CODETERMINANTS AND ¢-SCHUR ALGEBRAS
GERALD CLIFF AND ANNA STOKKE

ABSTRACT. We study codeterminants in the g-Schur algebra S,(n,r) and prove
that the standard ones form a basis of Sy(n,r), using a quantized version of
the Désarménien matrix. We find elements of the form FglyEr in Lusztig’s
modified enveloping algebra of gi(n), which, up to powers of ¢, map to the basis
of standard codeterminants, where Fg € U~ and Er € UT are explicitly given
products of root vectors, depending on Young tableaux .S and T'.

1. INTRODUCTION

Let K be an infinite field, and let n and r be positive integers. The classi-
cal Schur algebra S(n,r) can be defined as the dual A(n,r)* of the K-space of
homogeneous polynomials of degree r in n? variables z;;, 1 < 4,57 < n. Since
A(n,r) is a coalgebra, S(n,r) is an associative algebra. The space A(n,r) has a
basis of monomials {z; s}, and the corresponding dual basis {{;,;} is a basis of
S(n,r). J. A. Green [7] defined another basis of S(n,r), consisting of standard
codeterminants, each of which is a certain product &;;€;x. Green used these
codeterminants to give combinatorial proofs of results about Schur algebras, for
example that they are quasi-hereditary.

We wish to do the same for the g-Schur algebra S,(n,r). This was defined
by Parshall-Wang [14] by replacing the commutative polynomial ring in the n?
variables x;; by Manin’s coordinate ring of quantum A,(n) matrices. Then A,(n,r)
is the r-th homogeneous part of A,(n), and S,(n,r) is defined to be the dual
A (n,r)*. We define quantized codeterminants, following Green’s approach as
much as possible. Green needed the Désarménien matrix, which has a quantized
version due to Stokke [16].

The ¢-Schur algebra was also defined by Beilinson-Lusztig-Macpherson [1] us-
ing structure constants which arise from the consideration of flags in vector spaces
over a field of ¢ elements, and also by Dipper-James [2], [3] as the commuting
ring of a suitable generalized permutation module for the Iwahori-Hecke algebra
(of type A.) Using these versions of the ¢g-Schur algebra, R. M. Green [9] defined
quantized codeterminants, and proved a straightening formula for them, gener-
alizing work of Woodcock [18] for the classical Schur algebra. Our approach for
defining codeterminants is much closer to that taken by J.A. Green in the classi-
cal setting. We pair off standard codeterminants with standard bideterminants in
A,(n,r). We give a Carter-Lusztig basis for the ¢-Weyl module in terms of these
codeterminants in Section 6.

This research was supported in part by grants from the Natural Sciences and Engineering
Research Council of Canada.
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In [1] (see also [5]) it is shown that the ¢-Schur algebra is a homomorphic image
G(Uq) of a modified quantized enveloping algebra Uq. This Uq can be obtained
from the quantized enveloping algebra U, of the general linear group, using the
triangular decomposition U, = U~U°U" of U,, replacing U° by a direct sum of
infinitely many one-dimensional algebras, generated by idempotents 1, one for
each weight A\. We show that the standard codeterminants, up to powers of g,
have the form O(FslyEr) where Fs € U™ and Er € UT are explicitly given
products of root vectors, depending on Young tableaux S and 7'

2. YOUNG TABLEAUX

A partition of a fixed positive integer r is a k-tuple of positive integers A =
(A1, A2, vy Ag) with Ay > A > -+ > A\; and Zle Ai = r. The Young diagram
of shape A\ consists of r boxes arranged in k left-justified rows with the i-th row
consisting of \; boxes. One obtains a A-tableau T by filling the Young diagram

of shape A with entries from a set {1,2,...,n}, n a positive integer. Throughout
the article, n and r will be fixed, with A a partition of » and A\-tableaux having
entries in {1,2,...,n}.

Let T be a A-tableau. Then T is called standard if the entries in T' are weakly
increasing across the rows and strictly increasing down the columns. Note that
our standard tableaux are called semistandard, for example in [12]. Let x;(7T)
denote the number of entries equal to i that appear in T'. Then the tuple x(7") =
(x1(T), x2(T), ..., xn(T)) is called the content of T. The row sequence of T is
obtained by reading off the entries of T across the rows, working from left to right
and top to bottom; this sequence shall be denoted Ig(T"). The column sequence
of T' is obtained by reading off the entries of T down the columns, again from top
to bottom and from left to right; we denote this sequence by Io(T).

Let T(\) denote the A-tableau in which the i-th row consists entirely of is and
let Ir(T'(N)) = I(A\) and Io(T'(N\)) = Ic(N). We will often write T = T where
I =1c(T).

Let I(n,r) = {I = (i1,%2,...,%,) | i; € {1,...,n}, 1 < j <r}. The symmetric
group S, acts on I(n,r) as place permutations;

Io = (i107i207"'7ir0)7 I= <i17i27"'7i7’) € I(n,?”),o’ € S’r-

This gives an action on the set of A-tableaux by T;0 = T7,. Define the A-tableau
T* by Ir(T*) = (1,2,...,r). Let C(\) be the subgroup of S, given by the permu-
tations that leave the columns of T* invariant. Similarly, R(\) is the subgroup of
S, that consists of all permutations that leave the columns of 7% invariant.

