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Need for a new integral

Denjoy integral (1912)

Let f: R — R. Then f is integrable in the
Denjoy sense if there is an ACGx* function
F:R — R such that F/(z) = f(z) a.e. Then

[2f=F@®) - F(a).

Fis ACxon ECR
(Ve > 0)(36 > 0) (if z;,y; € E with > lx; —y;| <o

then > sup 1F'(x) — F(y)| <€)

Fis ACGx on R
R =UE; and F' is AC'x on each E;



Distributions

Test functions
D =C

Convergence o¢n — 0

There is compact K such that supp(¢n) C K.
For each m > O, ¢$Lm> — 0 uniformly on K as
n — 0.

Schwartz distributions

D’ = dual space of D

IfTeD thenT:D—R (T,¢)eR
continuous linear functionals on D

(Vé,¢ € D)(Va € R) (T, ap++) = a(T, ¢)+(T, )
¢n — 0in D= (T,pn) — 0in R

If felP (1 <p<oo)then (Ty,¢) = [25 fo
defines a distribution

Derivative

<T,7 ¢> — _<T7 ¢/>



Distributional Denjoy integral

Continuous functions on extended real line
C={FeCOR)|lim_sF =0,lims F € R}
If F € C define F(+o0) = lim4 F

If f €D then f is integrable

~

if there is F € C such that F/ = f. Then
JZ% [ = F(c0).

Note: F/ = f means that for all ¢ € D

(£.6) = (F.9) = ~(F,¢) =~ | F¢

Since AC C ACGx C ACG c CO(R) this
includes Lebesgue and Denjoy integrals.
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Linear distributional derivative is linear
Unique 7T7'=0in D' = T = constant
Subintervals [’ f = F(b) — F(a)

A = integrable distributions

Examples
1. Let F € C9(Jo, 1]) be differentiable nowhere.
Then F' € A and [§ F/ = F(1) — F(0)

2. Let F' be a singular function.
Then F' € L1 and (L) J& F'=o0.
And, F' € A with [§ F' = F(1) — F(0).

Banach space under Alexiewicz norm
If fe Aand F is its primmitive in C then

1711 = |Flloe = sup| F(x)| = max| [*

zeR



Integration by parts
Let f € Aand g€ BY. Then fg € A.

| f9=F@g@ - [ Fdg

where F/ = f and F € C

Holder inequality
For f € A and g € BV

[ ol < st it 1ol + V)



Change of variables

Derivative of composition of continuous
functions

Let F,g € CO(R). Then (F'og)g := (Fog),
i.e., for all ¢ € D,

(FTog)g',0) = ((Fog),d)=—(Fog¢)
- [ _Fop@®at

Change of variables
Suppose f € A and F/ = f where F € CO(R).
Let —co<a<b<oo. If g€ CO[a,b]) then

g(b) b ,
/g(a) f=/a(fog)g = (Fog)(b) — (Fog)(a).
If g € C%((a,b)) and lim, 4 g(t) = —oo and

lim,_,;— g(t) = oo then

/_O:of - /ab(f 0g)g = F(o0) — F(—00).



Banach lattice

partial order in C
F<Gif F(z) <G(z) forall z e R

Reflexive F < F
Antisymmetric (F<Gand GL<F)=F =G
Transitive (F<Gand GL<H)=F<H

This is a Banach lattice.

C is closed under

FVvG=sup(F,G) and FAG =inf(F,G)
1. F<G=F+H<G+H forall HeC
2. F<G=aF <aG for all a >0 (a € R)
3. [F| < |G = [[Flloo < [|G]loo

Here, |F| = FV —F.

For f,g € A define f<gqgif FF <, i.e.,

X T _
f§g<:>/ fg/ g for all z € R
—O0 — OO



Example

| sin(t)/t, t>0
f(t)-{ o) 120

Then f>0in A.



