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Abstract

In one-dimensional case, various important, weighted polynomial inequalities, such as Bernstein,
Marcinkiewicz—Zygmund, Nikolskii, Schur, Remez, etc., have been proved under the doubling con-
dition or the slightly stronger Ao condition on the weights by Mastroianni and Totik in a recent paper
[G. Mastroianni, V. Totik, Weighted polynomial inequalities with doubling and A, weights, Constr.
Approx. 16 (1) (2000) 37-71]. The main purpose of this paper is to prove multivariate analogues
of these results. We establish analogous weighted polynomial inequalities on some multivariate do-
mains, such as the unit sphere S9-1, the unit ball B¢, and the general compact symmetric spaces
of rank one. Moreover, positive cubature formulae based on function values at scattered sites are
established with respect to the doubling weights on these multivariate domains. Some of these multi-
dimensional results are new even in the unweighted case. Our proofs are based on the investigation
of a new maximal function for spherical polynomials.
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1. Introduction

Various important, weighted, algebraic and trigonometric polynomial inequalities such
as Bernstein, Marcinkiewicz, Nikolskii, Schur, Remez, etc., have been proved for 1 < p <
oo by G. Mastroianni and V. Totik in a recent remarkable paper [13] under minimal as-
sumption on the weights. It turns out that in most cases this minimal assumption is the
doubling condition. Sometimes, however, as for the Remez and Nikolskii inequalities, one
needs the slightly stronger Ay condition. In [8] Erdélyi showed that most of the inequal-
ities proved in [13] hold even if 0 < p < 1, while in [9] he established the important
Markov—Bernstein-type inequalities for trigonometric polynomials with respect to dou-
bling weights on a finite interval [—w, w]. We refer to [8,9,12—14] for further information.

Our main purpose in this paper is to show multivariate analogues of the weighted poly-
nomial inequalities proved in [8,13]. We will illustrate our method mainly for the spherical
polynomials on the unit sphere S?~! of R?. However, polynomial inequalities on other
multivariate domains, such as compact two-point homogeneous manifolds, and the unit
ball B¢ of RY will also be deduced. We shall discuss polynomial inequalities only for
0 < p < 00, as in most cases those for p = oo can be derived directly from known weighted
inequalities for trigonometric polynomials and the fact that any spherical polynomial of de-
gree at most n on S?~! restricted to a great circle of SY~! is a trigonometric polynomial of
degree at most n.

We organize this paper as follows. Section 2 contains some basic notations and facts
concerning harmonic analysis on the unit sphere SY~!. In Section 3, we introduce a new
maximal function for spherical polynomials on S~! and prove a fundamental theorem
(Theorem 3.1) related to this new maximal function, as well as some of its useful corollar-
ies. Based on the results obtained in Section 3, we obtain Marcinkiewicz—Zygmund (MZ)
type inequalities and positive cubature formulae with doubling weights, Bernstein-type
and Schur-type inequalities with doubling weights, as well as Remez-type and Nikolskii-
type inequalities with A, weights for spherical polynomials on S?~! in Sections 4, 5
and 6, respectively. After that, in Section 7, a few remarks concerning weighted polyno-
mial inequalities on general compact two-point homogeneous manifolds are given without
detailed proofs. Finally, in Section 8, we deduce analogous weighted polynomial inequali-
ties on the unit ball B¢ of R from those already proven weighted inequalities for spherical
polynomials on the sphere S?~!.

Throughout the paper, the letter C denotes a general positive constant depending only
on the parameters indicated as subscripts, and the notation A ~ B means that there exist
two inessential positive constants Cq, Ca such that C1A < B < CLA.

2. Harmonic analysis on S¢~1

This section is devoted to a brief description of some basic facts and notations concern-
ing harmonic analysis on the unit sphere Sl = {x e R?: |x| = 1} of RY. Most of the
material in this section can be found in [1,16,21].
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Let do (x) be the usual rotation-invariant measure on S?~! normalized by

/ do(x)=1.