Ezample. Let A = (3,2). Then I(A\) = (1,1,1,2,2) and Io(\) = (1,2,1,2,1);

7 [1]2]3]
a[5]

The tableauT" = % 411 3] is an example of a standard A-tableau. We have (7)) =

(1,2,1,4,3) and Ir(T) = (1,1,3,2,4). When we write T" = T} for this T', we mean
I=(1,2,1,4,3).
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3. THE q—SCHUR ALGEBRA AND QUANTUM CODETERMINANTS

Let K be a field, and let ¢ be a non-zero element of K. Following Parshall-Wang
[14], Taft-Towber [17], Manin [15], the coordinate ring of quantum matrices, which
we denote by A,(n), is defined to be the K-algebra generated by n? variables z;;,
1 <1,7 < n, subject to the relations

Tilik = qTikTil 1<k<li<n
(1) TjkTik = qTikLjk 1<i<j<n
Tk ik = TjpT4 1<i<ji<n1<k<lI<n

T — tpvg = (¢ — Quazry 1<i<ji<n, 1<k<l<n.

The algebra A,(n) is a co-algebra, with comultiplication given by
A(ZEZJ) = sz‘k Y Tj-
k=1

Given I = (iy,42,...,%,), J = (J1,72,---,Jr) € I(n,7), define
L0 = Tig gy Lig -

Let A,(n,r) be the K-subspace of A,(n) generated by monomials xy s, I,J €
I(n,r). Then Ay(n,r) is a subcoalgebra of A,(n), and we define the g-Schur
algebra S,(n, ) to be the dual A,(n,r)*. Then S,(n,r) is an associative algebra.

Let V' be the K-vector space K". For historical purposes, we will give the
connection between the Parshall-Wang and the Dipper-James versions of the g-
Schur algebra. Following Jimbo (see also [14] 11.3) V¥ is a module for the Hecke
algebra H,(r), and it is shown in [14], Theorem 11.3.1, that

Sq(n, ) = Endy, () (V).

It then follows as in Du [6] that S,(n,r) is isomorphic to the ¢~2-Schur algebra as
defined by Dipper and James [3].
Let

IQ(TL,’T‘) = {(Iv‘]) GI(H,T)XI(’I’L,T’> | 1 Sig < -ee SZT‘ andjk’ Sjk—i—l lflk:Zk+1}

The set B = {x;; | (I,J) € Z?(n,r)} forms a basis for A,(n,r) (see, for instance
[4, section 1.1] although the relations used there differ from ours.) The Schur
algebra S,(n,r) has the basis {5 | (I,J) € Z%(n,r)} dual to the basis B of
Ay (n,r). Thus, if (4, B),(I,J) € Z*(n,r), then & j(xap) = 1 if x4 p = x;; and
&1.5(za,p) = 0 otherwise. For arbitrary (P, Q) € I(n,r) x I(n,r), define

Ero= Y, sy

(I,J)EZ2(n,r)
where

TpQ = E ar jrr.Jj-
(I,J)€T?(n,r)

Note that for (1,J), (A, B) € I(n,r) x I(n,r), we have
&17(xap) =0 unless I = Ao and J = Bt for 0,7 € S,
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but, unlike in the classical case, it is not necessary that o = 7.

For elements I and J of I(n,r), we define I < J if I is less than J in the
lexicographic order. For pairs (A, B), (I, J) where A, B,I,J € I(n,r) , we define
(A,B)<(I,J)ifA<TorA=1and B <J.

The symmetric group acts on the set of pairs (I, J), where I,J € I(n,r), by
(I,J)o = (Io, Jo). For any such pair (I, J), the minimal element in the S,-orbit
containing (7, J) is denoted (I, J)o; this (I,.J)g is in Z?(n,r).

The quantum determinant D of the n x n matrix X = (x;;) is defined by

D= Z (—0) " 2o(n1To@)2 T
0ESH

where [ is the standard length function on the symmetric group S,.
Let I,J € I(n,r) where [ is increasing. Define the quantum minor D(I, J) by

D(Iv ‘]) = Z (_Q)_E(U)xIU,J~
oES,

Let S and T be A-tableaux with S column increasing. Let S(i) be the sequence
given by the entries in the i-th column of S, with similar notation 7'(¢) for T'. The
quantum bideterminant X7 ;, where I = I¢(S), J = Io(T), is defined to be the
product

X7y = D(S(1),T(1))D(S(2),T(2))--- D(S(k), T(K)) = D> (=a) s
oceC(N)

where k is the number of columns of S (and of T'). From [17, Proposition 2.1], we
have D(I,J) = 0 if J has repeated entries, so if T' = T has repeated entries in a
column then XI):J = 0. Also in [17, Proposition 2.1], it is proved that D(I, J7) =

(—q)~*D(1, J), for T € S,, from which it follows that
(2) XIA’JT = (_q>_€(T)X]7J for T € C()\)

Define A (n,r) to be the set of partitions of r into at most n parts. Let Z, =
{I € I(n,r) | Ty is standard} and let

S={\1,J) | xe At(n,r),I,J €I}
The following theorem is due to Huang, Zhang [11].
Theorem 1. The set {X7} ;| (\,1,J) € S} forms a basis for Ag(n,r).

Since Sy(n,r) is the dual of A,(n,r), we have a natural pairing
(,): A (n,r) x Sy(n,r) — K

where (x4 p,&1,7) = &r,7(xa,5). We also have the transpose operator tr : A,(n) —
A,(n) defined by tr(x; ;) = x;;. This is a K-linear map since it preserves the
relations (1). It yields a transpose operator on S,(n,r) defined by (P, tr({r.)) =
<t1"(P), flJ)'

For the next result, if / and J are in I(n,r), we let z(; ;) denote xy ;.

