Available online at www.sciencedirect.com
—es

=“e, . . JOURNAL OF
*s” ScienceDirect Approximation
) . Theory
ELSEVIER Journal of Approximation Theory 143 (2006) 135—-149

www.elsevier.com/locate/jat

An extrapolation theorem for nonlinear approximation
and its applications*

Feng Dai

Department of Mathematical and Statistical Sciences, University of Alberta, CAB 632, Edmonton, Alta.,
Canada T6G 2G1

Received 19 November 2004; accepted 6 April 2006

Communicated by V.N. Temlyakov
Available online 5 June 2006

Abstract

We prove an extrapolation theorem for the nonlinear m-term approximation with respect to a system of
functions satisfying very mild conditions. This theorem allows us to prove endpoint L? — L9 estimates in
nonlinear approximation. As a consequence, some known endpoint estimates can be deduced directly and
some new estimates are also obtained. Finally, applications of these new estimates are given to spherical
m-widths and m-term approximation of the weighted Besov classes.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this Introduction, we shall describe our main results with a minimum of definitions. We
refer to the survey articles [4,15] for the background information on nonlinear approximation. We
also refer to the recent impressive paper [16] by Temlyakov for the motivations of the problems
considered in this paper.

Let{¢; }?‘;0 be a sequence of L.-functions on a probability space (Q, F, dm). Given an integer
n >0, we put

n
II, = chqﬁj tco,Cly...,cn€CY,
j=0
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n
= chq’)jk 0<ji<jpp<- < jpcr,6c2,...,c,€Cyp,
k=1

and define
BZ={f€Hn:||f||p<1}, 1< p<oo,
ao(Np: =1 lp. on(f)p:= inf If —gllp. n>1for fe Ly,
g€Zy

0, (B)p = sup 0,(f), fora function class B C L,(Q).
feB

We assume that the following condition is satisfied:
(A) There exists a sequence of linear operators V,, on L{(Q) such that V,,(f) € Ily, for
feLi(Q),V,(f)=ffor fell, V,(X,) CcZyforv=1,2,...,and

sup [Va(Hllp <Kill fllp forany f e Ly(Q), p=1,00 (Ki>1).
n

We point out that a condition similar to condition (A) was previously used in many papers
(see [1,16,15,13]).
One of our main purposes in this paper is to show the following extrapolation theorem.

Theorem 1.1. (i) For I<ri<rm<p<ooand 1 <m<n,

1

n 2n (é_%)/(%_%)
on (B <2K1 (am(B2))) .

@1i) For 1<r < p<g<ooand 1 <m<n, we have

rlg—r)

Om (B;’})q <C (Em (Bf)p) 7(p=r)

provided that

sup N_“Go(BrN)q <K for some a>0,
N>1

and that {Ej (BrN)p :0<j<N < oo} is a sequence of positive numbers satisfying
(BN ~ pN .
O-J(Br )PgaJ(Br )p» OSSN <00
and

G, (BN <K3G(BY)p, 0<j<N <00 (K3> 1),

I~

where

»)?
C = max (2“+1K1)P%’K3(p4) ,Kz}
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and we define

ap=r |1 ifp=gq=occ.

14 .
plg—r) {— if p<q=o0,
= p—r
Remarks. 1. As an immediate application of Theorem 1.1, let us consider the system
{Pelisy = {eikx Yoo of exponential functions on the unit circle T. For this system, it had been
known for a long time (see [10]) that for 2< p < oo and 1 <m <n,

1
P
om(BY), <C\/p (Z)z ’
with C > 0 an absolute constant. Using this estimate, and invoking Theorem 1.1(ii) with r = 2,
p =3+log ;- and ¢ = oo, we obtain
P

G (BY) oo <C’ (Cﬁ (%) %> <o (%) : (1 +log f)% , (1.1)

with C” > 0 an absolute constant.

