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CHARACTERIZATIONS OF FUNCTION SPACES
ON THE SPHERE USING FRAMES

FENG DAI

ABSTRACT. In this paper we introduce a polynomial frame on the unit sphere
S4-1 of R%, for which every distribution has a wavelet-type decomposition.
More importantly, we prove that many function spaces on the sphere S—1,
such as LP, HP and Besov spaces, can be characterized in terms of the coeffi-
cients in the wavelet decompositions, as in the usual Euclidean case R¢. We
also study a related nonlinear m-term approximation problem on S%~1. In
particular, we prove both a Jackson-type inequality and a Bernstein—type in-
equality associated to wavelet decompositions, which extend the corresponding
results obtained by R. A. DeVore, B. Jawerth and V. Popov (“Compression of
wavelet decompositions”, Amer. J. Math. 114 (1992), no. 4, 737-785).

1. INTRODUCTION AND SUMMARY OF MAIN RESULTS

1.1. Notations and basic facts. We start with some necessary notations. Given
an integer d > 3, we denote by S?~! the unit sphere of the d-dimensional Eu-
clidean space R? and do(z) the usual Lebesgue measure on S¢~! normalized by
Jsar do(z) =1. For 0 < p < oo, we let LP = LP(S?~!) denote the usual Lebesgue
space on S9! endowed with the quasi-norm || - ||, and H? = HP(S?"!) the usual
Hardy space on S%~! endowed with the quasi-norm ||-|| g» (see Section 4 for a precise
definition of H?(S%~1)). Given a measurable subset E of S?~!1, we denote by |E|
its Lebesgue measure and Y its characteristic function. For z,y € S*~!, we shall
use the notation d(x,y) to denote the geodesic distance arccosz - y between z and
y. Moreover, we denote by B(z,r) := {y € S~ : d(z,y) < r} the spherical cap
with center z € S and radius r € (0,7), and M(f) the usual Hardy-Littlewood
maximal function on S

M) = swp o [ 1)l doly), 2e ST fe LY.
o<r<m ‘B(xa 7‘)| B(z,r)
We let S = S(S?1) denote the set of indefinitely differentiable functions on S%*
endowed with the usual test function topology and let S’ = S’(S?"!) be the dual
of S. & is called the space of test functions and S’ the space of distributions. We
denote by (f,¢) the pairing between a distribution f € §" and a test function
@ € §. Throughout the paper, the notation #A denotes the cardinality of a given
finite set A, the letter C' denotes a general positive constant depending only on the
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568 FENG DAI

parameters indicated as subscripts, and the notation A =< B means that there are
two inessential positive constants C7, Cy such that C1A < B < C1 A.

For each nonnegative integer k, let Hj denote the space of spherical harmonics
of degree k on S%~! and Y}, the orthogonal projection of L?(S?!) onto Hj. As is
well known, for f € L?(S%1),

(11) K@= [ PG ), vest
where for = (1, 72,...,24), ¥y = (y1,Y2, -, ya) ERY, 2y = 2191 + Tovyo + ...+
Td¥d,

2k+d-2

(1.2) Pt) = =5 P (1), te[-1,1],

d-—2
and P_? (t) denotes the usual ultraspherical polynomial of order % normalized

—2

by P,:T (1) = %. (For a precise definition of ultraspherical polynomials,
we refer to [Sz, p. 81].) Evidently, the formula () allows us to extend the
definition of Y, (f) to contain all distributions f € &’(S?!). For an integer n > 0
we denote by II,, the space of all spherical polynomials of degree at most n on S*~!
(i.e., polynomials in d-variables of total degree at most n restricted to S¥1). It is
well known that II,, = @, _, Hy and dim II, = >} _,dim Hj < n?~!. For more
information on spherical harmonics, we refer to [SW], Ch. IV].

1.2. Construction of polynomial frames on S?!. Various nonstationary
wavelets or frames have been constructed on the sphere by many authors (see [ADS],
[AV], [DDSW], [EGS], [G], [MNPW], [NW]). Although each of these wavelets or
frames has its own advantage, to the best of our knowledge none of them has been
shown useful in the characterization of classic function spaces on the sphere. In this
subsection, we will construct a polynomial frame on S?~!, for which many function
spaces on the sphere S~ such as LP, HP and Besov spaces, can be characterized
in terms of the coefficients in the wavelet decompositions.

Our construction is motivated by the approach taken in the pioneering work of
[IMNPW], where the authors used positive cubature formulae to introduce a class
of polynomial frames suitable for analyzing data on the sphere. It is based on the
following theorem.

Theorem A. There exists a constant v > 0 depending only on d such that for any

integer N > 0 and any finite set {&x}req of distinct points &, € SY=1 satisfying
zrg;gglz d(&, &) >v/N and max, rj;éigd(x,gj) < /N,

1]

there exists a set of numbers 0 < anj < CyN—=1) " ke Q, such that for any
felly,0<p< 0 andt>0,

(1.3) f(y)do(y) = Z an k.f (k).

§a-t keQ

o=

(ﬁ Z(Nd_lajv,k)t|f(§k)p> ; f0<p<oo,

keQ

max [V an)1£(60)1], P

(1.4) 1fllp =
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where the constants of equivalence depend only on d and p when p is small, and in
sequel, we employ the slight abuse of notation that 0° = 1.

Theorem A under the restriction ¢ < min{p, 1} was obtained in [BD| Theorem
3.1]. It will be shown in Section 5 that the restriction ¢ < min{p, 1} is in fact not
necessary.

An equality like (IL3)) with nonnegative coefficients is called a positive cubature
formula, while an equivalence like (4] is called a Marcinkiewicz-Zygmund (MZ)
type inequality. It should be pointed out that positive cubature formulae and MZ
inequalities for 1 < p < oo based on function values at scattered sites on S?~! were
first established in the fundamental paper [MNW].