Lemma 2. Suppose that (A, B) € I*(n,r). Then tpa = T(B,a),-
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Proof. This is certainly true if (B, A) € Z?(n,r), so suppose that (B, A) ¢ Z?(n,r).
One possibility is that the entries of B are not increasing. Suppose that the i-th
entry b; of B is greater than b, ;. We cannot have a; = a;,1, since if we did, then
(A, B) ¢ I?(n,r). Since the entries of A are weakly increasing, then a; < ;1.
Then the third equation of (1) gives

Th;,a;Lb; 41,0011 — Lhig1,ai41Lb;,a4 and Ta;biLair1,bir1 — Lajpr,bip1Lai b
Let B" and A’ be the sequences obtained from B and A (respectively) by switching
the entries in positions ¢ and ¢ + 1. So we have g 4 = g 4. Then (B, A’) <
(B, A), and x4 p = x4 p so by induction, we have
Tp A = T(B,A)g-

It follows that x5 4 = (B, a),-

A second possibility, if (B, A) ¢ Z?(n,r), is that for some i, b; = b,y and
a; > a;11. This is not possible, since the entries of A are weakly increasing. This
proves the lemma. O

Lemma 3. For A,B € I(n,r), (I,J) € Z*(n,r), we have

(ra,5,¢r0) = (B4 E01)-
Proof. Tt follows from the previous lemma that if (I, J) € Z%(n,r), then &;; =
§(J7I)0. Write

xA7B = Z CP?QZ‘P7Q'
(P.QIET*(n,r)
Since the transpose map is linear, the previous lemma implies that

(B.A,&r1) = < Z CP,Qx(Q,P)oag(J,I)O>

(P,Q)EZ2(n,r)
=Crg = <9€A,B7 fI,J>~
l

For A-tableaux S and T we let A = Ig(S) and B = Ig(T) and define the
quantum codeterminant YA\’ g by

Vg = Earmnéio.s.
Note that, when associating a quantum bideterminant to a pair of tableaux we
read down the columns while when associating a quantum codeterminant to a pair
of tableaux we read across the rows. This ensures that a given codeterminant is

a product of a basis element in Sy(n,r) and the transpose of a basis element in
Sq(n, ).

2‘ and T = ; 1 ‘ Associated to these

1
3] 2]
tableaux we have a bideterminant X(AL372)7(17271) and a codeterminant }/(?’273),(17172) =
§(1,2,3),(1,1,2)§(1,1,2),(1,1,2)

Ezample. Let A = (2,1), S =

We will require the following proposition in Section 5.
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Proposition 4. Let S be a column increasing A-tableau with I = 1o(S) and let
J € I(n,r). Then if A, B € I(n,r) we have

(X}, Y p) = <X}\,IC()\)7£A,I(/\)> <XI)\C(>\),Ja€I()\),B>-

Proof. Multiplication in the ¢g-Schur algebra is defined using the comultiplication
Ain Ay(n,r), so

(X725, Yig) = ( Z (_q)_Z(U)'IIU,J7YX\,B>
oceC(N)

= Z (=) "z 100, Ea100E10.8)

oeC(N)

= Z Z (—q)_ag) <$1a,s7§A,I(A)> <xSJ7§I(A)7B>

ceC(A) Sel(n,r)

= Z < Z (_Q)Z(U)xIU,S>€A,I(>\)> (5,7, £100),8)

Sel(n,r) \oeC(N)

Denote the double sum on the previous line by S. Suppose that <J:SJ, 51(,\)7B> #0.
Then S = I(A)a for some permutation a € S,. Since I(\) = I¢(N\)F for some
B € S,, we have S = Io(\)7 for some 7T € S,.

We shall show that if 7 ¢ C(A)R()\) then

Z <_Q)7[(U)I]O',IC(A)T = 0.

ceC(N)

If 7 ¢ C(A\)R(X) then, since all entries in each row of T'(\) are equal, 7 must move
some element of T'(\) to a different column. Consider the left-most column, say
column ¢, of T'(A\) which is not kept invariant by 7. If the length of this column
is 7, then the elements of this column are 1,2,..., 7. Since the first i — 1 columns
are invariant under 7, and since the columns to the right of the i-th column are
not longer than the i-th column, then after applying 7 there must be a repeated
entry in column ¢ of T'(A)7, and so

Z (=) ™21, 10007 = 0,
oceC(X)

as claimed.

Hence, in the double sum S, we need only sum over those S in I(n,r) such that
S = Ic(A\)7 with 7 € C(A)R(X). Since the elements in each row of T'(\) are all
the same, R(\) has no effect on I-()\), and since the elements of each column of
T'()) are all different, distinct elements 7 € C(\) give distinct S = Io(A)7. Then

S= Z Z (=0) "z 10 10 09ms Enion)) (Troymas E10.8)
TEC(N) 0€C(N)

By (2),
Z (_Q)_e(o)xIJ,IC(A)T = (—q)"" Z <_Q)_£(U)xla,lc(/\)a for 7 € C(N).

ceC(N) ceC(N)
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Therefore
S=3 > (= D (101000 Ea10) (Tremyma E100.8)
ceC(N\) TeC(N)

This is equal to
<XI Ic(A 75A,I(A)> <XI)\C()\),J7 fI(A),B> .

4. THE QUANTUM HYPERALGEBRA AND THE QUANTUM DESARMENIEN
MATRIX

In this section we recall the definition of the quantum Désarménien matrix from
[16] as well as some relevant results from [12].