2. The inequality (1.1) is a consequence of a much stronger result obtained by DeVore and
Temlyakov [5] in 1995 (see also Remark 3). Let Q denote a topological space equipped with
a finite measure dy and let {¢, ..., ¢} be a set of continuous functions on Q satisfying the
following two conditions:

() maxi<j<n [19;llL@y <Ki.
(ii) There exist a constant K> and a set of points x; € Q, j = 1,..., M, such that for each
function P € span{q,’>j 1 1< j <N}, we have

P N <Ko max |P(x;)].
1Pl Loy < zlgngl (x;)]

Under the above assumptions (i) and (ii), the following remarkable inequality was proved by
DeVore and Temlyakov [5, Theorem 3.1] in 1995:

Tm(AN)oo <CK 1 Kam™ 2 1og" /2 (1 + M/m), (1.2)
where
N N
Av =1 e Y le(HI<]
j=1 j=1

and

m
om(AN)oo = SUD inf f=> cidj
feAy Cj.l ..... cj,€C =l

1< ji<<jm <N - Loody)

Note that condition (A) is not assumed for the validity of (1.2). Using inequality (1.2), DeVore
and Temlyakov [5, Corollary 5.1] further proved the following general estimates:

11 1 d .
<
0 (Ag(T))oo < {C’"j logil 4t nf/m) - 0 <0<, (1.3)

Cnd=Tm=3 logd (1 +n/m) if 1 < 0< o0,
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where 1 <m < 2n + 1)4,

Ag(Ty) = > al T el <1y

keZ?,kloo <n

and |k|oo = max{lki|, ..., |kq|} fork = (ki, ..., kq) € 7°. Though our proof of the inequality
(1.1) is more direct, we are unable to apply Theorem 1.1 to deduce the estimates (1.3) for 0 < 2.
Another interesting proof of inequality (1.1) was given by Belinskii [1] in 1998.

3. The following interesting result was proved by Temlyakov [14, Theorem 4.2] in 1998: for
all 1<p <ocoand 1<m<n,

-1 —1 3
Cyn'/P max {m P,mf%} <om(B)})oo < Con'/? max [m P,mf%}ln—n’ (L.4)
m

where C, C> are two absolute positive constants, B,’;, 1 < p < oo denotes the unit L ,-ball in the
space of trigonometric polynomials of degree at most n on the circle T, and g, is defined with
respect to the system {e/¥* }r—o of exponential functions on T. We are unable to invoke Theorem
1.1 to deduce the upper estimates in (1.4) for 1 < p < 2. Moreover, our method in this paper, in
general, does not yield desired lower estimates of a;,.

A more general application of Theorem 1.1 will yield the following:

Theorem 1.2. Let {¢; }?":0 be a sequence of orthonormal functions on (Q, F, dm) satisfying (A)
and the following condition: for some 2 < pg < oo and f5, >0,

Ki(1+o—pF) ir2<p<po
1o, < | Ko o=pyB) ir2asp=po. 5 (15)
Ks(j+ 17 if p=o00,
where K4, K5 are independent of j, p, po. Then for 2<p < g<ooand 1 <m<n,
O'm(B;lg)q
o (n\aH
C (ﬂ(l + (po — q)’ﬁ)) <Z) if 2 <q < po,
Ln n po(q*pz) n
< Capy (—logzﬁ (l + —))pq(mf ' if po<g<ooand pyp <3+ log—,
m m m
n nA\\ » . n
Cs (—IOg(1+—)> if po<q<ooand po=3+log—,
m m m

where =5 = 1=L = 1 for g = o0, Cy, C3 are independent of m, n, p, q, po,and C; is a constant

which is independent of m, n, p, q and which is uniformly bounded as pq is bounded away from 2.

The point in Theorem 1.2 is that we do not need to assume sup j 1) jlloo < 00. One typical
example of orthonormal functions satisfying all the conditions in Theorem 1.2 is the system
of normalized ultraspherical polynomials P,f (t)||Pk“ Iy h w> 0,k e Z; (see [12] for precise
definition), where py, f3, 7 can be taken to be 2 4 ;17’ Tﬁ-l u, respectively (for the proof of this
fact, see Section 4.2 of this paper).

We organize the paper as follows. Section 2 is devoted to the proof of Theorem 1.1. The proof
of Theorem 1.2 is given in Section 3. In Section 4, the final section, we apply Theorem 1.2 in
spherical m-widths and m-term approximation of the weighted Besov classes by the system of
ultraspherical polynomials.
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2. Proof of Theorem 1.1
For the proof of Theorem 1.1, we need the following lemmas.