Now to each integer j > 0 we assign a finite set {z; x: k € A;l} of distinct points
Tjk € S9! satisfying

min d(x‘k m‘k/) > —— and max min d(x x’k) < —
VLR B - » V7, )
d j+4 d— d j+4
k,k €AY 2 zeSI=1 ke 2
k#£k'

with v as in Theorem A. Evidently, #A;-l = 27(d=1) "and by Theorem A, there exists
a set of numbers 0 < \jp < g2V |k € A9, such that for any 0 < p < oo,
0 <t <min{p,1} and any f € Iy,

(1.5) f@)doly) = 3" Aflan),

s keAd

1
1 .
(d=1)y  \t )P ;
PYICAH Z (27 Aj) L f(2.00)] ;0 <p<oo,

(L6)  Ifly =4 \ P

J(d=1)y  \t . i =

mae| (27001 o) if p = oo,

where the constants of equivalence depend only on d and p when p is small. For
convenience, we also set Ad = {0}, Ao, = 1 and take z o to be any fixed point on
Sé-1.

Let ¢ be a nonnegative C*°-function on R supported in {z € R :
and satisfying

1<zl <2}

o0

(1.7) Z (¢(2_jx))2 =1, forall z #0.

Jj=—00
Together with ¢ we define a sequence of functions
Gin(@) ==/ AjrGj(x - zjk), § >0, k€A,
where

k
271

(1.8) Go(t)=1, G;(t)= D &

k=[2i—2]

and Py(t) is defined by (2). We index these functions by the spherical caps
B(zj,,277m). Thus with B = B(z;;,277m) we let

(1.9) Yp(z) = Yjk(x) = /NG x) k).

)Pk(t)a te [_1’1]’ .7 > 1,
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We also use the notation B; to denote the set of spherical caps B(zj,2 /)
(k € A;-l) and B to denote the union of the B;, j > 0. Thus, associated with
each distribution f on S~!, there is a series > genlf,¥B)Yp, and moreover, for
each spherical polynomial f, we have

f@)=">_(f vp)vn(2),

BeB

with only a finite number of nonzero coefficients (f, 1), as can be easily verified.
We will keep the above notations for the rest of the paper.

We have three purposes in this paper. First, we want to study the unconditional
convergence of the series ) ;. 5(f,¥B)¥5(x). Second, we want to characterize clas-
sic function spaces on S¢~!, such as L?, HP and Besov spaces, using the coefficients
(f,¥B), (B € B). Third, we wish to investigate a related nonlinear m-term approx-
imation problem. Our main results will be summarized in the next subsection.

1.3. Summary of main results. To state our results in a unified manner, we
identify H°°(S%~1) with C(S?~!) and note that (see [C]) for 1 < p < oo, the Hardy
space HP(S?~1) coincides with the Lebesgue space LP(S1) and ||f|, =< || f| x>
with the constants of equivalence depending only on d and p.

Our first result gives a characterization of the spaces HP, 0 < p < c©.

Theorem 1.1. If 0 < p < oo and f € HP(S*™!), then Y pcp(f, ¥B)¥B converges
unconditionally to f in the HP-metric, and moreover

1l = | (Z |<f,wB>|2|wB|2) 2Hp = <Z |<f,wB>2leB>2\ )

BeB BeB

)

with the constants of equivalence depending only on d, p and ¢. In addition, if
0 < p < oo and {ap}pep s a sequence of complex numbers such that either

1 1
(XCgeslanllysl?)? € LP(S*) or (Xpeplasl?|Bl™ xn)? € LP(S™), then
> penaBYB converges unconditionally to some distribution f in the HP-metric,
and moreover

£l < 1| (Z aB|2|¢B|2> EH,, < G (Z |aB|2leB>5}p
BeB

BeB

)

with the constants C1 and Co depending only on d, p and ¢.

Our next result concerns a characterization of the Besov spaces. For a > 0 and
0 < p,7 < 00, we define

oo

[flBe vy = <Z(k+ 1)aTl(Ek(f)Hp)T) + [{f; 1)

k=0
with the usual change when 7 = oo, where

Bu(f) e = t{IIf = gllir : g €T}, ney,

and define the Besov space B®(HP) to be a linear space of distributions on S%~*
endowed with the quasi-norm | - | Be(gr)- We point out that Besov spaces on the
sphere were introduced and investigated by Nikol’skii, Lizorkin and Rustamov in a
series of papers (see [R] and the references there). These spaces can be equivalently
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characterized using the K-functionals or moduli of smoothness on the sphere (see
RI).

Theorem 1.2. For aa>0,0<p,7 < oo and f € B¥(HP), we have

(1.10) If

Be(Hr) = ZQ Jd=r(—5=a) Z [(fs g P )

keAd

with the usual change when p = co or T = oo, where the constants of equivalence
depend only on «,7,p and ¢. In addition, if {a;r : j=1,2,..., k € A?} s a
sequence of complex numbers such that

S
A=

o0
S 2 @G e [ 57 jg < o0,
=0

d
ke

then the series Z;io ZkeA? a; kY, converges unconditionally to some f € BX(HP)
in the HP-metric. Moreover,

TR
=

— r(i_1__o
(111) |f|Ba(Hp) < Cpa T, ZQ J(d—=1) ( 37— a27) Z |aj,k|p ,
J=0 keAd
with the usual change when p = 0o or T = 0.

Of particular interest are the spaces B*(HT), for which we have

Bo(H™) X<Z|f7’(/}3 |B| - > B

BeB

(112) !

with the usual change when 7 = oo, due to Theorem 1.2.

We point out that for the usual Euclidean space R?, results similar to Theorems
1.1 and 1.2 can be found in [EJ], [HW] Chapter 7] and [DJP].