Let ¢ be an indeterminate, A = Z|[q, ¢~!] the ring of Laurent polynomials in g,
and Q(gq) the field of quotients of A. Let Ug, denote the quantum enveloping
algebra of gl(n), which has generators E;, F;, Kj, Kj_1 withl <i<n, 1<j<n
and relations given, for example, in [12, Section 3.

Define K, ;11 = K; KZJFI1 . We have a comultiplication A : Ugg) — Ug(q) ® Ug(q)
defined by

We then have an algebra homomorphism A” U Ugg) — Uy ®T that satisfies
AT E) =18 Ql0E+1® - QlQE,QK, 11+ +E; ®K“+1® @ Kijit,
AN E)=Fi®l® - 0l+K  9F® - @l+  +QK, ,® 0K} | ®F,.

To define Lusztig’s 1ntegral form, let a be a non-negative integer and define

I e () T

q—q" pober ¢ —q

a

-

the Hopf A-subalgebra of Ug,) generated by the the elements

For X € Ug(g) and a € N, we have the divided power X @ = Let U4 denote

a a _ K . .
EZ»(),FZ-(),Kj,Kjl,( ]), aeN, 1<i<n, 1<j<n.
a

The quantum hyperalgebra Uy is defined by base change; Uy = U4 ® 4 K. Note
that K is an A-algebra by defining ¢ € A to act on K by multiplication by some
unit ¢t € K. When we write u € Uk, we are referring to the image of u in Uk via
the map ¢ : U4 — Uk defined by ¢(u) = u® 1.

Let Ax(n) be the A-algebra generated by the variables z;;, 1 <14, j < n subject
to the relations (1). Then A,(n) = Aa(n) ®4 K. The following action makes
Ay(n) a Ug-module:

5, ST §
(4) B = 6ip11%kis Fivg = da%iiv, K = "o, K om = ¢ oy

and E,(PQ) = P(EiQ) + (EiP)(K;inQ), F(PQ) = (K1, P)(FQ) + (FP)Q,
Ki(PQ) = (KiP)(K;Q) where P,Q € Aa(n).
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Furthermore, for a fixed A, the A-span of the quantum bideterminants of the
form Xf\c(/\),J’ where J € I(n,r), is a Ug-invariant submodule of A4(n), denoted

by V.a(X). The A,(n)-module obtained by base change, denoted V,()), is called
the ¢g-Schur module. Note that in [16] and [12], X}\C(A)J is denoted by [T;]. From

[10], for instance, we have the following.
Theorem 5. The set {XI)‘C()\)J | J € I} forms a K-basis for V,(\).
Let |i — j| > 1 and define E;;, F;; € Uk recursively as follows:
Ei =FE;i.1, B = Ez‘Ez‘+1,j—q_1Ei+1,jEz‘, F,=Fin, Fij = i+1,jE_q_1EE+1,j-

From [13, Proposition 41.1.3], it follows that if a is a positive integer, then EZ(;Z)

and Fi(f) belong to Uy, and hence by base change, to Ug.
To a standard A-tableau T" with k£ < n rows, define elements Er, Fr € Uk by

Ep = H EZ(JMJ) _ EIEZI;@]C) o ESZ%) . EégQS)Eglk) . ng)ng)’
1<i<k, i<j<n
Fr = H Fi(j%'j) _ F1(2712)F1(g13) o Fl(g1k)F2(3V23) . FQ(]ZQk) L F}EZkljli,k)’

1<i<k, i<j<n
where «;; is the number of entries equal to 7 in row ¢ of 7', and & is the number of
columns in 7.

Definition 6. Given a standard A-tableau 7" and a column increasing A-tableau
S, with J = I(S5), define Q,(S,T) = ¢ where ¢ is the coefficient of Xf\c(/\),lc(/\)
in the expansion of ErX IAc(/\), ; into a linear combination of the basis elements in
Theorem 5.

Given A-tableaux T7 and T}, we say Ty < T it I < J with respect to the
lexicographic order on I(n,r).

Definition 7. The quantum Désarménien matrix is the matrix
Qq = [Qq(Tla TJ)]I,JEIA-
We have the following theorem from [16, Theorem 4.10].

Theorem 8. Let Tt and T be column increasing A-tableaux with Ty standard. If
Qq(T],TJ) # 0 then I < J.

For a A-tableau 7', let t;; denote the entry in the i-th row and j-th column of
T. Define
S<T) :| {((iatia>’ (j7 tjb)) | 1> ja a < b, tia - tjb} | .
Thus, s(7") is the number of pairs (ia, jb) where t;, = t; and t;, sits in a row
below ¢, and in a column to the left of ¢;.

Ezxample. It T = g 2 5 ‘, then s(T") = 2.

The following theorem, [12, Theorem 5.12], states that the entries of the quan-
tum Désarménien matrix can be found using the ¢-Schur algebra.
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Theorem 9. Let T7 and T’y be column increasing A-tableaux with T’y standard. If
Tr and T; have the same content then

Q(T1,Ty) = ¢ =) <XIC 1> IO IR(TY)) -
In the proof of Theorem 12 we will also use the following Lemma [12, Lemma
5.8].

Lemma 10. Let T; be a standard A-tableau. Then

<Xfc(>\) J’gf ), IR( TJ)> QS(TJ)'

Ezxample. Let A = (3,2) and T = g 2 5] as above. Then

A _ 2
<X(1,2,1,2,1),(2,5,5,6,5)75(171,172,2),(2,5,5,576)> =q.