Lemma 2.1. For u > 0, 1<r<p<g<o0 and f € L,(Q), there is a decomposition
f = fi+ fr, such that

11

I fillg <ur <l fllp,
11

120 <ur TN fllps

where we define é =0.

Lemma 2.1 can be easily obtained by setting

120 i LFOI<u? | 1,

[O = wrfl,r@) 1
W if [f@O>urfllp,

and f, = f — f1. We omit the details.
Lemma 2.2. For l<m<nand 1<r < p<g<o0,

t
on (B <2K1 (tn/21(B2)q) 0tmy1 (B,

where

(06D

Proof. For f € B}, there exists a 71 € X, /2] such that
/- Tl||p<(1 +8)(7[m/2](B;l)p,

where ¢ > 0 is a sufficiently small number. Using Lemma 2.1, we have, for u > 0,

f=Ti=fi+ 1 2.1
where

1fillg <uP T = Till, <(1+&)u? 10y (BN,

Ifalle < u? TIF = Tally <L+ &) " aya (B . 22)

For the function V,,(f2), there exists a 7> € X, 2) such that
1Va(f2) = Tallg < (1 4+ &)01m/2(BF)g IV (£l
< K1(L+ )27 62 (B2 021 (B . (2.3)
Now let T = V,(T1) + T>. Then T € Z,, and by (2.1)—(2.3), it follows that
om(flg SN =Tllg =1Va(f —=T1) — Taollg < IVa(fDllg + 1Va(f2) — T2llg
<Ky (1 00?0+ U+ £ ooy (B2)g ) ompa1 (B .
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Setting

1
I

T_T
u= (O'[m/z](BrZ”)q) TTq
and letting ¢ — 0, we obtain
t
on (g <2K1 (01m/21(B)q) 0tm21(B)),

witht = (4 — ql)/(% — 517)' Lemma 2.2 then follows by taking supremum over f € B} on both
sides of this last inequality. [

Now we return to the proof of Theorem 1.1. We start with the proof of (i), which is simpler.
For f € B;, and u > 0, by Lemma 2.1, there is a decomposition

f=n+rnr (2.4)
such that
1_1 1_1
Sl <u 7, Al f2llp<u 7.

For V,,(f1), there exists a T;,, € X, such that
IVa (D) = Tullp <A+ ViSO llr, 0 (B . (2.5)

where ¢ > 0 is sufficiently small. Now combining (2.4) with (2.5), we obtain

on(p < Nf = Tullp = 1Va(fD) + Va(f2) = Tl p
S NVa(f) = Tullp + 1V (D p

L_L 1_1
< Ky <(1 +eun N am(Brzl”)p +un p> )
Setting

1
1

= (am(Bfl" p> hp
and letting ¢ — 0, we get

2n (éié)/(%ifl’)
on(£)p<2K1 (n(BE))) .

Since f'is an arbitrary element from B,. , the conclusion (i) then follows.
To show the conclusion (ii), we let t = (% — %)/(% — 5) and

2
),Kz}-

We then claim that for any integer k >0, the inequality

o GE
C= max{(2°‘+11<1)pr K"

1=tk (
o (Bg <C (Gn(BN,) T (1+ D™, 1<m<n < oo, 2.6)

holds, from which Theorem 1.1(ii) will follow by letting k — oo.
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We prove the claim by induction on k. When k£ = 0, (2.6) is obvious since
O'm(B;l)q < O'O(B;l)q <Ka(n+ 1)“

Next, assume the claim is true for some integer £ > 0. Then by Lemma 2.2 and this assumption,
it follows that

t
om(B))g < 2K (G[m/z](BrZ")q) om/21(B)) p

1=k

T

t
~ = K\ ~
< 2K, (C (Fna(B2,) (n+1>°“) Gins21 (B2,

1
ZOH'_IK]Kﬁ K+l 1kt
Cl—t3 (n+ D (Gn(Bp) T

s

<Con+ D" (Gu(BN,) T,

proving the claim for k£ + 1. This completes the proof.