§d—1

Given a weight function w, we denote by L, ,, = Lp,w(Sd_l) (0 < p < 00) the Lebesgue
space on S~! endowed with the quasi-norm

1
||f||p,w=( / |f<x>|Pw(x>da(x))',
gd—l

and we write, for a measurable subset E of S?~1,

w(E) = / w(x)do(x).

E

We denote by d(x,y) the geodesic distance arccosx - y between two points x and y
onS?~!, and by B(x,r) :={y e S?=1 d(x, y) <r} the spherical cap with center x € Sé-1
and radius r € (0, ). Also, for a measurable subset £ C S9-1 we denote by xg the char-
acteristic function of E and | E| the Lebesgue measure o (E) of E. Given an integer n > 0,
the restriction to S~! of a harmonic homogeneous polynomial in d variables of total
degree n is called a spherical harmonic of degree n, while the restriction to SY~! of a poly-
nomial in d variables of degree at most n is called a spherical polynomial of degree at
most n. We denote by H,‘f the space of all spherical harmonics of degree n on S?~! and
17,7 the space of all spherical polynomials of degree at most 7 on S?~!. It is well known
that H,f can be written as a direct sum € _ ’Hf of the spaces of spherical harmonics and
that the orthogonal projection ¥ of L, (S?~!) onto HZ can be expressed as follows:

Qk+d -2 (S k+d -2)
d

Y, =
W) DS

(453,453
x / fOOYP, 27 2 (x-y)do(y), xeSi
Sd—l

where and throughout the paper, Pk(a’ﬂ ) denotes the usual Jacobi polynomial as defined in
[19, pp. 58-60]. Let  be a C°°-function on [0, co) with the properties that n(x) = 1 for
0<x <1andn(x)=0for x > 2. We define, for an integer n > 1,

2n _ A1 ~ L
Kn(,)zzn(§>(zk+d V(G +d —2) (453 43,

P
n I — D (k+ 41 ¢

(t), tel[-1,1].
k=0
2.1
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Then, evidently, for all f € H,‘f,
Foo) = / FOVKa(x-y)do(y), x eS8, 22)
sd—1

We will keep the notations K,, and 7 for the rest of this paper.
Given ¢ > 0, we say a finite subset A C S¢~! is e-separable if

min d(w, o) > e,
w,w'eA
w#aw'

while we say it is maximal e-separable if it is e-separable and satisfies

max mind(x, w) < €.
xeSd*I weA

A weight function w on S~! is a doubling weight if there exists a constant L > 0
(called the doubling constant) such that for any x € SY~! and r > 0

w(B(x, 2t)) < Lw(B(x, t)).

Following [13], we set wo(x) = wi(x) and

wy(x) =n¢! / w(y)do(y), n=1,2,..., xS
B(x, 1)
From the definition, it is easily seen that for a doubling weight w and an integer n > 0,
wp(x) < L(l + nd(x, y))swn (y) forallx,ye S 2.3)
where L denotes the doubling constant of w and s =log L/log?2.

Many of the weights on S~! that appear in analysis satisfy the doubling condition; in
particular, all weights of the form

m
hay@) =[] 1x v, xes™ ! (2.4)
j=1
where a = (a1, ..., 0,), aj >0, v=(v1,v2,...,vy) and v; € S9-1 (The proof of this

fact will be given in Section 5.) It is worthwhile to point out that the weights i y play an
important role in the theory of multivariate orthogonal polynomials. (For details, we refer
to a series of interesting papers [5,11,22-26] by Y. Xu and his collaborators.)
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3. A fundamental theorem and its useful corollaries

Let w be a doubling weight on S~! and L be its doubling constant. Suppose that
s =log L/log2 and wy, K, are as defined in Section 2. For # > 0 and f € C(S~1), we
define

fha(0) = m%xl|f(y)|(1+nd(x,y))*ﬁ5, xeS n=0,1,.... 3.
’ yeSi—

We will keep these notations for the rest of the paper.
Our main result in this section is the following theorem, which will play a fundamental
role in the proofs of the following sections.

Theorem 3.1. For 0 < p < oo, f € H,‘f and B > % we have

1 lpw < N fgnllpw < CUFllpws
where C > 0 depends only on d, L and B when B is close to %

For the proof of Theorem 3.1, we need the following lemma, which was proved in [3,
Lemma 3.3].