5. A BASIS OF CODETERMINANTS FOR S,(n,T)

Partially order At (n,r) as follows:
AQpif A+ X4+ N <p+ps+---+p, forall pe {1,2,...,n}.

Here, if X is a partition of r into k < n parts, we let A\, = 0 for p > k (similarly
for p). Recall that S = {(\, I, J) | A € AT(n,r) and Ty, T are standard}.

Definition 11. For (A, I, J), (u, A, B) € S, define (A, I,J) < (u, A, B) if A< p or
A=pand (I >Aorl=Aand J>B).

Keep in mind that the codeterminants come from reading across rows of stan-
dard tableaux. In the following definition, for A € I(n,r), let A" = Ig(T4). In
other words, if A = I(T), we let A" = Ix(T).

Define a matrix D, as

_ A
Dq - (<XI,J7 YX’,B’»()\,I,J),(,u,A,B)eS )

Theorem 12. The matriz D, is upper triangular, using the order in Definition
11, with nonzero entries on the diagonal.

Proof. We first consider the diagonal entries of D,,. Let (A, I, J) € S. Using Propo-
sition 4, we have <XI)‘J,YI),‘J,) = <Xj\71€()\),51/7](A)><XI>‘C(A)7J,§I(A)7J/). But by Lem-
mas 3 and 10, (X7, ), Era0) = (X0 oo Sron.) = ¢ and (X 6,0, E0,00) =
¢*T)). Thus <XI,J7YI’,J'> = ¢o(T1)+s(Ts) £ 0.

Now suppose that (X, 1,J), (u, A, B) € S with (A, I,J) < (u, A, B). Suppose
first that A = p. Using Proposition 1 and Theorem 9,

<X;\,J>Y1L;\’,B’> = <XI)\IC()\) fA/ ><X1AC(,\) J fl >
¢*TIQ, (T, TA) sT8)Q, (T, TB)
But, since (A, I, J) < (A, A, B), either I > Aor [ = A and J > B. In the former

case, Q,(T7,T4) = 0 by Theorem 8, and in the latter case, (7, T) = 0. Thus
<XI)\,J’ Yfi\/,B'> =0.
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Suppose that A << p and let p be the smallest positive integer with py + po +
oAy > A+ A+ -+ A, As in the proof of Proposition 4, we have

<XI>\J7 Al B/ - Z Z xIUS7£A’ lvb)><‘rSJ7£I >
ceC(A) Sel(n,r)
which is equal to ZSGIW)<X§S,gA,J(M))@S,J,5](,”,3,). If (X7, Y4 g) # 0 then,
for some S € I(n,r), we have (X7 g, a1 1)) # 0. Since

Xis = Z (—q) a1y,
oceC(X)
then I(u) = Sa where a € S,.. Thus S contains p; entries equal to ¢ for 1 < i < n.
We have p; = A; for 1 <4 < p—1, but g, > Ap. Thus Tg contains an ¢ in each
of the \; columns for 1 < ¢ < p — 1 and since p, > A, this forces at least two
entries equal to p in the same column of Ts. It follows that X j\ ¢ = 0 and so
<Xf\,Sa§A’,I(u)> = 0 and, consequently, (X;\J,Y/’;CBQ =0. O
Note that, unlike in the classical case, the entries on the diagonal of the matrix

D, may not necessarily be equal to one; they are, in fact, of the form ¢*, k > 0.
The following Corollary follows easily from Theorem 12, as in [7].

Corollary 13. The set {Y) 5 | (1, A, B) € S} forms a basis for Sy(n,r).

Proof. Let B ={X7 ;| (X 1,J) € 8} be the basis for Ay(n,r) listed in Theorem 1
and let B' = {g7 ;| (\, I, J)} be the basis of S¢(n,r) that is dual to B. Since D, is
an invertible matrix and Y§ 5 = 3\ | jycs(X75, YA p)g7s, for each (u, A, B) € S,
the set {Y} 5 | (1, 4, B) € S} is indeed a basis for Sy(n,r). O

6. CODETERMINANTS AND QUANTIZED ENVELOPING ALGEBRAS

In this section, we show that each of the factors &; (n) and £7(x),s in one of our
codeterminants is equal, up to a power of ¢, to the product of the homomorphic
image of Fg in the quantized hyperalgebra (respectively Er) and a particular
idempotent in S,(n,r). Here I = Ig(S) and J = Ig(T), where S and T are \-
tableaux, and Fg and Ep are as defined in Section 4. We use these results to give
a quantum version of J. Green’s description of the Carter-Lusztig basis theorem
[8, Theorem 5.3b] at the end of the section. As well, the results in this section
lay the groundwork for the main result in Section 7 which gives the expression
of our basis elements as homomorphic images of explicit elements in the modified
enveloping algebra.

The n-dimensional vector space Vo) with basis vy, ..., v, is a Ug(g-module via

By = 01405, Foop = 6ipvinr, Ko, = ¢y, Kj_lvk = q %y,
where 1 <4 <n, 1 <5,k <n.Let V4 be the Ug-submodule of Vi) generated by
V1, ...,U,. The r-th tensor power, fo’r, is a Uy-module via
w(vi, ® v, ® - ®@v;,) = A Hu) (v, @ - @ vy,),

where A is defined in (3). Let V" denote the Ux-module obtained by base change.
For I = (iy,49,...,4,) € I(n,r), we let vy = v;, Q v, @ - R v;,.
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As well, V¥ is an S, (n, r)-module via

SUJ = Z <xK,Ja£>UK7 fe Sq(TL?T): vy € V®r-

Kel(n,r)
Ifv; € VO and u € Uk let uvy = Zlel(m) cr.y(u)vr. We define a map 0 : Ux —
Sq(n,r) by
(xr.,0(u)) = cry(u).
We will require the following two facts about the map 6.