<C

3. Proof of Theorem 1.2
The proof relies on Theorem 1.1 and the following lemma.

Lemma 3.1. For2<q < po, A C Z with cardinality n, 1 <m<n and f € span{¢; : k € A},
we have

m
i _ n\1/2
inf | f =) cid;| <CVaKs (1 +(po—q) /5) (—) 1 £ll2s 3.1)
C./l """ Cim eC k=1 m
{j]5"'7jl11}CA q

where C > 0 is an absolute constant.

For the moment, we take this lemma for granted and proceed with the proof.
Lemma 3.1 implies that for 2<q < po,

1

_ ny\2
on(B)y <CVgKs (14 (o —)7") (=) (3:2)
Therefore, according to Theorem 1.1(1), it will suffice to prove
Gm(Bg)q
L/n n 7{0@722) n
Cap; (— logzﬁ (1 + —)) 10T f po<g<ooand pyp <3 +log —,
m n m-(3.3)
n n\\ 2 n
C; (—log<1+—))2 if po<q<ooand py>3+log—,
m m m

where C3 is independent of m, n, po, g, and C3 is a constant which is independent of m, n, ¢ and
which is uniformly bounded as pq is bounded away from 2.

To show (3.3), we take 2 < p; < po and use (3.2) and Theorem 1.1(ii) to obtain that
for po < g < oo,

r1g—=2)

n

om(By)g <C' (\/ﬁ (1 + (po — pl)_ﬂ) (E)%)MZ) )
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Setting

~1
po—min{(po—Z)/Z, <1+10g£> } if po <3 +log =,
m m

p1= h n
2.5+ log — if po>3+log—,
m m

we deduce (3.3) by straightforward computation. The proof is then complete by assuming
Lemma 3.1.

Now we return to the proof of Lemma 3.1. For simplicity, in the proof below, we shall use the
notation |A| to denote the cardinality of a finite set A.

Proof of Lemma 3.1. Let {r j}?io be independent +1-valued random variables with mean 0 on
some probability space (X, P). We assume - ~ 2land f =Y, A cky. We then rewrite f as

f(@) =0, x) + Ta) (), (3.4)
wheret € Q, x = (x1,...,x) € X' and
I
O, x) =y Y (L= rex) . (1 =m0 (e (1), (3.5)
j=lkeA
Taco® = Y (1L=r(x))... (1= ()i (1), (3.6)
keA(x)
A):={keA: (1 —ri(x1)...(1—ri(x)) # 0. (3.7)

Here and below we will employ the slight abuse of notation that (1 —r(x1)) ... (1=rg(x;-1)) =1
for j = 1.

It will be shown that there is a vector x* = (x}, ..., x/) € X! such that
IAG™)] ~m (3.8)
and
10, )y <CKav/ (1+ (o = ) 221 112, (3.9)

which combined with (3.4) and (3.6) will give (3.1).
To see this, first, by (3.7), it follows that

1
IA(x)| = isza — () .. (1= rg(x)),

and hence
n
/Xl IA(X)|P(dxy1)...P(dx;) = o ~m. (3.10)

Second, from (3.5), we have

/Xl 1DC, ), P@x1) ... P(dx)

I
< Z/x Z(l —re(xD) . (L= )Dre(x ey || P(dxy) ... P(dxj)
j=1"%

keA q
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q

[
< /;(/-_] /X Z(l —ri(xp)) ... (1 —rk(xj,l))rk(xj)ckd)k P(dx;)

Q=

j keA

~

xP(dxy)...P(dxj1)

=

I
<Cvay | Do =) (= o) ler Pl
Xi-1
j=1 ! keA

q
xP(dxl) A P(dx/~_1)

I
<CﬁZ/X,-_1 Do =) (A = o)) er Pl el
j=1 keA

xP(dxy) ... P(dxj_1),

where the second inequality follows by Fubini’s theorem and Holder’s inequality, the third by
Khinchine’s inequality, and the last by Minkowski’s inequality. Hence, using (1.5) and integrating
with respect to xp, ..., x;—1, we obtain

/x! D¢, X)llg P(dxr) ... P(dx)

<CK4/q (1 + (po — Q)*ﬁ>
1

1
XZ/X Y leP = r@)? . (=) | Pdxn) ... P(dxjo1)
=X

keA
<CKaq (14 o = ") 221 1. G.11)