Lemma 3.2. For 6 € [0, ] and any positive integer £,
|KP(cos0)| < Cpin?™ " min{1, n0)™"}, i=0,1,...,n=1,2,...,
where K, (1) = K (), Ki (6) = G {Kn (D)) fori > 1.
The point of Lemma 3.2 is that the positive integer £ can be chosen as large as we like.

Proof of Theorem 3.1. The first inequality || |l p,w < || f, *’n | p,w is evident. For the proof
of the second inequality, we define, for g € L1y,

1
My (g)(x) =O<5112n mB(/) g |w(y)do ().

M, is the weighted Hardy-Littlewood maximal function and it is known that for any dou-
bling weight w and all 1 < p < oo,

1

HMw@w%w<c<;%7)ﬁmmw, (3.2)

where C > 0 depends only on the doubling constant of w, and it is understood that
(#)1/1’ =1 when p = o0o. In the case of R?, the proof of (3.2) can be found in [20,

pp. 223-225], and the proof given there works equally well for the case of S~ 1.
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We claim that for all f € H,‘f and 8 >0

Fn@) < C1 (M (1F17) ()" (3.3)

where C1 > 0 depends only on d, L and 8 when g is big. Combining (3.2) with (3.3) we
will deduce the desired inequality

1l pow < CIFllpow

for g > 1/p.
For the proof of the claim (3.3), we set, for § > 0 and y,u € sd-1
Aps(y,u):= max |K,(y-u)— Ky(z-u)l. (3.4)
Z€B(y, —)

Then, using Lemma 3.2 with i =0, 1, it is easy to verify that for any integer £ > 0,

nd=1, if 0 € [0, £,

35
sn?~'min{l, n0)~Y}, if0e[%, ], 5.3)

Ans(y,u) < Cde{

where 6 = d(y, u). Now we use (2.2) to obtain that for f € H,”ll and x,y € se-1,

[f(y)— f(2)] < ) f (l-l-nd(x u)

A+ ndix vPs sy, u)do (u)
2eB(y,?) (1 +nd(x, y)PF 1 +nd(x y)) n3ty

< () / (14 nd(y, 10)" Ap (v, ) dor () < Cpdf (),
§d—1

where the last inequality follows by (3.5), and Cg > 0 is a constant increasing with g. It
then follows that for x, y € S9! and § € (0, %),

1F 0|7 (1 +nd(x, y) ™"

<27 (14nd(x,y))™ min |f(z>|ﬂ+(2cﬂ6fﬂ,,<x))
z€B(y, f)

1

-1
<23(1+nd(x,y))_s( f w(z)da(z)) /|f(z)|%w(z)d0(z)

B(y.%) B(y,%)
1
+ (2Cﬁ5fg’n(x))ﬂ
1
=1+ (2Cpsf5,(x)) 7. (3.6)

To estimate I, we consider the following two cases.
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- 48 : ) 58
Casel.0:=d(x,y) < - In this case, B(y, ,—l) C B(x, 7) and

/ w(z)do(z) > L™ / w(z)do(z) > L™ / w(z)do(2).
B(y.%) B(y,18) B(x,2)
It follows that
1 -1 1
1< 2ﬁL4< / w(z)da(z)) / |f(@)|Pw(z)do(z)
B(x,2) B(x,3)

<27 LAM, (1F17) ()

Case2. 2 <0 =d(x,y) <. In this case, B(y, $) C B(x,26) and

/ w(Z)dU(Z)BLA(:”i)_‘ / w(z)do(2)

1)
B(y.%) B(y.30)
i (36n\"
>L = w(z)do (2).
B(x,20)

It follows that
1(36n° . ! 1
I < L2F ~ (1 +nb) / w(z)do (z) / | f@|Pw(z)do(z)
B(x,20) B(x,20)

1/3\¢ 1
< L27% (5) Mw(|f|ﬁ)(x)-

Therefore, in either case, we have
1 1
1<25C87° Mu(1f17) (). (3.7)

where C, > 0 depends only on the doubling constant L. Now substituting (3.7) into (3.6),
letting § = (4C ,3)‘1 , and taking the supremum over all y € SY~!, we deduce

==

(£ (00) 7 < C22F 4CH) M (1F1F) () +27F (f,(0) .

