5.1.4 and Theorem 5.1 are technical in nature. In
view of Lemma 5.1.1 you will find it easy to accept Theorem 5.1 eo, on your
first reading, you may proceed directly to the important Theorem 5.Z. Read
the statement of Theorem 5.1 first.

Lemma 5.1.2: Suppose
(1) G open ¢ R"

LY § 4 B+EE b oy .

Then D compact G and u(D) = 0 => u(¢(D)) =0 .

Proof: If € >0, ] a finite collection of n-cubes I, , 3 = 1,...,m , ®

m m
De v I,c6 ad. } ML) <€ (Why?)
j=1 1 j=1
m
¢ e cHe = ¢ ecl(u L)
i=1
m
i.e. the partials of ¢ are continuous on the compact set U Iil . Therefore,
=1

< m
ﬂH}ﬂi|ﬂ¢{pJ{u}[i-E|u] ,UpEqu . Xu el .
j=1
Therefore 1if p,q € Ij then

|6 (p)=¢(q) | iHlp—ql (Apply MVTh to each component of ¢)

/n

< M A(L (recall I, is an n-cube)

) < /8 Miu )1

] ]
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s ¢(I,) <K, , an n-cube, and

i 3

u(K,) < (278 W07 u(1y)

m
s ¢'(D) L= u Kj

i=1
and
= n
T Ou) < [2/aM]” e.
=1

S. &(D) has zero content.

Lemma 5.1.3: Suppose

(1) G open < R"
() st 6+F , ¢ o)

(1ii) J¢{p}#u , ¥peG
Then D compact €« G , D has content => ¢(D) is a compact set with content.

Proof: ¢ e C(D) , D compact => $(D) compact (Theorem 2.12, p. 71). In partic-
ular 3D c D => 3 4$(D) c ¢(D) . By Theorem 4.16 (p. 201l) and Theorem 4.17 (p.

203) ¢ dis locally one-to-one on G and maps open sets onto open sets.

s ¢(G) and ¢(G) - ¢(D) are open.

Therefore if ¢(p) = q € 3 ¢(D) each neighbourhood V of q contains a point
q; € ¢(6) - $(D) . Therefore each neighbourhood U of p contains a point

PlEG"Dt
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s pedD so 3 ¢(D) < ¢(3D) (*)

D has content <=> u(3a D) = 0

=> u(¢(3D)) = 0 (Lemma 5.3

=> u(3¢(@)) =0 (by *) .

5 ¢ (D) has content.

Note: We have used Theorem 3.5 (p. 115) twice i.e. D < F" has content <=>

u(ap) =0 , if D 4s a bounded set.

Lemma 5.1l.4: ©Suppose

(1) K= [-r,r] % +u. %X[-r,r] i.e. K is the n-cube of side 2r and

centre (0,...,0)
(ii) K =G open
{111)ﬂl:G‘*Rn,ﬂifﬂl{ﬂ},Jlﬁr{p}ﬁﬂ,vpﬁ'ﬂ.

Then, if [v(p)-p| < ¢|p| , UpEK,D'ﬁu*t“lﬁ—,
vn

(1-avn)™ < Hﬁ—ﬁ%l < (#ar/m)”

Proof: 9 ¥(K) < ¢(3K) (ef * above) .

If pedk then r< |p| </hr

~ |vp)-p| < alp]

<amr
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Therefore @¢(K) 1lies outside an n-cube of side 2(1-avn)r , centre (0,...,0),

and 99(K) 1lies inside an n-cube of side 2(1+av/n)r , centre (0,...,0) .

o (l-a ) < l‘-iﬁ—%}ll < (L+a V)" .

Theorem 5.1 (The Jacobian Theorem): Suppose
(i) G open < Rn
(1) ¢:1 6+, ¢ ¢ @ , 3@ #0 VpeG.

Then, if D compact <G and £ > 0, 3 y¥(e) > 0 = if K 1is an n-cube of

centre p € D and side length less than 2y ,

l3,()] o) < $EEL < |3, (p)| (1+e)”

Proof: Since J¢(p:l #0, [Dq:{p:n}'lﬂ = and AP : B + B° (1linear) ,

3—%—— = det [A.] « Since ¢ € CI{D} and D compact the partials of ¢ are
¢p) p

uniformly continuous on D and we have the following:
@ Ju>0= x| <Mul,¥pep, ¥ueR  (Why?)