Now combining (3.11) with (3.10), we conclude that there must be a x* = (x}, ..., x]") € x!
such that both (3.8) and (3.9) hold. The proof is therefore complete. [J

4. Applications
4.1. Spherical m-widths for the Sobolev classes on the unit sphere
Let S?~! denote the unit sphere of the d-dimensional Euclidean space R? equipped with the

usual rotation invariant measure do(x) and let Hy, k € Z, be the space of spherical harmonics
of degree k on s?! Givenr > 0, the Sobolev class W’ , 1< p <00, is defined to be the class of

all functions fon S¢~! of the form
f) = /g g F( -y da(y), x €S gl g <1,
where

F(t)=Y (k(k+d—2)"2 (k n E) P70,

k=1 2
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d-2
and P,° (r) denotes the usual ultraspherical polynomial of degree k normalized by
d

)
e _  TI'(k+d-2)
P” (D) = rg—araan-

For 1 <¢g < oo and a function class B C L, (Sd_l), we define the spherical m-width d,%l (B, Lgy)
by

d3(B,L,) = inf su inf — ,
m( q) AeG,, fGIL)g fe€Hr ke f ];\fk
q

where

Gn =3ACZ4: de_zém
keA

(k%= appears in the definition of G, because of the fact that dim H ~ k972.)

We point out that in the special case d = 2, d,i is the well-known trigonometric m-width,
for which the orders of the Sobolev classes are completely known (see [10,9]). However, in the
higher-dimensional case, it seems that so far very few investigations on d,i have been done. Our
result in this subsection is the following:

Theorem 4.1. Forr > @ and 2 < g < oo,

dS(wi, LY =< mTTt,

d-2 d=2
The proof of Theorem 4.1 is based on Theorem 1.2 with ¢ (1) = [P, > ||2_1Pk 2 (¢), and
follows the standard method (see [10,9]). The proof of the fact that the ultraspherical polynomials
satisfy the hypothesis of Theorem 1.2 will be given in Section 4.2.

4.2. Approximation of weighted Besov classes by ultraspherical polynomials

First, we state the definition of ultraspherical polynomials and show that they satisfy the hy-
pothesis of Theorem 1.2. For u > 0 which will be fixed throughout this subsection, we denote by
Lp u, 1< p< oo, the space of all functions fon [—1, 1] with

(S r@ra—y=tar)” it 1<p < oo,

esssup | f(?)] if p = o0.
re[-1,1]

oo > ”f”p,,u =

The ultraspherical polynomials P,;u(t), k=0,1,...,t € [—1, 1], are defined as usual via the
generating function

o
(1 —2ez+2) =) P,
k=0

where |z| < 1, |t] < 1. For simplicity, for the rest of the paper, we set
PL()

u
PR @) = —K—.
I PL 112,
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It is known that (pf is an algebraic polynomial of degree k and {(pf J oo forms a complete or-

thonormal system for L; ;. Moreover, it follows from [12, p. 80, (4.7.1); p. 81, (4.7.15); p. 169,
(7.32.5)] that

ol (1< Cw m1n[(k+l)“ (11—~ z] @.1)

By (4.1) and a straightforward calculation, we deduce

_ 1 1
C(,u)(PO—p) Po 1f2<p<p0 ;:2_’_/_/{’
Ck+DF  ifp=oo

([ RS 4.2)

This means that condition (1.5) with py = 2 + ﬁ, B = 2/1% and y = p is satisfied for (p? ,

j=0,1,....1

In order to show that condition (A) in Section 1 is satisfied, we have to state some known results
on Cesaro summability of the ultraspherical expansions. For f € L1 ,, the Cesaro means C ]‘?, f
of fof order 6 > —1 are defined as usual by

N 4o

S A
Cy(H) =Y =

k=0 N

Lfobol), xel-1,11, N=1,2,...,

where

s Tk+o+1
F7 T+ DTG+ 1)

and throughout this subsection,

1
(f ) = f 1 FORL (1 — P2 dr.,

It is well known that (see [12, p. 273])if 6 > pthenforall I<p<oocandall f € L, ,,

sup [C{ (Hlp <C. D) fllp.p (4.3)
NeN
Now we are in a position to show that condition (A) is satisfied for ¢*, j = 0,1, ... . Let

n € C°(R) be such that n(r) = 1 for [¢1|<1,0 < () < 1 for1 < |t| < 2, and 5(t) = Ofor
|t| =2. Given f € Ly y, define

V(f)—2n< )fgok n=1,2,.... (4.4)

! For p=po=2-+ }7, by [12, p. 391, Exercise 91], we have

_ | log(k+1) if p = po,
196lps =\ @ g 1ypopo) i P> po.