4xﬂ+lcﬂ sp
and the claim (3.3) with C; = W follows. This completes the proof. O
As an immediate consequence of Theorem 3.1, we have the following result, which
seems to be of independent interest.
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Corollary 3.3. For any %-sepamble subset A C S, f e H,‘f and 0 < p < 00,

1
1) r
(Z |osc<f)(w)|”w(B (w ;))) < C8N fl pow- (3.8)

weA

where

osc(f)(®) = max )\f(x)—f(y), (3.9)

x,y€B(w,$

C > 0 depends only on d, L and p when p is small.

In the unweighted case, (3.8) was proved for 1 < p < oo in [3], but the proof there does
not work for 0 < p < 1.

Proof. Using (2.2), we obtain, for any w € A,

max | f(y) = f(2)]<2 / | £ @] Ans (@, u) do ),
§d—1

y.z€B(@,3)

where A, s is defined by (3.4). Thus, by (3.5) and a straightforward computation, we have
2
0se(f)(@) <2f3y,@) [ (1+nd(u,))? Ay s(@,10)dow) < C8f3, @),
sd—1

where C > 0 depends only on d, L and p when p is small. Noticing that

)
fz*/p,n(y) ~ f;/pvn(w) fory € B(w’ ;),
we obtain

> " Josc(f)(@)|” [ w(y)do(y) < (C8)P Y / (£5pa ) w) do(y)

weA weA
B(w,2) B(w,2)

<(C3)? / (13750 ) w()do (y)
§d—1

< (C)P / | f )| w)do (),
d—1

S

where in the second inequality we have used the %—separable property of the set A, and in
the last inequality we have used Theorem 3.1. This completes the proof. O



F. Dai / Journal of Functional Analysis 235 (2006) 137-170 145

We also have the following useful corollary.
Corollary 3.4. For f € I[1¢ and 0 < p < o0,
C U pown < U F N pow < CULF M p,uo
where C > 0 depends only on d, L and p when p is small.

Proof. We note that each w, is again a doubling weight with a doubling constant depend-
ing only on d and that of w. Thus, by Theorem 3.1 it will suffice to prove that

155 lps ~ 155l (3.10)

where fg"” is defined by (3.1) with s > 0 replaced by a possibly bigger number s de-

pending only on the doubling constant L. To show (3.10) we let A C S¢~! be a maximal
%—separable subset. Then noticing that for x € B(w, %),

F31pn )~ f3, (@) and  wy(x) ~ wy (@),

we obtain

L5yl ~ > / (379 0) w(x) do (x)

weA

B(a),%)
~ =D (@) @) ~ Y / (/3.0 ()" wa () dor (x)
weA weA

B(w,+)
~ 113 pallpown

proving (3.10). This completes the proof. 0O

4. Marcinkiewicz—Zygmund (MZ) inequalities and positive cubature formulae with
doubling weights

Our first result in this section is the following

Theorem 4.1. Let w be a doubling weight on S~'. Then there exists a positive constant &
depending only on d and the doubling constant of w such that for any § € (0, €) and
any maximal %-sepamble subset A C S~ there exists a sequence of positive numbers

Ao ~ w(B(w, %)), (w € A) for which the following holds for all f € H,f:

/ fOWE) do(x) =" dof(®). (4.1)

gd—1 weA
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Our next result connects positive cubature formulae and MZ inequalities.

Theorem 4.2. Let w be a doubling weight on S~! and w be a finite positive measure
on S Suppose that the following equality holds for all f € Hgn:

/ £ w(x)do(x) = / FEduo). 42)
Sd—l Sd—l

Then forall0 < p <ocoand f € H,f, we have

/|f(x>|”w(x>do(x>~ / | f0)]” dux), 4.3)
d—1 d—1

S S

with the constants of equivalence depend only on d, p and the doubling constant of w.

