Math 201 A1—Maple Lab 11

Objectives: To practise Fourier series and observe the Gibbs phenomenon.

Maple Commands:

Heavi si de(expr); Heaviside step function, takes value zero when expr is negative
and one when expr ispositive.

pl ot ({exprl, expr2},x=a..b,y=c..d); Plotstwo expressions on one set
of axes. In this example we've specified the domain [a,b] and the
range [c,d], but it's not required.

Recall that the Fourier series of a piecewise-continuous function on aninterval [-L,L] is

%hcos—+b Smn_nxg (1)
where the coefficients are given by
1t nTX
=—[f(x)cos—dx , n=012,... 2
a, L_J'L (x) C (2)
1t . X
b,=—[f(x)sn—adx , n=123,... 3
L_I. (x) ] (3)

Given a Maple expression for f(x), which here we'll denote by expr, and a numerical
vaue for L, the following Maple functions can be defined and used to compute the
coefficients a,, b

a:=n->(1/L)*int(expr*cos(n*Pi *x/L),x=-L..L);
b:=n->(1/L)*int(expr*sin(n*Pi *x/L),x=-L..L);

where of course instead of expr and L you insert the appropriate expression and numerical
value. To have Maple return, for example, a;, you would simply type

a(5);

To have Mapletake a partiad sum of dl terms in the Fourier series (1) for f(x) up to and
including the N™ term, use the function

S:=N->(a(0)/2)+sum(a(n)*cos(n*Pi *x/ L)
+b(n)*sin(n*Pi *x/L),n=1..N);

: 1 , —-m<x<0
Exercise 1 Let f(X)=[]

0+l , O<xsm

the N =5 partid sum of the Fourier series for f(x). Plot the result, together with the

original function. Notice the "overshoot" where soon after passing through x =0 the partia

sum exceeds f(x).

be defined on [-Tt, 1 (except & x=0). Find

Increase the number of termsin the partial sum and, simultaneously, decrease the domain of
the plot. By including enough terms in the sum, does it appear that this overshoot problem




will go away? Try it. In percentage terms, by how much does the height of the plotted partia
sum initially exceed the height of the function it is supposed to represent? Submit one copy
of aplot showing this overshoot. While the width of this overshoot vanishes as more terms
are added to the partial sum, the height does not. The effect occurs whenever a function with
ajump discontinuity is represented by a Fourier series, and is called the Gibbs phenomenon.

A function defined on just [0, L] can have two different Fourier series. For such afunction,
it's Fourier sine seriesisgiven by

[ee] L
Sy bsnt bn:EIf(x)sin@dx . n=12,... (4)
n=1 L LO L
whileits Fourier cosine seriesis given by
o L
%, c:osE :g fxcosﬂdx n=0,1,2 5
2;% L’a”LJ;() L ' (5)

Exercise 2 By any convenient method, compute both the Fourier sine series and the Fourier
cosine series of the function f(x) = cosx whose domain is [O,71]. In the case of the sine
series, plot afew partial sums and compare to the origina function. How do they compare if

we extend the domain (of the plot only; don't compute new Fourier series!) to [-rm,m1]?
Submit a copy of one such plot.