Finally, we state our results on nonlinear approximation. For 0 < p < oo, f € HP
and an integer n > 0, we denote by I', = I',, ,, a set of n spherical caps B € B
such that

Juin [(fm)1Bl7~% > max [(F9m)|1BlP %,
and define the greedy—type algorithm G2 (f) by
Gh(f) = (fvn)s.
Bel,

Such an algorithm is well defined, as was shown in [Tl Remark 1.1]. We refer
to the impressive survey paper [T2] for the background information on the greedy
algorithm.

-1
Theorem 1.3. Fora >0, 0<p<oo, 7= (ﬁ + ) , [ € HP and an integer

n >0,
(1.13) If = G (H)lae < Cpapn” T7|flpamr)-

1
p
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Theorem 1.4. Fora>0,0<p <00, 7= (% + 7%5)7", f € H? and an integer
n >0,
(1.14) G2 (Dl B2 117y < Cpyapn® T || fll v

In addition, if f € H? has a representation f(x) =) p.gapp(x) with at most n
nonzero coefficients ap, then

(1.15) f

a 1
a < da—1 B -2 . :|H .
Be(H7) < Cpaen Iggg{\aBH |"2xB(") )

The inequality (LI3)) is a direct theorem of approximation (the Jackson inequal-
ity), while the inequality (II4]) is an inverse theorem (the Bernstein inequality).
Once (LI3) and (LI4) are established, then by the standard method (see [DP]),
the following characterization result holds for 0 < 8 < a:

>[I GE (Dl | <00 = feBAHT),

n=1

where f € HP,0 < p < ocand 7 = (3/(d—1)+1/p)~!. For results on the nonlinear
approximation associated with wavelet decomposition in LP(R) (0 < p < 00), we
refer to [DJP], [DPY] and [Jia).

We organize this paper as follows. Section 2 contains three lemmas which will be
used frequently in the proofs of our main results. We prove Theorem 1.1 in Section
3 for the case 1 < p < oo, and in Section 4 for the case 0 < p < 1. The proof
of Theorem 1.2 and those of Theorems 1.3 and 1.4 are given in Sections 5 and 6,
respectively.

Finally, we point out that our paper does not give any effective algorithms for
spherical wavelets. For results in this direction, we refer the reader to the papers
[SS1], [SS2] and [KIJ]. We also note that characterizations of function spaces using
wavelets on stratified Lie groups had been considered in [L]. (The author would like
to thank an anonymous referee very much for kindly pointing out these references
([SS1l, [SS2], [K1, [L]) to him.) For more recent work on spherical frames, we refer
to the paper [NPW]| by F. J. Narcowich, P. Petrushev and J. D. Ward, and also
the nice survey paper [MP] by H. N. Mhaskar and J. Prestin.

2. THREE USEFUL LEMMAS

This section contains three lemmas that will be useful in the proofs of the main
results in this paper. The first two lemmas (Lemmas 2.1 and 2.2) are in essence
known, while the last one (Lemma 2.3) is new and will be of fundamental impor-
tance.

For the statement of Lemma 2.1, we define, for f € S'(S71),

(2.1) o;i(f)(@) = (f,Gj(z)), xS, j=0,1,2,...,
where G is defined by (L.J).
Lemma 2.1. For 1 <p < oo and f € LP(S471),

2

(2:2) (S nr]) | <l
=0 b
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In addition, if f is a spherical polynomial, then
(oo}
(233) Y _oj00i(f)a) = fx), ¥aeST
§=0

with only a finite number of nonzero terms.

Proof. The inequality (2.2]) is a simple consequence of the well-known Hérmander-
type multiplier theorem for spherical harmonics (see [S, Theorem 2]), while the
identity ([Z3]) follows directly from (7)) and the definition. O

To state our next lemma, we suppose ¢ is a C°°-function on [0, co) supported in
[0,2] and equal to a constant on [0, 3], and define

(2.4) Kno(t) = Zw(%)Pk(t), tel-1,1, N=1,2,...,
k=0

with Pj(t) as defined in (.2). Then, with these notations, we have
Lemma 2.2. For 0 € [0, 7] and any positive integer ¢,

K c0s6)] < Cpp N2 mind 1, (V) ), =01, N =12,

where K\, (t) = Kn (1), K{,(t) = (&) {Kn (1)}, i > 1.

We note that for the usual Cesaro kernel

0 ::iF(N—k+6+1)I‘(N+1)

(N —k+DIO(N+0+1)

Py (t)

k=0
of order § > d — 1 it is well known (see [BC]) that

‘O'?V(COS 9)‘ < OsN4! min{l, (NH)_d},

and the order (N§)~% on the right-hand side of this last inequality cannot be further
improved. The significance point of Lemma 2.2 is that the positive integer £ can be
chosen as big as we like, which will play a very important role when we deal with
the case 0 < p < 1 in the later sections.

The proof of Lemma 2.2 is contained in [BD| Lemma 3.3].

The following lemma will be of fundamental importance in the proofs of our
main results.