Remarks. (i) Of particular interest is the case when the measure u in Theorem 4.2 is sup-
ported in a finite subset of S¢~1. In this case, equality (4.2) is called a positive cubature
formula, while equivalence (4.3) is called a Marcinkiewicz—Zygmund (MZ) type inequal-
ity.

(ii) In the unweighted case, positive cubature formulae and MZ inequalities (for 1 <
p < o0) on S were first established by Mhaskar et al. in the fundamental paper [15],
while the estimate A, ~ | B(w, %)| for the coefficients in the cubature formula (4.1) (with
w = 1) was obtained recently by Narcowich et al. in the paper [17]. Also in the unweighted
case, a different proof of MZ inequalities and positive cubature formulae on S~! was given
in [3]. Compared with that of [15], the proof in [3] is simpler and works for all compact
two-point homogeneous manifolds.

(iii) In the unweighted case, Theorem 4.2 can be easily proved by the standard dual-
ity technique. This technique, however, does not work in the weighted case considered
here since the spaces of spherical harmonics are not mutually orthogonal with respect to a
measure other than do (x).

For the proof of Theorem 4.1, we need two lemmas, the first of which is from [15,
Proposition 4.1]. Let X be a finite-dimensional normed linear space, X* be its dual, and
Z C X* be a finite subset with cardinality m. We say Z is a norming set for X if the
operator x = (y*(x))y+ez from X to R™ is injective. A functional x* € X* is said to be
positive with respect to Z if for all x € X, x*(x) > 0 whenever miny«cz y*(x) > 0.

Lemma 4.3 ((Mhaskar et al. [15])). Let X be a finite-dimensional normed linear space, X*
be its dual, Z C X* be a finite, norming set for X, and x* € X* be positive with respect
to Z. Suppose further that sup,cy minyscz y*(x) > 0. Then there exists a sequence of
nonnegative numbers £y, (y* € Z) such that for any x € X,

X (x) = Z £y y*(x).

y*ezZ
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Our next lemma can be stated as follows.

Lemma 4.4. Let w be a doubling weight and . be a finite positive measure on S4=1. If
(4.2) holds for all f € 17,?, then the following condition must be satisfied:

pL(B(x, g)) < Cw(B(x, z)) forall x € Sdﬁ],
n n

where C depends only on d and the doubling constant of w.

Proof. For a fixed x € S7!, we set

Kinja1(x - y)

8x (y) = K[n/4](1)

where K[, 41 is as defined in (2.1). Note that by Bernstein’s inequality for trigonometric
polynomials,

n n
| Kinja(x - y) = Kpnyag (D] < Z(d(x»}’))”K[nM]”oo = Z(d(x’ ) Kinyap (D).

This means that for d(x, y) < %

s

&x(y) =

| =

It then follows that

1

2
ZM(B(x,;»é /}gx(y)\zdu(y)= f lee [ w()do(y) (by (4.2))
gd—1 Sd—1

<C / |gx(y)|2wn(y)d0(y) (by Corollary 3.4)

§d-1

< Cwy(x) / |8x|* (1 +nd(x, )’ do(y)  (by 2.3))
Sd—l
<Cn~ @Dy, (x) (by Lemma 3.2 and the fact that K, /4;(1) ~ nd_l)

<c f w(y)do (),

B(x,2)
proving the lemma. 0O

Now we are in a position to prove Theorem 4.1.
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Proof of Theorem 4.1. We get the idea from [17]. Let C; > 1 be a constant depending
only on d and L such that the conclusion of Corollary 3.3 with p =1 and C = C; holds.
Set & = é and suppose A C S?~! is a maximal %-separable subset with 0 < § < €. Set

ny = [%], 81 =15 and

n

A(x) = Z XB(.s /n)(x), xe€STL

weA

Thenn; >n,0<dé; <eand 1 < A(x) < Cy.
Now consider the following linear functional on H,fl :

Z( f %do(x)>f(w).

weA 5
B(a),ﬁ)

L(f)=2 / FMw(y)do(y) —
§d—1

It will be shown that there exists a sequence of nonnegative numbers (,,, @ € A such that

Uf)= tof(w) forall fellf. 4.4)

weA

We claim that (4.4) is enough for the proof of Theorem 4.1. In fact, once (4.4) is proved
then setting