(5) O(u)vr = wvy, u € Uk, vy € V",

(6) 9(U1U2) = Q(U1>G(U2), U, U € UK.
The first statement above follows from the definition of # and the second is proved
in [12, Lemma 5.1].

For the next lemma, if I = (iy,...,4.), J = (j1,...,7) € I(n,r), define Sy(Z, J)
to be the number of pairs (iq, i) for which i, = iy, i, sits left of i, and the
corresponding entries j,, j, in J satisfy j, > j,. Define So(I,J) = S1(J,I) to be
the number of pairs (j,, jp) for which j, = ji, j, sits left of j, and the corresponding
entries i, and i, in I are such that i, > i,. Let e(I,J) = S1(I,J) + So(I,J). The
following lemma is a consequence of the relations (1). (A version of this is also
given in [4, Lemma 1.1.4], who use somewhat different relations.)

Lemma 14. Let I,J € I(n,r). Then

(I"])x(LJ)O + terms involving xsr,

€
Trg=4(q

where (S, 1)y = (S, T), (S,T) > (I,J)o, and (S,T) is not in the S.-orbit of (1, J).

We have the following consequences.

(7) If (I,J) € Z*(n,r) and (vpg, &) # 0 then (P,Q)o < (I,J).

(8) If (1,J) € Z*(n,7) then (z70,& ) = 0 unless (I, J) ~ (I, Q).

Note that (8) follows from the fact that, in this case, I is weakly increasing
SO T = qe(I’Q)mLQU where Io = I. We will also require the following lemma
[12, Lemma 5.3] in the proof of Lemma 16.

Lemma 15. Suppose that Q = (...,z,...,y,...) and P = (... 0,...,2,...),
where 1 < x <y < j and the x and y displayed in Q) are in the same positions as
the i and x displayed in P. Then the coefficient of vp in E;jvg is 0.

Lemma 16. Suppose that T is standard, and let J = Ir(T). Then

51(,\),1(,\)9(ET) = C&(A),J
for some ¢ € Q(q).
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Proof. The proof is by induction on the number of entries in 7" which are different
than the entries in T'(A). If 7' = T'(X\) then Er is the identity, and £y, 100 0(Er) =
§100,100)-

Suppose that 7" # T'(\), and suppose that the entries in the first row of 7" are
not all 1. (The argument is similar if the the first difference between T and T'(\)
occurs in a lower row than the first.) Suppose that the first entry of 7" in the first
row that is not equal to 1 is j, and let 7" be the tableau obtained by changing
this j to a 1. Then Ep = aEp Ey; for some a € Q(g). Let J' be the sequence with
J' = Ir(T"). By induction we assume that

Eroy, 00 (Er) = d&(n),,  where d € Q(q).

Write &700),1000(E£7) as a linear combination of basis elements:

Eroy,aonf(Br) = Z aQS1()).Q; aq € Q(q).
(I(N),Q)€T?(n,r)

Then
aQ = (T1(x),Q, 1,100 (Br)) = Z (T, 15§10, 100 (T K, O(E7)).-
Kel(n,r)
By (8), (xr(n),x, &, 100) = 0 unless (I(X),I(X)) ~ (I(\), K), in which case K =
I(N). Thus ag = (x1(x),q, (Er)), which is the coefficient of vy(\) in Epvg.
Suppose that ag # 0. We shall show that @ = J; if so, then &) 10)0(Er) =
ag&r(n),s as desired. Suppose that Q = Ig(S). Since (I(\),Q) is in Z?(n,r), the
rows of S are weakly increasing. We have
S Ervg = &y b(Er)vg
= d&ix),.r0(Enj)vg
= ng(A),J’EljUQ-

Suppose that Eyjug = Y 5 crug, where each cg € Q(q). Then

df]()\)J/EUUQ = Z chéI(A),J’UR-
R

Suppose, for some R, that

crEI(\),J'VR = CR Z (Tx,Rr, 100,07 ) VK # 0.
Kel(n,r)

Then by (7), (K, R)o < (I()\),J’). Since (1(\), J') is smallest in its orbit, (K, R)y =
(I(N\),J"). Thus K = I(\)o and, in particular, R = J'o for some o € R()A). So
after applying Ey; to vg, we get a linear combination of terms, one of which is
vy,. Thus @ has one more j than J’, and one less 1. One possibility is that @ is
the same as J'o except that a j has been replaced by a 1. Another possibility, if
J > 2, is that when applying E; to @), a y in () is changed to an z, and an  in
@ is changed to a 1, where 1 < x < y < j. Here J'o, and ) have the form

Jo = (1,...,1,...,x,...)
Q = (1,...;2,...,y,...)
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But from Lemma 15, in the latter case the coefficient of vy, in E;jvq is 0. Since
we are assuming that cr€rn),svr # 0, it follows that @ is the same as J'o after
replacing a 7 by a 1.