Lemma 2.3. Suppose f is a spherical polynomial of degree at most N (i.e., f €
Hy). Then for any >0 and x € S,

(2.5 5.0 = G (MUY @)
where
(26) Fin(@) = 1)l

yesi-1 (14 Nd(z,y))? ="

Proof. Let n be a C*°-function on [0, c0) supported in [0, 2] and equal to 1 on [0, 1]
and let Ky, be defined by ([2.4) with ¢ replaced by n. Then, clearly, for f € Iy,

@D S =)= [ F0) Kyl = Kyl w) dofw), g,z 57
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For simplicity, we set, for y,u € S~! and § € (0, 1),
Ans(y,u) == max |KN,7(y u) — Knp(z-u).
ZGB(y

Then, using Lemma 2.2 with ¢ = 0, 1, it is easy to verify that for any integer ¢ > 0,
N1 if 0 € [0, %],
SN4tmin{l,(NO)~}, if 6 € [, 7],

where 6 = d(y,u). Thus, using 27) and Z8) with £ = [(8+ 1)(d — 1)] + 2, we
obtain that for z,y € S*! and § € (0, 1),

[f(y) = f2)]

) —
sup
2€B(y, <) (1+N (il? )) Ad-1)

(2.8) Ans(y,u) < Cry {

1+ Nd(z (@=1)
[ (TERams) Avsvwdotu)

< 98d-1y ~() [/ An sy, u) do(u)

< fan(

" /sd-1 (1+Nd(y, )"V A 5 (y, u) do(u)

< Cypdfpn(T).
This implies that for any z,y € S*"* and 6 € (0, 1),
ok 28 inf M
Yy 2€B(yY, )
(1+ Nd(z,y))41 = (1+ Nd(z,y))¢! Jr( Cn,8 fﬁ,N(x))

—1
T Jii/’fi(x), vt /B< e

3

2)|7

Wl

Q=

<Ca6~IMf1F)(@) + (2C0s8f5.5 (@)
So, taking the supremum over all y € S¥~!, we deduce
Fi (@) < a7 (M 719)@) " + 2710, o f5 o).
which implies (Z5) by taking § = (2°72C,, 5)~!. This completes the proof. O
3. PROOF OF THEOREM 1.1 FOR 1 < p < 00

We need the following lemma, which means that for each j € Z, and k € A‘j the
function 1, 5, is highly localized in the spherical cap B(z;x,27771).

Lemma 3.1. Foranyr >0, 2€S% !, j€Z, and k € A"-l,

(3.1) ik (x) < Cagltjr(z )|<Cd¢r( (lg;.x1") ()
where g k(@) = 2D/, o (@)

Proof. When j = 0, Lemma 3.1 is trivial. So we may assume j > 0. Recall that for
J>0,

1
™

27
v
V() = VG (- k) kaZ‘ﬁ(F)Pz}(fc'%yk)a

v=0
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where ¢ is a nonnegative C°°-function supported in {x € R: 5 < |z| < 2} and sat-

1
2 =
isfying (1), and P, is defined by (L2)). Since (see [Szl, 7.32.2)]) n%gx] |P,(cost)| =
tel0,m
27

P,(1) = v%72, it follows that max |G;(cost) = G;(1) = 27(4=1). Hence, using

te[0,n]
Bernstein’s inequality for trigonometric polynomials, we obtain that for ¢ € [0, #],

\/ jkG COSt \/ ]kG "2j(d71)\/>\j’k,

and the inequality g; x(x) < C’d’¢,|wj,k(x)| then follows.
For the proof of the inequality

1
™

(3-2) V50 (@) < Cap.r (Mg k") ()",

we use Lemma 2.2 to obtain that
[0;.(2)] < Cagir /2627 V min{1, (270) 5},

where § = d(z,z;). Therefore, if 0 < 0§ = d(z,x;;) < 27U+, then since
B(zjx,2797Y) € B(z,279),

; 1
) Tojd-1) ( =
k=G (3 (2,29) /B@ sy Xoesnamsy ) da(y))

<Cap,r (M(lgjkl")(@))"
and if 0 = d(z, ;) > 27771, then since B(z;x,277~1) C B(z,26),

1 1 (2)] < Caprn/Aj £ 2741 (209)~(d=D/7
< Cyspr 97(d—1)
sory/ B2

< Car (M(|g57) ()" .

In either case, we have the desired estimate ([32]), and the proof is therefore com-
plete. O

1
r

Sl

r

Xpa, omi-1)(Y) dU(Z‘J))

B(z,20)

Proof of Theorem 1.1 for 1 < p < co. First, we show that for any sequence
{ap}Bep of complex numbers,

1
2
63 (Z a32w3|2> |, < Crae (Z janl?|B|~ 1><B> |-
BeB BeB P
Indeed, since 0 < A < Cy277@=1 by Lemma 3.1 applied to r = 1 it follows
that for any B € B, || < Ca.4|B|~2 M(x5), which together with the well-known
Fefferman-Stein inequality implies the inequality ([B.3]).
Second, we show that for any sequence {ap}pep of complex numbers and any
finite subset F C B,

(3.4) B> aB¢B|p<cp,d¢H<Z lasl? |¢Bl2> I,

BeF BeF
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Once [B4) is proved, then by a standard argument, we deduce that the series
> _pep @BYp converges unconditionally in the space LP provided that

(Z |GB|2¢BZ> €L

BeB

This together with (33)) will imply the second assertion of Theorem 1.1 in the case
1 <p<oo.
For the proof of (3.4]), we define

. B |05 (/) (®)]
(3.5) o (D@ = S i, )T

where o;(f) is defined by @I). For j € Z; and k € A?, we write B =
B(zjk,2777), B, = B(zjx,2777"), and we define a; = ag,  if Bjx € F, and
= 0 otherwise. Also, we set h =) p_rapyp. Let g € LP be such that lgllpy =1
and ||k, = [sa—s f(@)g(2) do(x), where p’ = -Z7. We observe that

5 4500] = VRl 01 < C VA [ oot

Therefore
Iy =Y Y il < CoX a2 [ o5 as
3=0 keAd j.k Bjk
2
gOdH > ] 22625y H H Z 77 (0)Pxs, /
jk =0 e P

=

p/

2 oo
< || S lagalru2 x| || [ X 1@
Tk : 7=0

7

Invoking Lemma 2.1, Lemma 2.3 with b =1 and N = 27, and the Fefferman-Stein
inequality, we deduce

1 1
2 2

(S erer) | <al{Smer) |
=0 ;

while using the first inequality in Lemma 3.1, we have

1
2 3
Z|ajk| Aj 2200 1)X <Cas <Z |GB|2|1/)BQ> .