Thus, supep ||¢Z\|p,u <ooifandonlyif0 < p < pg=2+ %
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Let IT, and X, be as defined in Section 1 with {¢;} = {(pf oo By (4.3) and a summation by
parts, we obtain
sup [[Va (M pu <Cll fllpus  1<p<o0, f€Lpy,
n=1
with C > 0 independent of f. On the other hand, by the definition (4.4), it is obvious that
Vu(f) = f for f € I, and V,,(X,) C £, forv =1, 2, ... . Thus condition (A) in Section 1 is
satisfied. We will keep the notations V;, and 5 for the rest of this subsection.
In summary, we have shown that the hypothesis of Theorem 1.2 is satisfied for the normalized
ultraspherical polynomials go/; ,j=0,1,....
Next, we give the definition of Besov classes. For ¢p(x) = /1 — x2 and an integer r > 0, the
Ditzian-Totik K-functional K, ,(f,t")p, . is defined by

Krp(fo 1) pgui=inf {11 = llpse+ 119787l : 877 € ACucel

where g7~ € A.C.joc means that g is » — 1 times differentiable and g~ is absolutely continu-
ousinevery [c,d] C (—1, 1). Asis well known (see [7, Section 6.1]), for u> %, Ky o(f,t")p,pare
equivalent to the computable weighted Ditzian—Totik moduli wfp (f,Dw,p with w =

1 - xz)(”_%)/”. For o > 0, I1<t<o0 and 0 < s < oo, we define the Besov class BY(Lz ;)
to be the class of all functions fon [—1, 1] such that

| f1B2(L,,) = |t Ko (f: 1), 1,

Ly([0,1], 49 <

where r = [o] + 1 and ¢(x) = v/ 1 — x2.
The Besov classes BY (L, ;) can be characterized in terms of ultraspherical expansions. In fact,
following the standard method, we have the following equivalence:

mmmwwHPMu—%mﬁmA

20 >r

6(Z4)

Our purpose in this subsection is to consider the asymptotic orders of the m-term approximation
of B¥(L ) by ultraspherical polynomials. We define g, (f)p.u and 6, (B) p, . as in Section 1
with {¢}72) = {qo,’j},‘iio and L,(Q) = L ;. Our main result can be stated as follows.

Theorem 4.2. Let 0 < s <00, 1 < p, 1< 00 and let

Cp+DA/t=1/p)+ if 1<t<p<lor
I<p<t<oo,

xp, 1) = 11\ 1 2u+1 2
max {Z,u (— — —) + =, i — _,u} otherwise.
T p 2 T p

Then for o > a(p, 1), we have
1 1
m*@H‘(le’l)(?*;) l_f 1 <T<p<2,

O'm(Bg(Lr,u))p,,u = m_“+(2“+1)(%_%) if 1<t<2<p<0,

m~* if s=o00and 2< p,1<00

and
O-m(Bsx(Lr,,u))p,ugcmia lf 1<p<r<oo and p < 2,

where C and the constants of equivalency are dependent only on «, p, T, s and [L.
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It is interesting to compare the orders of o, (B (Lz ,))p, With the corresponding orders of
Kolmogorov m-widths d,, (B (Lz ) p,u (for precise definition of Kolmogorov widths, we refer
to [11,13]). Indeed, it was shown in [3] that for o« > a(p, 1),

G

11
m~ G+ if 1<t<p<ooand p>2.

if 1<p< ocoorl <p<2,
dm(Bg(Lr,,u))p,MX 1 PRT < rl<t<p

Therefore, in most cases, the orders of d,, (BY(L+ 4)) p.u are significantly less than those of
om (B (L7, 1)) p,u- This is somewhat surprising since in the periodic case, for the usual Besov
classes and the system {e'/* };?ozo of exponential functions, it was shown by DeVore and Temlyakov
[5] that d,,, and o,, have the same orders as m — o0.