Since 7" has no 1’s below the first row, and o € R(\), the j in @ which is
changed to a 1 in J'o occurs in the first row of S. Since the first row of S is
weakly increasing, J'o and @) have the form

Jo = (1, g0l g )

Q = (1, 0o sdyeesdye-n).
Now the first A; entries of J’ are weakly increasing, so o must switch the 1 among
the middle of the j’s to the front of J'. So J’ looks like () except that the first j

in (Q is changed to a 1 in J’. Since @ is identical to J' except that the first j in @
has been changed to a 1, it follows that () = J, and the proof is complete. U

Lemma 17. Let T' be standard with J = Ic(T). Then (z1,n),0(Er)) = 1.
Proof. In [12, Proposition 5.1}, it is proved that the K-linear map ¢ : V" — V ())
defined by ¢(v;) = X ;‘C (1 82 Uk-epimorphism. In [16, Theorem 4.8], it is proved
that Br, X7,00.5 = Xfo to0v-
Suppose that Er,v; =Y, ajv;. Then Xl)\c(k),lc(k) = ETJXE\C(/\),J = ¢(Er,vy) =
(> rarvr) = 2 arg(vr) = 3 ar Xy o - Thus ar. = 1. O
Theorem 18. Let T be standard with J = Io(T) and J' = Ig(T). Then

fl(,\ (ET) =dq —s(T )51
Proof. From Lemma 16, we have 51(,\)71(>\)9(ET) = cfl(,\)’Jl. Thus

(T, E100, 100 (Er)) = (T10(0),75 €10, 07)-
The left hand side of this equation is equal to

(@r000.05 S0 (Er)) = Y (T1o.x &) (2.0, 0(Er))
K
By (7), (Z1o00,k, §100,000) = 0 unless (Ic(X), K)o < (I(A), I(X)). Since the pair
(I(N),I(A)) is smallest in its orbit, (Ic(A), K)o = (I(A),I(X)). Thus K = Io(\)
and
(100,07, E100,100(ET)) - = (Z10(0).1000, E100,100) (F10(3),05 0 (Br))
= ¢ UML) (g ) 5, 0(Br)) by Lemma 14
= <9UIC(>\),J,9(ET)> =1, by Lemma 17.
It follows that (1. (x)., c€rn),07) =
Now (I¢(A),J) and (I()\) J) belong to the same orbit and (I(A),J’) is the
smallest in this orbit so (Io(A), J)o = (I(A),J'). Thus, by Lemma 14,

= (qdjdi)’j)f(fc(x),J)o, Ern,1)
= <Q(€; (ZA() );) V21007 E100.07)
qE C ) .

In [12, Lemma 5.8] it was proved that €(Io(A), J) = s(T). Indeed, S1(Ic(N), J)
is equal to the number of pairs (i4, %) in Ic(\) for which a < b, i, = i, and j, > Jjp.

(150,05 E100,97)
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But, if i, = i3, this means that the corresponding entries j, and 7, are in the same
row. Since j, sits left of 5, and T is standard, j, < 7, from which it follows that
S1(Ie(N),J) = 0. Now, Sa(Ic(N), J) is equal to the number of pairs (jq, jp) in J
with a < b, j, = j» and i, > 4. If a < b, then j, sits in a column to the left of jj.
If iy > i, then j, sits in a row below j,. Thus Sy(Ic(N), J) = s(T') = e(Io(N), J).
It follows that ¢ = ¢~*(7), O

Given I = (iy,i2,...,4,) € I(n,r), define G(I) to be the number of pairs (a, b)
for which a < b and i, # i,. For example, if I = (1,4,1,3,3), then §(I) = 8. In
[16], we defined a bilinear form ( , ): V& x V& — Q(q) by

(vr,v5) = ¢" Doy
We have an antiautomorphism 7 : Ux — Uy defined by
In [16, Theorem 5.2] it was shown that the form above is a Ug-contravariant form;
that is
(uv,w) = (v, 7(w)w), u € Uk, v,w € V&,
Since (f;jv,w) = (v,e;;w) for 1 <i,j <n and v,w € V, we have
(Frv,w) = (v, Erw), v,w € V¥ T standard.

Given a standard A-tableau T with k rows, define r;(T") to be the number of
pairs (a,b) in row ¢ of 7" in which a is in a box to the left of b and a # b (since T

is standard, it must be that a < b). Define r(T") = Zle ri(T).

Ezample. It T = le g 313 then 7(T") = 6.

Theorem 19. Let S be a standard A-tableaw with I' = I(S). Then 0(Fs)&1ony, 100 =
e -
Proof. In Theorem 18, we proved that £\ r00(Es) = q*“"(s)&(}\),p. Thus, if
§ro. P (Es) = Z b1(0),€1(0).Q
(I(N),Q)€T?(n,r)

then by(n),o = 0 unless @ = I’. In other words, if (I()),Q) € Z*(n,r), then the
coefficient of vy(\) in Egvg is zero unless () = I'. Furthermore, the coefficient of

Ur(x) in Fgvp is q—s(S).
For every (A, B) € Z?(n,r) such that B ~ I()), there exists Q € I(n,r) with
(I(N\),Q) € Z?(n,r) such that (A, B) = (Q, I(\))o. Thus, by Lemma 2,

OF)amam = >, aguwéaion = O, Ggumiern,
(I(N),Q)€Z?(n,r) (I(V),Q)€Z?(n,r)
where ag,1(y) is the coefficient of vg in Fsvy(y). For any Q with (I()), Q) € Z%(n, 1),
we have
(Fsvry, ve) = (agivq, vg) = ¢
On the other hand,

aQ,1(n)-

(Fsvrny, vq) = (vin), Esvg).
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Thus

P Dag rin = (vig), Esvg).