J.k BeF

< Gy,

The desired inequality ([3.4) then follows.
Finally, we show the first assertion of Theorem 1.1. We claim that it will suffice
to prove that for f € LP,

(3.6) H (Z 1, wB>ZB-1xB> EHP < Cpaollflp

BeB
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In fact, once ([B4) is proved, then by the second assertion of Theorem 1.1 we
just proved, it follows that for f € LP, the series ) p p(f,¥B)¥5 is conver-
gent unconditionally in LP, and by the usual density argument we must have

[ = Y geslf, ). This together with (B3), B4) and [B8) will imply the

desired equivalences

171 = | (Z (. w3>|2|w3|2>§Hp = (Z |<f,wB>|2|B|—1xB>§Hp,
BeB

BeB

and hence the first assertion of Theorem 1.1. O

For the proof of ([3.6]), we recall that (f, ;) = \/Ajko;(f)(z;k) and 0 < Ajp <
C;279@=1) Thus, by the definition, it is easy to verlfy that

Yo > WA PIBikl X, , (@) < Ca Y lo7 " ()(@)P,
§=0

J=0 kend

where 07" is defined by (8.3). The desired inequality (3.6) then follows by Lemma
2.1, Lemma 2.3 and the well-known Fefferman-Stein inequality. This completes the
proof. O

4. PROOF OF THEOREM 1.1 FOR0<p <1

We start with some basic definitions and facts related to the Hardy spaces

HP(ST 1,0 < p < oo. Forx € S and 2z € By := {(21,--- ,zq) € R 22 4

ctza < 1}, let p,(x) = cd%, where ¢q is chosen so that [o,_, p.(z)do(z) =1
for all 2 € By. p. belongs to S(S?!) and is called the Poisson Kernel. Given a
distribution f € S’(S¢71), we define its radial maximal function by

PTf(z)= sup |{f,p,.)|, =eSI™,
0<r<1

and its HP-quasi-norm (for a given 0 < p < o) by ||fllg» = ||PT f|l,- For 0 <
p < oo, the Hardy space HP(S?~1) is defined to be the space of all distributions
f €8 (S with || f||g» < co. It is well known (see [C]) that if 1 < p < oo, then
the Hardy space HP coincides with the Lebesgue space LP and | fl|, =< || f|la» with
the constants of equivalence depending only on p and d. We will restrict ourselves
to the case 0 < p <1 for the rest of this section.

For 0 < p <1,1< ¢ < oo and a nonnegative integer s, a regular (p, ¢, s)-atom
centered at a point y € S9! is a function a in LI(S?1) satisfying the following
three conditions:

(i) supp a C B(y,r) for some r > 0;

) il < Pa-DG-D),

(iii) fsd—l a(z)p(z) do(x) = 0 for all p € I,.
An exceptional atom is a function a in L>(S?!) with [lal]lscc < 1. Then the
well-known atomic decomposition theorem (see [C, Proposition 3.1]) states that if
0<p<l,l1<qg<oo s>][d- 1)(% —1)] and f € HP(S% 1), then there exist
a sequence {c;}32, of complex numbers and a sequence {a;}72 of exceptional or
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regular (p, ¢, s)-atoms such that Z?’;O ¢;ja; converges to f in the space HP and

P

oo
dolel” | < Cpallfllmn
§=0

Given 0 < p < 1, a p-molecule centered at a point y € S%! is a function
m € L?(S%1) satisfying the following two conditions:

(') For some r >0 and s > (d — 1)(527),

</s miz) (1 * d(xry)> da(w)y < p=(@DG-),

/Sdil m(z)p(x)do(z) =0, forallpe H[(dfl)(%fl)].

(ii")

According to [Cl p. 234], for 0 < p < 1, any p-molecule m must satisfy ||m| gr <
Cp,d‘
For the proof of Theorem 1.1, we need the following.

Lemma 4.1. For 0<p <1 and f € H?,

2

(S0 |, < Canell Fl,
§=0

where o is defined by (21I).

1

Proof. Let 0 < p < 1 and s = [(d — 1)(, — 1)] +2. Since (Zj';0|aj(f)|2)2 is

bounded on L2, by the atomic decomposition theorem it will suffice to prove that
for any regular (p, oo, s)-atom a,

2

(4.1) (S @) | <o
=0 b

For the proof of ([@Il), we suppose a is a regular (p, o0, s)-atom supported in

B(zo,r) for some zg € S*7! and r € (0,1). Then using Holder’s inequality, we

have

3 o;la)lxT 2 ) aglxr
/B(W) S le@f | doo
< 3 oj(a)(x 2do(x do(x -
< /B(%Mg (@)(@)[? do(a) (/B() ())

(2—p)(d—1

)
< Cpaer 7 lall2 < Cp g4
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Thus, it remains to prove that

S
s

o

(4.2 Lo | Zls@@r | ao@ | < i

=0

To prove this last inequality, we claim that for # € S~1\ B(z¢,4r) and £ = d+2s+2,

(4.3) |05(a) ()] < Cpap23 (254D got s 5o min (1 (279) 43,
where 0 = d(z,z¢). Once the claim (£3) is proved, then by straightforward calcu-
lation, we deduce that for x € S¥=1\ B(xo, 4r),

1

oo 2 1
3 Cdes s4d—d=1
S lo@@P | = [(X + Y os@@)P] " < Capob= et
J=0 210<1  296>1
with 8 = d(x, zp), from which the desired inequality (£2)) will follow.
Now the proof of Lemma 4.1 is reduced to the proof of the claim (£3). We recall
that