(b) If >0 3 §(e) > 0 (independent of p) = if pe D and |u| < &

then

&

| & (ptu)=¢ (p)-D¢ (p) (w) | = |u| (from M.V. Theorem)

Mvn

Define Y(u) = lP(¢(p+u)—¢(P}J » P Eixed.
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s Jp=ul <= u|  (from (a),())
/a

n

u!Q!K}!

o = (14e)®  (from Lemma 5.1.4, o = — ) .

n

(1-e)" <

But, by L 5.1. K)) = det[r 1 n(e(K - 0O E)
ut (mfi"amlu S'b H(W(K)) et 5 (¢ (K)) J¢(p}

plp(x))

s 3@ | @-em < =S

< J¢ (p) a+t .

Theorem 5.2 (Change of Variable Theorem): Suppose
(i) G open < "
{ii)¢=G+Rn.¢£CI{G).J¢(pJ¥ﬂ ¥YpeG.

{(1ii) D I:.Gmpacr.j cormecked © G, D has content and ¢ is one-to-one

on D .

Then ¢(D) has content and £ : ¢(D) + R , £ € C(¢(D)) =>

J f-I (Fod) ]J¢| :
¢ (D) D

Proof: #(D) has content by Lemma 5.3. We may assume f > 0 , J¢ > 0 (Why?).
j i I (fog) leli both exist (Theorem 3.4, p. 114); it remains to show
$(D) D

they are equal. For any € > 0 (e<l) we may choose a partition on D con-

sisting of n-cubes K, , j = 1,...,m , which are sufficiently small so that:

3

m
(a) |JD {fﬂ¢}J¢ = le {fﬂ¢1{qj)J¢(pj}u{Kj)| < ¢ for any ay € Kj and

the centre of K

P3 ;



= ko) =

IERTCICS) i

Sammy -~
/) “\ 4(D)
.--"'/ e
\ o -
Now

m

J E o E J £ ($(1-1) needed here)

¢ (D) j=1 ¢(Kj]
m

= 3 E{Pi)u(ﬂKj]} 4 p; € MKJJ (M.V. Theorem for integrals)

i=1

m
= jgl E(pCaNu(eK,)) 5 a5 € Ky .

m m
s (e I EW(a)T (pOuK,) (1-e)" iJ £ < ¥ £(4(q,0)7, (pIu(K,) (1+e)"
from (b). Since € 1s arbitrary (a),{c) => [ (fo8) J, = £ O

D

¢ L{n}

Remarks: Strictly speaking the MVTh is not applicable to da[l(j} if

¢{ijna¢{1}} # ¢ . But this causes no difficulties (Why ?).

You will notice that Theorem 5.2 is much more restriective than the

corresponding result in Rl (Corollary 3.8.1, p. 124) which states that
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$(b) b
J f= J (fo¢)¢' without the restrictions ¢' # 0 , ¢ is (1-1). These
¢(a) a

restrictions are necessary in F® when n > 1 because of considerations

connected with orientation which we discuss later.

Example 1: Compute the area of the region

{(x,y) : 0¥y, ﬂ*’-rzixzﬂfzinz} e B .

v=R

TR RS N P P PRI R e T sy o
F
D Ju=T
-

v=r

S

LY

u=0

W
W

Let (x,¥) = ¢(u,v) = (v cos u , v sin u)

-y 8in u cos u
d(x
I alx,y) _ o &
¢ 3(u,v) e IJ¢I %
v CcO8 u sin u

u(¢(d)) = Jq,(])] F‘ri:{]}:l = JD(K¢(D}°¢> |J¢I

j ] R m
— ¥ J = I I v du dv
Jn“ ¢ 0
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Alternatively you may write this as

lde dy = J 1 |E£E‘Ill du dv .

J¢(n} p olhY)

Remark: The conditions "J A # 0", " ¢is one-to-one" etc. may fail to hold on

a set § c D without affecting the result of Theorem 5.2 provided u(s) =
u($(8)) = 0 . All the integrals involved may be approximated as closely as we
please by integrals over regions for which the conditions do hold. For instance,
in Example 1, we may take r = 0 and get the correct formula for the area of a
semicirele even though J " =0 on the u-axis and ¢ maps any segment of that
axis onto the point (0,0) in the (x,y) - plane. The details are assigned as

Exercise 5.4.

Example 2: Find the area of the region in the (%,y) - plane bounded by the

curve r=a+hbcos B , 0<b<a, where x=rcos f , y=rsin 0

cog 8 -r gin 6

= 20xy) |
¢ 8(r,8)

(x,¥y) = ¢(r,8) = (r cos 8, r sin 8) , J
gin 6 r cos 9
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2w ratb cos 8
[ dx dy = J |g%¥1§%1 dr do = I [ r dr 48
$(D) D 4 0 ‘0

) e 2
= = (atb cosf)” do
2 lo

r2T

(az+23b cos B +-h2 c052 6) de

il
2|

-0

r2

pa =

m
' {a2+%b2{1+cus 28)1 de
‘0

Here again J, = 0 on the f-axis (r=0) and ¢ is nmot one-to-one on the lines

6=0,68=2n, r=0. However [ * j both exist and Theorem 5.2 is
# (D) D

applicable to regions which differ from ¢(D) and D respectively by regions
which have arbitrarily small content.

