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Fourier transform

f:R—R

F&) = [ e (@) da
= /O:O f(x) cos(sx) dx — z/O:O f(x)sin(sx) dx

where i2 = —1 and s € R.

Examples

] 1, O<z<a = _ 1—etas
L fle) = { 0, otherwise F(s) ="

2. f(z) = e 7l f(s) = ﬁ

__ sgn(x) 70y — V2mwsgn(s)
4. f(z) =’ f(s) = y/melln=s?)/4
5. f(z) = Sinez) f(s) =ilog |74




Example

If lim f(z) =0 then f/ =isf

|x|— 00
70 e—isa:f/(x) dr — x”_[noo [e—isa:f(w)} . xﬂfﬁoo [e—is:cf(x)}

oo

+is / e_isxf(:c) dzx

= isf(s)

Solve the differential equation

y'(2) + ay/(z) + by(z) = f(z) —oco<x< 0
im ¢'(z) = lim y(z) =0

(is)? + isa + b| 5i(s) = F(s)
Inversion

1 0. @)
y(@) === | *"5(s)ds
— 0



L1 theory

T <o

Basic properties
1. f e Ll is necessary and sufficient for exis-
tence of f on R as a Lebesgue integral.

2. If fe Ll then

f is uniformly continuous on R
f(s) >0 as|s| — oo (Riemann-Lebesgue lemma)

- oo .
3. fi=4 [ €f(s)ds (inverse transform)

If f,f € L1 then f: f almost everywhere on R



Henstock—Kurzweil integration

The integral is defined in terms of Riemann
sums.

Tagged partition of [—oo, o]
P = {(Z’ﬂa [xn—laxn])};]zv:]_ and Zn € [Jﬁn_]_,aﬁn]
— X0 =< T << TNy =00

Gauge

v:[—o00, 0] — {open intervals in R}
~(x) is an open interval containing x
P is y-fine if v(zpn) D [rn_1, Tn]

Henstock—Kurzweil integral
[ f=AcRif  (Ve>0)(Fy)

N
P is v-fine = | > f(zn)(zn —zp_1) — A| <€

n=1

Convention 0.0 =0



Properties of the Henstock—Kurzweil
integral

HK = Henstock—Kurzweil integrable functions

e includes Lebesgue: HK O L1
e nonabsolute: f e HK %A |f| € HK
e integrates all derivatives: [’ f' = f(b)—f(a)

o If F(z) = [T f then F/(z) = f(z) a.e. but
F need not be AC

e Mmultipliers are functions of bounded vari-
ation (BV): If f € HK and g € BV then
fg € HIC



Fundamental T heorem of Calculus

T he following theorem is false for Riemann and
Lebesgue integrals:

Fundamental Theorem of Calculus (?)
Let F:[a,b] — R be continuous on [a,b] and
differentiable on (a,b). Then for all x € [a, b]

/x F'(t) dt = F(z) — F(a).

a
Example

F(z) = { z Siﬂo(w‘z), i i 8

/ | 2zsin(z™2) — 2271 cos(z72), z#0
Fiz) = { 0, =0

f01 |F'| = oo so [ F’ does not exist as a
Riemann or Lebesgue integral.



Further properties of Henstock—Kurzweil
integrals

There are no improper integrals:

p

x
[ f exists for each — oo < x < 00

/f:A<:>< -
5o and |im ff A

T—00 |

Bounded variation

Vi= sup [ ¢
¢eCE |9I<1

Convergence Theorem
Suppose f € HK, Vgn, < M and g, — g.

Then [ fgn — [ fg.



Henstock—Kurzweil Fourier transforms

EXistence

f exists on R

Necessary: f is locally integrable
Sufficient: f e L' (o0)
or {f(x)lOaS x| — oo

Behaviour at infinity

00 00 .
If [ |f(x)|dz diverges but [ f(xz)e T dx
— OO — 0

converges then f can grow arbitrarily rapidly,
i.e.,

Given ay T oo there is f € C such that f exists
on R and f(n) > an.

We can even take f € C°.



Theorem: If ap, T oo there is a continuous
function f such that f(n) > an for all n > 1.

Proof:. Let n,r, > 0. Define the step function

f(s) = Z anx(n—rn,n—l-rn)(s)

n=1

where (n —rn,n—+ rn) are disjoint intervals and

1, x € (a,b
X(aab)(x> — { 0, ¢ Ea, bg.

Note: f(n) = an

@)

1 - s
flz) = o / e Z anx(n—rn,n+rn)(8) ds
S=——00 n=1
] o n—+rn

_ 1 Z a [ei(n—|—rn)m ez(n—rn)m}
2mixT —1
1 — T s
= 5 > ane™ [2isin(rpz)]
n=1

O

= — > ane’™ sin(rpz).
TT =
n=1



Since

Sln(rnac)

|f(z)| < Z anrn,

>1||—*

o

f is continuous if Z anTn < OO.
n=1



Example: Stationary Phase

Let f(x) =x% forz > 0 and f(x) = 0 for x < 0.

T hen

f(s)

@)

/ xo‘ei(xz_sx)da? where 0 < a <1

=0
00

sl / 12eis? (H2=1) gy (x = st)

t=0
00

Sa+1e—i32/4 / tozez'SQ(t—l/Q)th

t=0
1/2+4€
Sa—|—1€—7j52/4 / tozeiSQ(t—l/Q)th
t=1/2—¢
2 €
Sa+le—zs /4 9.9
o / elS t dt
t——c¢€
2 o0
Sa+1e—zs /4 9,9
o / els t dt
t—=—00
. 2
sat1l,—is7/4 o0 eiu2 .
2%g

U——0

. 2
O s%e15°/4 (s — 00)

(t = u/s)



Inverse transform

1 o
9(@) === [ e*"g(s) ds
—00

Inversion Theorem:

Suppose f exists almost everywhere. Define
F(x) = f;fof for zg € R. If F'(zg) = f(xq)
and f exists at xzg then f(xg) = f(a:o). If f
exists almost everywhere then f = f almost
everywhere.



Proof:
Fix x € R and y > 0. Write z = x + uy.
Put ¥(s) = e I8 then (1) = -2

' t241°
Put ¢.(s) = e YIsle!sz. Then

P-(t) = P((t— wz)/y)/y

y|(z—1)2+y?|

%_/ e VIsleisT () ds = %_/ b:(s)F(s) ds
1 7 .
= Z_L B=(D) (1) dt
= P[f](z +iy)
Plfl(z +iy) = < (}O (:c{g)Qc—ilny is the half plane

— 00
Poisson integral and solves the Dirichlet prob-

lem:

Au=0, Im(z)>0
uw(lx) = f(x), xR

T f(@)d
Under the condition [ xé”—ﬁ exists we have
— 0



P[fl(z +iy) — f(z) a.e. asy — OT.

= f(=)
= lim P[fl(z+iy)
y—0T

= f(z) (for almost all) z € R.



Summability kernels
Abel/Poisson

b(z) = eI
A(S> . 2
v Y + 1

Cesaro/Fejér

¥(@) = (1—|aDxp_1.9@)

o [sin(s/2)]?
o = [
Gauss/Weierstrass
b@) = e
P(s) = me 5/



Example of rapid growth

f(z) = 2%  for x>0

20+2—v

(s — 00).

f(S) ~ C]/)Q{ [e’idysV/(Vl)]

If v is close to 1 then f grows rapidly as s — co.

If v>2and v/2 < a <v-—1then f exists on
R but f does not exist.