7@ = [ an)Gyla-1)dot).
Hence, by the definition of regular (p, 0o, s)-atom it follows that

_ ° G(i)(:c - To) ,
_d-1 0
(4.4) |oj(a)(@)] <r™7 Gjlz-y) =Y~ (x - (y — o))’
B(zo,r) i=0 v
For x € ST 1\ B(wg,4r) and y € B(xo,7), we write § = d(z,z0) and t = d(z,y).
Then, evidently, 3¢ < ¢ < 52 and |z (y — 20)| = 2|sin 0=t sin %| < 96r. Hence,
by Lemma 2.2 it follows that for any ¢ > 0, 2 € S\ B(zg,4r) and y € B(xo,r),
* G (@ - o) . | . -~
G() =32 T (= 0))| € G (0r) 12 ming, (270) ),
i=0

where 6 = d(z,x0). Substituting this last estimate into (@), we obtain that for
x € ST\ B(wo, 4r),

do(y).

loj(a)(@)] < Cpae /B( )7‘%(97‘)5“2““25“) min{1, (2/6)~} do(y)
ZTo,T

< O g2 (A2 gl s = T4 iy () (209) 1)
proving the claim (€3]). This completes the proof. O

Proof of Theorem 1.1 for 0 < p < 1. Following the proof in the last section, we
need only verify the following three assertions in the case 0 < p < 1:
(a) For any sequence {ap}pep of complex numbers,

1 1

2 2
H(ZlamWBF) | scp,dH<Z|aB|2|B|1xB> | ;
BeB p P

BeB
(b) for f € HP,

H (Z |(f, ¢B>\2B—1XB> i Hp < Cyall fllze:

BeB
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(¢) for any finite subset F C B and any sequence {apg}ger of complex numbers,
2 2y %
| asvs|,, < Coal (X lanPlvs?

BeF BeF

Assertion (a) follows directly from the Fefferman-Stein inequality and the second
inequality in Lemma 3.1 with 0 < r < p.
For the proof of assertion (b), we define for 8 > 0 and j € Z,,

- (0101 25N )|
T B (e )

Then by Lemma 2.3 applied to N = 2/, we have
*ok 1 A
035(H)(@) < Cap (M(os(£)1)(@))

and hence, by Lemma 4.1 and the Fefferman-Stein inequality, we obtain that for
B>,
P

p

2

Nl=

o

ws) | Sienr |, < Cras|| [ Xlos0P) | < Chaslile.
§=0

=0

Now assertion (b) follows from (@3] and the following inequality, which can be
easily verified:

<Z ‘<f7 ¢B>‘2|B|_1X3(x)>

BeB

1
2

<Cpa | D lois(H @) | , ¥8>0, Vo est .
=0

Nl=

It remains to prove assertion (c). For simplicity, we define ag = 0 for B € B\ F,
we denote by D the set of all spherical caps B(z;x,2777") (j € Zy, k € A}), for
each j € Zy, k € A}, we write

Qjk = AB(x; ,,2-i-1) = AB(z; ,2-9n)> AB(z;.,2-9-1) = Njks UB(a;,2-9-1) = Vj ks

and for ¢ > 0, B = B(z, ), we write ¢B := B(x, cr).
First, we observe that for 0 < p <1

2

2 2
H > aj,wj,kHHp = Cp,dH > |ag 7 [5.5] Hp
2/ <8(d—1)(—1) 29 <8(d—1)(-1)
keA] keAd

since any two quasi-norms on a finite-dimensional linear space are equivalent. Thus,
without loss of generality, we may assume

(4.6) ajr =0, forall2/ <8(d—1)(=—1)and k€ Aj.

K=

Set W(z) := (ZBGD |aB|2)‘B|B|72XB(9C))
Lemma 3.1, W(z) < Cq (3 geg las*[vs(2)]?)

(4.7) 1Y aptsllae < Cpal Wl
BeB

. Then by the first inequality in

[~

. Thus, it suffices to prove
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For the proof of this last inequality, for an integer k € Z we let
1
O = {x estl. W(z)> 2’@}, Ay = {B eD: BN > 5\3\}

and let Dy = Aj \ Ag+1. Then summation by parts yields

(4.8) (Z 2k”|ﬂk|> < Cpl[Wllp-

kEZ
For each integer k € Z, we choose a subset {B} : i € I'y} of Dy such that
BN B}, =0ifi,j €Ty and i # j, and Ugep, B C User, 2Bj.- (The existence of
such a subset {B : i € I';} is easy to verify.) Now for k € Z and i € Ty, we define

2

b(k,i) = Bil» "2 | Y AglB| Yas|

BGDk_
BC2B;,
and
b(k,i)™t > aptp(x), if b(k,i) #0,
mii(z) = égcezDBZ
0, if b(k,i) = 0.

Then it’s easily seen that Y pcpaphp = D pcp D ier, bk, i)my,;. Therefore, for
the proof of (A7), it is sufficient to show that each my ; is a p-molecule up to an

absolute constant and
1

(4.9) (Z > Ib(k,i)p> < CpallWlp-
kEZi€Ty,

Since the spaces {Hj}72, (of spherical harmonics) are mutually orthogonal, it
follows by the assumption (£.0) that

/sd—l myi(x)p(z)do(z) =0, Vpe H[(d_l)(%_m.