2/3 vlfii, ul.?".'i w213

Example 3: (x,y) = ¢(u,v) = (u ) maps the triangle

D= {(u,v): 0 <u, 0 <v, u+ v <1} onto the area bounded by the loop of

the curve x3 + 33 = xy

v

LR R )

i i

*x v=0 ~N
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J, = %; ¢ maps the u and v axes onto (0,0). If f 4is continuous on ¢ (D)

¥
then

f f = [ {£a¢)1J¢|
$(D) D

2/3 vlfa}(ulf3 '3 o uv

e.g. 1if f(x,y) = xy, (fop) (u,v) = (u

1 rl-v : 4
f-%JJ uvdudv-%j il-v}zvdv

= f¢(n] 0D -0 0

72
Why was this valid? ¢ ¢ Cl at (0,0) and ¢ is not (1-1) om the u

and v axes.

Examples 1-3 illustrate how the change of variable formula may be
used to simplify the region of integration; it may also be used to simplify

the integrand. This was its basic role in Rl.

Example 4: Find I = .[

2 exp(-i%) dx dy when
D

D' = {(x,y) : 0 <x , 0 <y, xty <1} .

Let (u,v) = (x-y, xty) = ¢—1 (x,¥)
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D= 1:'1(11*} D e & (D)

@y = (55 E;_—") = ¢(u,v)

J = M =
b 3 (u,v)

3515\_

P
44| 2

Alternatively

s P = J =

J

3 (u,v) _ ll =1
$

% T O |

B3 |

i.e. it was not necessary to find ¢ .

;AN § 111; u
.'.I-J exp(;}-idudv-i[[ Exp(;}dudv
D 0 “=v

1
1 u/v i ok
2 J v e dv 7 v (e E) dv

u=v jl
0

0

u=-y
1 1 1
= — - =) = = = i
A(E E} 2si.nl:l
See also the examples in Buck pp 306-311 and the exercises on

pp 311-313. The particular exercises 10-12 indicate a proof of Theorem 5.2

based on the Implicit Function Theorem when n=2.

Exercises:

2 2
512 Find l £ [ £, where D= {(x,y) : 5§-+ L <1}
D * D 2 a

xz 2 2 2
and f(x,?}“'—'FL:f(EJ}'x Ty
1 a2 bz 2
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5.3 (L)

(i1)

S5.4:
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let f be a real valued continuous function on Rz =

Show that

1 1-n
[ '{[x f(x,y) dy} dx = 2[&'{[ f(E+n , E-n) dE} dn
0 ‘0 £ SIS

Show that the ball § = {(x,y,2) : xz + yz + z.2 =< az} has content

3

H-%HB in R3

[Let x=rsin ¢ cos 8§ , y=r 8in ¢ sin 6 , 2z =1 cos ¢ ,

0 < <a , 0 =0 <32n il 2§ = ]

2 M az

Let 8§ be as in (i); show Iz = J (xz + 32} dx dy dz = 5
5

[Iz is the moment of inertia of a uniform spherical mass

distribution (total mass = M) about a diameter.

2
2%__ is called the radius of gyration about a diameter]

(The case of the vanishing Jacobian)
Suppose ¢ @ E™ + B® 4s of the class Cl on an open set G c R"
and that J¢ # 0 and ¢ 1is (1-1) except on a set K with content

zero. Suppose D © G is compact and has content and £ 1s a real

valued continuous function on ¢(D). Show that ¢(D) has content and

[ : -J CIOIEN
# (D) D

[Lemma 5.2: If ¢ > 0 enclose K in the union U of a finite

collection of n cubes such that u(U) <e. Apply Theorem 5.2 to

D -1.
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S0t Show that f [(:—y}z + 2(xty) + 1]“15 dx dy = 2 log 2 -% where
K

K is the triangle bounded by x =0, y =2 and x =1y.

[Hint: x = u(l+v) , ¥ = v(1l+u)]

1
5.6 Evaluate j f and J f where £(x,y) =
D, D, (1 + x2 + y2)2
where
(i) Dl is the region bounded by one loop of the lemniscate

G +y2 e @ -ydy=o0.