As mentioned earlier, if @ # I’, then the coefficient of vy in Egvg is zero so,
from the above equation, we have ag (x) = 0 unless Q = I".
If @ =TI, then

A" —s(5) qﬂ(f(/\))q—S(S)’

"ap 1y = (i, Esvr) = (v, ¢ vroy) =
so that a1 = ¢PUON==(9)=60"),

The number 3(I") is equal to the number of pairs (a,b) in S, a # b, with a and
b in the same row but a sitting to the left of b plus the number of pairs (a,b) in S
with a # b and b in a row below a. Since 3(I(\)) counts all pairs (a,b) in S with

b in a row below a, including those pairs where a = b, we have
BUIN) = BI") + 5(S) —r(S).
Thus ap 1) = ¢ and, indeed, O(Fs)E100,100 = q_T(S),pr()\). O

Define z\, = Zaec()\)(—q)*z(”)vfc(,\)a € VI, where ((c) denotes the length
of the permutation o. Let A(X)4 denote the Ug-submodule of V{" generated
by zx. The ¢-Weyl module for the hyperalgebra Uy is defined by base change;
AN =AM ® K.

In [16, §5], a quantum version of the Carter-Lusztig basis theorem was given.
In particular, it was proved that the set

{Frz, | T is standard}

is a K-basis for A (A).
Let

Ih=A{J € I(n,r)|J=Ig(T) where T is a standard A-tableau}

and, if J = Ig(T), define r(J) = r(T'), where r(T) is as defined above Theorem 19.
Theorem 19 allows us to give the quantum version of the Carter-Lusztig basis in
terms of elements in the ¢-Schur algebra. The following corollary is the quantum
version of [8, Theorem 5.3b].

Corollary 20. The set
iy | J € Th}
is a K-basis for A (N).

Proof. First note that &7(x) 702\ = 2. Indeed, if o € C()), then

fl(A),I(A)UIC(A)a = Z(iﬁc(A),M’ fl(A),I(A))UM
M

and (2101 &) = 0 unless (Io(N)a, M)o < (I(0), 1(A)). Since (I(3),1(A))
is smallest in its orbit, (Ic(A)o, M)y = (I( ), ()\) Thus M = Io(A)o and so

E100,10)VIc(No = Vie(N)o-
Now, if T is standard with J = Ix(T"), then

Frzy = 0(Fr)zy = 0(Fr)éoy i = ¢ "o,

and the Corollary now follows. O
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7. CODETERMINANTS AND MODIFIED QUANTIZED ENVELOPING ALGEBRAS

Doty [5] observes that the ¢-Schur algebra S,(n,r) is isomorphic to a homomor-
phic image of Lusztig’s modified quantized enveloping algebra U. (A version of
this was proved earlier in [1], who did not use the notation UU.) The Q(g)-algebra
U [13, Chap. 23] is obtained from the triangular decomposition Ugq) = U~U U+
by replacing U° by a direct sum of infinitely many 1-dimensional algebras, each
generated by an idempotent 1y, one for each weight \.

Weights A can be identified with compositions of r into at most n parts, that
is, A = (A1,..., \,) where each \; is a non-negative integer, and > . A\; = . The
weight A is dominant precisely when A is a partition, that is, Ay > Xy > -+ > \,.
For a weight A, we have the sequence I(\) which consists of A\; 1’s, then Ay 2’s,
etc. This agrees with our earlier version of (), defined when A is a partition.

Lemma 21. For a composition A, the element {1(x) (v 8 an idempotent.

Proof. Take (I,J) € Z?(n,r). We have

<II,J> g[()\),[()\)gl()\),[()\)> = Z<$I,Ka 51(,\),1(,\)> <xK,Ja fl(A),I(A))-
K
Note that since (I,J) € Z%(n,r), then (z;x, &) # 0 only when I = I()),
and then only when K = I(X), and similarly (xk,s,&00,00)) 7 0 only when
K =J = ]()\) So <l’[7J,g[(A)7I()\)€]()\)7I()\)> = 0 unless I = J = I()\) and
<£U1(,\),1(,\),51(,\),1(,\)51(,\),1(,\)> = 1. Therefore fl(,\),I(A)fI(,\),I(,\) = 51(,\),1(,\)- O

From [13, Chap. 23], the elements of U can be written as 2~ 1,2*, and also as
yT1yy~, where x7,y~ € U™, %, y" € U". Relations for these elements are given
in Section 23.1.3 of [13].

Lusztig [13] also defines an A-form Uy of U, generated by EZ-(a), Fi(a), and the
idempotents 1). As in [13, Chap. 31], for a field K containing a non-zero element
q,

Uk =K ®4Uy.
For an element u of € Uy, we also denote by u the element 1 ® u € Uk.

We give the homomorphism 6 : Ux — S,(n, ) explicitly as follows:

9(1'_1)\ZL'+) = 0(1'_)&“[()\)71(,\)0(1‘4_), T € Ug, (L’+ S U;

That this is a homomorphism follows from the fact that # is a homomorphism,
from the previous Lemma, and from Lusztig’s relations.
We now have

Theorem 22. Let A\ be a partition and let S, T be standard \-tableaux. Let I =
Ir(S) and J = Jg(T). Then the codeterminant & 1o0Ern,s 15 given by

Er,10)81(0, T = QT(S)+8(T)9(F31AET)-
Proof. This follows from Theorems 18 and 19. U
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