Thus, to show that my ; is a p-molecule up to an absolute constant, it suffices to
prove that for any s > 0,

1
d s 2
(4.10) </d mi(2)[? <1 + (a;,z)) dx) < Cpar DG,
S -1

where z = z;,; denotes the center of B,i, and r = r; denotes the radius of B,i. In
fact, since

. _ . i L1
bk, i)llmiilla < Cpa | Y laslPAslBI™H | =bk,d)| B> 77,
BeDy,
BC2Bj,

it follows that

1

4.11 M il < Cy gr@DE=3),
( : b,
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However, on the other hand, for each B € Dy with B C 2B}, and each z €
S?-1\ 4B:, applying Lemma 2.2, we obtain

e _ s+d—1
e (@) < Cael Bl7 7V Ap(d(w,2)) ™, ¥ £> ——F—.
Hence,
2
\ 3 anB(x)’ <Coe| 3 MBI Masl || 3 1B |, )
BeDy, BeDy, BeDy
BC2B; BC2B; BC2B;
- d—1
< Cua(blk, )22 25 (d(w, ) HT
which implies
_ _ d—1
()P < Caor™ 5 (dw,2) ™, Vo> SO

We then deduce by a straightforward calculation that

/ i ()] (1 + dla, Z)) do(z) | < Cpar@ VG5,
d(z,z)>4r r

which together with (11 implies ([@I0).
It remains to prove ([{.9). We observe that

> AslBlMagl* <2 Y lapl|BIT2AsBNQ5 |

BeDy, BeDy,
BC2B} BC2Bj,
< 2/ (W (2))? do(z) < 22442 B
(2B{)N92% 4y

Thus, by the definition,
b(k,i) < 20+D/298|Bi 1w (ke Z, i € Ty),

which implies

Z bk, )P < 9(d+2)p/2 ngp Z |BL| < 9(d+2)p/2 ZQ’W\QH

ki keZ €Ty keZ
since {Bj }ier, is a sequence of mutually disjoint subsets of 2. This, combined
with (L8] gives [@3)), and therefore completes the proof. O
5. PROOF OF THEOREM 1.2
Recall that o, is defined by (2.1). We need the following.

Lemma 5.1. For a >0 and 0 < p, 7 < o0,

(o)
[flBaan = | D2 llog 0 05(f) |7 ZQWH% Were |
j=0

ﬂ
3=

with the usual change when T = oo, where the constants of equivalence depend only
on p,d,o, T and ¢.
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Proof. By the definition, it is easily seen that the series E‘;’;O ojo0;(f) converges

to f in the space HP and for each k € Z, Z] 00;00;(f) € Ilax ;. Thus, for each
k€Zy and f € HP,

By 1(Nur <1 Y ojo0i(Dllar < | Y llojoos(Hlld |
j=k+1 j=k+1

where ¢ = min{p, 1}. Since the operators o;, j € Z;, are uniformly bounded on
H? by the definition and Hardy-type inequality it follows that

Al

1
=

o0
Bo(ar) < Cra [ D270 0 05(f) T Ch.riand ZWHU Wi |
j=0

|f

with the usual change when 7 = .
On the other hand, noting that o;(g) = 0 for any g € IIjg;—2 and j > 1, we
obtain that for j > 1

los(Dllee = ot oy (F = 9)llar < Cpo B2y (f) v

[29-2]

This, together with the uniform boundedness of the operators o; on HP, implies
the desired inverse inequalities

-

Y 2Tojo0i(Nllie | < Cpo ZW‘”IIU Wi | < Cp gl f B,

A=

with the usual change when 7 = co. This completes the proof. ([l

As indicated in Section 1, the MZ-type inequality (L4) in Theorem A under the
restriction 0 < ¢t < min{p, 1} was proved in [BD, Theorem 3.1]. Our Lemma 5.2
below asserts that this same inequality, in fact, holds for ¢ > min{p, 1} as well.

Lemma 5.2. Suppose that {&x}keq is a finite subset of ST™1 and {an i }req is a
sequence of nonnegative numbers smaller than CaN—@=1Y_ Suppose further that
the MZ inequality ([L4) holds for all f € Iy and 0 <t < min{p, 1}. Then we have,
for any 0 < p < oo, any f € Iy and all « > 0,

TiRe <% Z(Nd_laN,k)apf(fk”p) . if0<p< oo,
» =

keQ

max [(N ank) ‘f(fk)ﬂ if p= oo,

with the constants of equivalence depending only on d, p when p is small, and «
when « is big.

Proof. Since 0 < anj < CyN~@=1 by ([T4) with ¢t = 0 it follows that

(ﬁ Z(Nd_lazv,k)o‘p|f(§k)|p> < Cpa,

keQ

Va > 0,
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with the usual change when p = co. To prove the inverse inequality, without loss

of generality, we may assume a > 1. Set g = min{p, 1}. If 0 < p < 0o, then using
(C4) and Holder’s inequality, we have

1715 < Cpa (Nd ST AP (Va0 )

ke
<de<Nd = FER)IP(INT k) p) <W2|f(fk)|p>
keQ ke

1,20
P « _ag
< Cpa (Nd i S (N ay ) ) iy

keQ

and if p = oo, using ([4) with ¢t = 1, we have
1le < Camax[ (N~ ) f (€na) ]

1__

< € (gm0l I

Therefore, in either case, we have the desired inverse inequality

) 7
1£llp < Cp.da <W Z(Ndlazv,k)ap|f(§k)p> , Ya >0,

ke

with the usual change when p = oco. (Il

Proof of Theorem 1.2. We start with the proof of the equivalence (m) We first
note that for each j > 0, o;(f) 6 IIy; and (f, ¥, k) = \/Ajkoj(f) (). Thus, by
([L6) and Lemma 5.2 with o = 1 it follows that for j >0 and 0 < p < oo,

p

(5.1) los (f)llp = 27794 DGE=D [ ST (f w02 |

d
kEA?

with the usual change when p = co. This together with Lemma 5.1 implies (LI0])
for 1 < p < oo. To show ([LI0) for 0 < p < 1, by Lemma 5.1 it suffices to prove
that for f € HP and j > 1