(i) I:u2 is the triangle with vertices (0,0), (2,0), (1,/3)
[Solution: f »l-2 . f = 3 L ]
4 2 2 2
D D
1
L Show I | xyz|dx dy dz = %‘— a® b2 ¢? where
K
xZ ﬁ 22
K-{{x,y.z}=—2+ 2+—2_fl}
a b c
5.8: Let y(x,y) = ﬂxz + ZHxy + B:.r2 +26x + 2Fy + C

(i) Show J po= % mab {A,az + Bbz + 4C) where
E

2 2
K= {{(x,y) : _x_z + I‘E <1} . Save yourself some work by using
a b

symmetry to show

J xydxdy-[ xdxdjr-[ y dx dy = 0
K K K
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(11) ‘Show J g = % veb (Aa® 4 BH> + b, v))
H

x-x )2  (y-y)°
where H = {(x,y) : =t e s
a b

(111) Shnwj x> % 90 % 5% = 25 % &) axdy-i?— where S is

s

the region bounded by the ellipse x2 + 4’}}'2 - 2x + 8y + 1 = 0.

(iv) 1If the plane &x + my + nz = p intersects the elliptic

2

2
paraboloid X +YX =22 ghow that the volume of the solid
32 b2 c

bounded by these two surfaces is

";"ﬁ (@222 + b2 + 2pen)?

4e™n

5.9: Find [ 193{::2 + yz} dx dy where D = {(x,y): bz < (xz + yz} % 32}
D

and show that the limit as b + 0 of this expression is

Znazflug a - %} .

08 2y 1 Show that f x3 y2 dx dy = 2&8% where D is the region bounded by
D

the lines y = + 3(x-2) , y = + 3(x-4) . [Move the origin to the

centre of the region and use symmetry as much as you can.]

Bill: Show that the area of the region in the first quadrant bounded by

2 3 2
rﬂ-nlxa.}ra-azxz.x}r =b; » Xy -b23(ﬂ > a, >0,

1517 _ o 15!?} = =SB AT

o 51 2 (a, T

120320 is



Bl

513

5.14:

5.16:
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Show that the area of the region bounded by the loop of the curve

x3+33-3axy is %32.

The transformation =x = u" p(v) s vy = u” p(v) maps the rectangle

[ul, u2] X [vl, vz] into a region in the (x,y)-plane. The area

v
mn m+n 2 m¢y' - oy’
of this region is {ul = u, ) L e if m# -n and
1

u
Em{d:ltpl - ¢2¢2} log (;]—‘H if m = -n . What conditions must ¢
2

and 1 satisfy if this statement is correct? Prove the statement

under your conditions.

Find l xyz dx dy dz where D is the region in the first octant
D

bounded by the cylinder xz + yz = 16 and the plane z =3 1i.e.

D= {(x,v,2) : 0 <=x , 0 <%y .ﬂj-‘!_‘f3rxz+5”2_<15]

Let G be the region in the first quadrant which is bounded by

the curves xy-l,xy-ii,xz-?z-l,xz-yzﬂﬁ. Find

I F where F(x,y) = %y .
G

Show that j b= % pq(apz + qu} + 2pq ¢('xu. yn} where D 1is the
D

X=X =y

s] + - o _ +1

region bounded by the four straight lines

(p, g > 0) and

$(x,y) = axz + Zhxy + byz + 2gx + 2fy + c .
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5.17: (1) If e x+y+z+u, X¥=y+z+u, ¥Z =2z +u, XYZU =u

aixy ¥, X u)t 3.2
(X, X, Z, 1) e

show

(ii) Show that

1l ¢l-u (l-z-u (l-y-z-u %
JJ J J (x +y + 2z + u) xyzu dx dy dz du
00 0 0

1 1 i 1
= J xrt7 dxf Y2 (1-Y) dy [ z3(1-2) dz [ U(1-U) du
0 0 0 0

= ;
(n+8) 71

1 1,1
x* dx or J J(xjr]rydx dy ?

5.18: Which is larger I
0-0

0
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INTEGRATION ON CURVES AND SURFACES

To extend the notion of integration on subsets of 2 as introduced
in Chapter III to subsets of k-dimensional objects in B™ it is necessary to
introduce a definition of content for these objects. Rather than deal with
integration on general k-dimensional objects we will restrict our attention
to 1- and 2-dimensional objects, i.e. curves and surfaces. First a manifold
segment is too general a concept for which to hope to define content e.g.
the graph of f(x) = sin i?, x € (0,1) could not be expected to have finite
length so we should probably restrict our attention to the maps of fairly
well behaved compact subsets of the parameter space. On the other hand the
smoothness requirement on manifold segments is somewhat too restrictive in
the sense that we should be able to assign a length to objects like those

in the picture on the left

e
e

We shall therefore consider objects which behave like "nice" pieces of

manifold segments "piecewise".
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Curves (l-surfaces):

Definition: Let U be an open connected subset of R and

Y 1 U+ R, y(t) = (x(t), ..., x (), n21.