Now we return to the proof of Theorem 4.2.

Proof of Theorem 4.2. The proof of upper estimates is based on Theorem 1.2 with {¢;} = {(p,i‘ 1,
and in fact, runs along the same lines as that of Theorem 6.4 of [S5]. We omit the details.

For the proof of the lower estimates, we first consider the case 1 <7< p <2, from which the
case when 1<t <2< p < oo will follow by the inequality || - || 5, = Cll - ll2,. Let

4m

k
Ko@) =1 (Q) AGLAGS

k=0
By the known estimates for the Cesaro kernels (see [2, Theorem 2.1]), it follows that
| Kom g llep < C(u, Dm@DH=1)
So
(C/(H’ ‘C))_l m_aHZ#H)(%_l)sz,n € B.g(Lr,u)- 4.5)

On the other hand, for any #,, € Z,,, by Nikolskii’s inequality for ultraspherical expansions, we
have

” Klm,n - V4m (tm) ”p,,u

”KZm,r] - tm”p,,u c
1_1
Cm @GN K — Vi () |2,

2
2

11
ZCm(Z”—H)(2 »)inf Z KM
AC[0.8m] ~
Al<m \ o K2,
1
> CmPDa=5), (4.6)

The third inequality follows from the fact that (p,i‘ (1) ~ k*. Now a combination of (4.5) and (4.6)
gives

_1 1 _ 11
O'm(Bsa(L‘r,,u))p,u>Cm(2'u+l)(l p)m*OH*(Z/H»])(?fl) = Cm %+(2H+1)(T p)’

the same as desired in this case.
Next, we consider the case when 2 < p <t<ooand s = oo. By the inequality ||-|[p, . = Cll - ll2,x
and the embedding BZ (L) C B (L< ), it will suffice to prove the lower estimate for t = oo,
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p =2 and s = co. To this end, we let y € C*®°(R) such that 0<y(x) <1 forx € R, y(x) =1
for ‘l‘ <x < % and Y (x) = 0 for x ¢ (0, 1). We take an integer N so that m <coN <m + 1 with ¢
a sufficiently small absolute constant. We define

2Nx +j .
Yi(x) = u j=-N+1,-N+2,...,N,
YN -+ l2,u
and
N
By = | Z ajp;(x): _N+11112>§<N la;| <1
j=—N+1
Then {x//j};yz_N+1 is an orthonormal system on ([—1, 1], (1 — x2)“_%dx) and therefore, by a

general result of Kashin [8, Corollary 2], it follows that
om(By)2.u>CN7. (4.7)
It will be shown that
CN™"" 1By C B (Loo) (4.8)
with C > 0 an absolute constant, which combined with (4.7) will give the desired lower estimate:
m(BE (Loo))2.y > CN " INT ~m~",
To show (4.8), we define

d2

D, :=(1—-1%)—
wi=( ) ar

d
-2 Dt —. 4.9
Cu+1) 7 (4.9)
As is well known,
Du(¢}) = —k(k + 2oy, k=0,1,....
In view of this fact, we also define (—Du)ﬁ (f > 0) in a distributional sense by

(=DP(), @by = (ktk+2w)P (£, 0l), k=0,1,..., fora distribution f.

Now by the definition, and in view of (4.9), one can easily verify that for f € By and an integer
o >0,

IDL(f) oo < CN?0*2
and
1
11l <CN?Z.

It then follows by Kolmogorov type inequality (see [6, Theorem 8.1]) that for f € By and an
integer £y > %
20y~

2 S 1
1D (oo <ClIflloc® D)0 SCN*T2.
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Therefore, by Jackson type inequality (see [6, Theorem 7.2]), we obtain, for f € By,

N2 f = Vo (Do SC2N T 2D (f)loo <C277%, j=0,1.2....

and (4.8) then follows.

Finally, the case 2 <1< p <oo follows from the inequality || - || > C|l - ||z, and what we
have just proved for 2< p = 1< 00.

This completes the proof of lower estimates. [
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