(5.2)

loj 0 05 (Nllme < Cpap | D (F P2 DG <0yl (-
keAd
We note that
7000 = [ oG- drly), vest
Hence, by the cubature formula (LH]) it follows that

ojoo;(f)(x) = Z k0 ()i ) G(z - xjk) = Z (fs Vi )i k()

d d
kEAS kEA]
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which together with Theorem 1.1 implies

(5.3) log 0oy (F)llze < Chag | D Wty P27E-DETD

d
Y

since ), cqd Xpor i )(:c) < Cq4. Thus, combining (5.3)) with (5J), taking into
I X By p2—in
account the fact that ||o;(f)|l, < o ()| ar, we deduce (E.2).
It remains to prove the inequality (LII). Without loss of generality, we may
assume that only a finite number of the coefficients a;j are nonzero. We then
deduce from the definition and the Hardy-type inequality that

1

o0
per) < Cor [ D PTN Y ajuttylliee |

j=0 keAd

(5.4) |f

with the usual change when 7 = co. However, for 0 < p < oo, by Theorem 1.1 we
have

(d—1)(L_1
(5.5) IS autbiellme < Cpa2? @G0 [ ST jagulr |
keAd keAd
since ) ;. cpa Xpto im < Cy, while for p = oo, we apply Lemma 2.2 to obtain
j Zj ks T

[$(2)] < Cap2™ 7 min{1, (2d(z, 254)) "},

from which it follows that

(5.6)
| @) < Ca o207 (m |%k|> | > min{1, (27d(w, ;)" }]
keAd keAd rens

271
< Cy 2112 <£Igfg Iaj,k|> > 1+ > i
J

. T = i i+1)m
xJ,keB(L?QJ) =1 £<d($,xj,kzi§—( 2j>
keAj keA]

o0
< 0442904=D/2 [ max|a; 1+ i2 | < 04279 D/2 [ max |a; .
< Cag keA?l gkl ; < Cay keA?l gkl

Now substituting (5.5) and (5.6) into (5.4]) gives the desired inequality (LIT]). This
completes the proof. O

6. PROOFS OF THEOREMS 1.3 AND 1.4

Proof of Theorem 1.3. For a spherical cap B = B(zj,2777) € B, we set wg(z) =
(1+27d(x,xj)) "9t We define

F(z) = <Z |<f,¢B>T|BI(5fﬁ1)TwB(w)> :

BeB
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Then by Theorem 1.2, [|F||; < |f|pa(m~)- Thus, it will suffice to prove

(6.1) If = GE(f)lur < Cpan™ 1| F |-
Recall that
GL(f) = Z (fs¥B)YB,

Bel,
where I'y, =Ty, , ¢ is a set of n spherical caps B € B such that
1 1 1 1
i : B|»72 > ) B|»~ 2.
sain (£ 9m)[|Bl»72 2 max [(f,v5)lB]?
We set

S(x) = Y Whes)llvs@) ] |

BEB\T',,

where and throughout the proof, ¢ = 2 if p < oo, and = 1 if p = co. It then follows
by Theorem 1.1 that

(6.2) 1f =G5 (e < CpllZ]lp-
We claim that for © € S4!

__a_ z 1-=
(6.3) S(x) < Cpan” 1 (F(x) " |Fll- 7,

which combined with ([6.2) will give the desired inequality (6.1).
To prove (6.3]), we write, for ¢ > 0,

Si) = Y Whes)les@)]? |

BeB\T,,
|B|>t?~!

Sh(z) = > [ vs)|s(@)
BeB\TI',,
|B|<tdt

We note that for B € B\T,,

A=

64)  [(fup)Blr2 <n 7 [ Y [fup)TBlPF | < Cpan T |IF|y,

Ber,
and by Lemma 2.2,
(65) w5 (@)] < Cal BI™* (wp ().
Therefore, for ¥{ (), using ([6.4) and ([6.5), we have
g
S (@) < Cra > B R wp@) R | F
BeB\T',, |B|>t¢"1

_1,_d=1
< Cpan™ 7t= 7 ||Fl|r,

(6.6)
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while for X4 (z), using (G.5), we have

E3(@) < Cpa Z |<fa¢B>\q|B|*%’%|B|%(w3(x))(l+%)q
BEB\T,
|B|<tdt

Q=

< Cpamax (|(f.4p) 1B F T (wp@)?) [ Y BT (wp()?
BeB
|Bl<td?

(6.7) < Cpat*|F(x)].
Combining (6.6) with (1), we obtain

2(@) < Cpa[nH 5 | Fll, + t|F (@),

and the claim (G3) then follows by taking ¢t = n~ a1 (IL“F(L‘S) “"'. This completes
the proof. O

Proof of Theorem 1.4. First, we prove that for f = Y p_zapyp with only n
nonzero coefficients ap,

(6:8) [flbg (1) < CpanTT gllp,

where g(z) := max (|aB||B|*1/2 XB(:C)) and A = {B € B: ap # 0}. Suppose
€

A ={Bi,...,B,} with |B;| < ... < |By,|. Set E; = B, and E; = B; \U/_| B

7 > 2. Then by Theorem 1.2, we have

sy < Coa [, >l 1185 s, o) | dte)

—Cpa Z / S fas, 71,1 T4 x5, (&) dor(a)

1]1

<G [E | S B Es@ | le@r do)

|B|=|B:|
<cpaZ|B| 5 [l do(e
< Op,an v lglly = Cpand T lallp,
which gives (6.8).
Next, we show
1GL (D pery < CpanT T £l e

By (6:8)), it suffices to prove that
(6.9) |max (17, 08)1BI2x2@) | < Cpall i
n p
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[69) for 0 < p < oo follows directly from Theorem 1.1, while for p = oo follows by
the following inequality, which can be easily deduced by Lemma 2.2:

max|(f.45)||B]"*xn(z) < CapM(f)(a), 8.

This completes the proof. ([l
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