(1) If yec(), y is a curve on U in E" .

(1) If ye cX(U) and rky'(t) =1, ¥ t e U then y is a smooth

curve on U in H

xl'{t) ¥ 1s smooth <=>
y' () = .
: Sl
x_'(t) T x(8)° >0VteU
S g 1=1 1

* *
(iii) Two smooth curves Yy and ¥ on U and U are called

W
parametrically equivalent if there is a functiom f : U =0 ,

Fect™, > £'@) >0 and v (t) =y(E(E)), ¥eeu" .

{iv)} +(U) 41s the trace of the curve v 1in o !

We shall refer informally to the "curve" and its "trace" as "the
curve". We will see that this is unambiguous in the integration theory for
" parametrically equivalent curves. It is perhaps even more precise to consider
curves as equivalence classes of functions y : K =+ RE" the equivalence
relation being parametric equivalence. However you might consider this idea

of a curve too eccentric on your first encounter.

(v) Acurve vy : U = " is piecewise smooth if

(a) ¥ 18 continuous on U
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(b) Each compact subinterval of U 1is the union of a finite
number of intervals I such that ¥ : I = E® 4is a smooth

curve and |y'| 1s Riemann integrable on I .

x=x <+ at a
o
Example 1: vk ysyo+bt.tER,T'- b
z-

+
za ct c

A line in HB A & az -+ bz + cz > 0 this is a smooth curve.

(a, b, ¢) are called direction numbers of vy . They are not

unique in the sense that A(a, b, c) = (ha, Ab, Ac) define a parametrically

equivalent line if X > 0 .

(¢, m, n) = ?ﬁﬁ- (a, b, ¢) are the direction cosines o o
a +C

E2+m2+n2-1

(¢,m,n) are the cosines of

x +a, +b, +c
the angles determined by the i PN B

line and the directioms

~|.
ki

(1|n|ﬂ}v (ﬂ,l.ﬂ}, (ﬂ,ﬂ.l} {'K s Y.» &
o o

e e e e

reapectively. @ === 0z Mecmew=-

A line is determined by

(1) a point {xb, Vo zo} and direction (a, b, c)
or (ii) two points (x_ , ¥, z ), (%55 ¥y zy) -

i.e. then (a, b, ¢) = {xl =R ¥y = Ves 8 = zu}-

The direction (a, b, ¢) 1is orthogonal to (a, B, y) if

0 = (a,b,e) * (a,B,y) = aa + bBE + cy
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The set of points (x, ¥, 2) inm 1?3

such that {x—xn, b o S z—zn} is
orthogonal to (a, b, c) y t (a, b, c)

is the plame through

(xn. Yy zD} with /

Xy ¥y E)
normal (a, b, ¢). It's (/_30’ ¥or zo}

equation is

0= (x—xo, . g P00 z—zﬂl * (a, b, ¢c)

l.e. 0=a(xx) + b{?"}"n} + c(z—zo)

Example 2:

Y : ru':t':ll Y|'

yowg it

()2 +y ()2 =1+ 4250
i ¥  smooth.
Example 3:
x = co8 t -sin t
y :{y=g8in t . € R, Y= coa't
z=t 1

¥ 1s a helix
x'l(t::;"z + y,-'lr:i:}2 + z-.‘(t}2 = 23>0

ik v  smooth
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We know that, 1if v ¢ Cl, T{tu) + D ?{tu}{t-tn} is the best
affine approximation to y(t) for t near to . This motivates the

following definition.
Definition: (i) the tangent line to the smooth curve Yy at the point £

p(t) = y(t ) +D v(e ) (e-t )

e.g. 1in 33 : The tangent to the curve

x = x(t) X=X + x'(tn}{t*tu}
y :{ vy = y(t) is - e + y'{tﬂ}{t—ta}
z = z(t) Rl + z'{to}{t-to}

where - x{tu} g T y(tn} . K- z{tn) -

(i1) v = 1‘{to} is the tangent vector of a smooth curve y at

the point t,: The direction of a smooth curve Yy at the point ¢t is

v y'(ey)
vl = T¥ (e |
e.g. in R3 :
1

" (x"'(t ), y'(t ), z"(t))
| e eyie)t ese)y 0 - s

14 i d

(i11) For a smooth curve in 33 the normal plane at the point