_1 1 w(x)
)\w—iﬂw‘i‘i / A(x)dG(X),

§
B@.;h)

we obtain the cubature formula (4.1) for all f € IT ,‘fl D IT¢. Furthermore, by Lemma 4.4
and the definition of 1, it is easily seen that the equivalence

ror [ ot~ [ werdow)
Bw.5) B@.})
holds for all w € A.
The proof of (4.4) is based on Corollary 3.3. In fact, by Corollary 3.3, it is easily seen
that each f € I'I,fl1 is uniquely determined by its restriction to the set A. (This can also be

seen from the proof below.) Thus, in view of Lemma 4.3, it will suffice to prove that for
any f € H,fl with minge 4 f(w) 20,

() =0.

To see this, we note that if w € A and f(w) > 0, then for all x € B(w, %),
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fO= max [f@- max (|f@)]|-f@) +f@ - fEx)

z€B(w, ,111) z€B(w, ,}1)

> max |f(z)‘ —2osc(f)(w),

z€B(w, n%)
where
osc(f@= max |f(»)—f@)] 4.5)
Y, zeB(w ﬁ)
Thus, for f € IT 4 \ith minge 4 f(w) =0, we have

ny

/ J@w(x)do(x)

= Z / %w(x)da(x)

>3 ( max |f<z>}) | Gdew -2 e [ 4 Bdow

weA ZEB(‘U s weA
B(w,ﬁ)

= / |f(x)|lj8da(x)—ZZOSC(f)(w) / w(x) do (),
B(w

5
B@.;b)

weA weA 5
,,1) B,z

which, by Corollary 3.3 and the fact that A is maxunal separable is greater than or
equal

(I =2C28D)01f N1,w- (4.6)
But, on the other hand, again by Corollary 3.3, we have

‘S/ f(x)w(x)da(x)—Z( / %do(x))f(w)'

weA B(w,ﬁ—ll)
Z f |f) = f (w)|mda(x)
( ')

<Y ose(f)(@) f w(x) do (x) < C2811 fll1,0- @.7)

weA 5
B(.;b)
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Therefore, combining (4.6) with (4.7), we have, for f € 17,‘111 with minge 4 f(w) =0,
)= A=3C8) fll1,w=0
as desired. This completes the proof. O
For the proof of Theorem 4.2, we need two more lemmas.

Lemma 4.5. Suppose that w is a doubling weight with doubling constant L,
s =logL/log2, n is a positive integer, and . is a finite positive measure on S~ sat-

isfying
M(B(x,%)) <Kw<B<x,%)> forallxeSdfl. 4.8)

Then forany 0 < p <ooand f € H,fl with m > n, we have

s+1
/ \f(x)\”du(xmcp,L,dK(%) 15 -

§d—1
Proof. Let 8 = %‘t—l and let A be a maximal ,]—l-separable subset of S?~!. Note that, for
any x € Sl and m > n,

s+

1
f,é‘,m(x)zyrerlsg§l(1+md(x,y))_ﬂs\f(y)|2 (%) [ T (). (4.9)

It follows that for f € 17,”,1[

> (@)’ / dp(x)

weA
B(w,1)

/ lffdux) < C
§d—1

<CK Y (ffa(@)” / w(x)do (x) (by (4.8))

weA
B(w, 1)

<k [ (7,0 w0 da )
d—1

Sd-

m s+1
* P
< CK(;) 1f5nlbw by (49))

m s+1
< CK(—) ||f||§,w (by Theorem 3.1).
n

This completes the proof. O



F. Dai / Journal of Functional Analysis 235 (2006) 137-170 151
Lemma 4.6. Suppose that « is a fixed nonnegative number, n is a positive integer and f is
a nonnegative function on S satisfying

fx) < C1(1 + nd(x, y))af(y) forallx,y e sa-1. (4.10)

Then for any 0 < p < 0o, there exists a nonnegative spherical polynomial g € Hfll such
that

Clf(x) <g)? <Cf(x) foranyxeS?, 4.11)

where C > 0 depends only on d, Cy, p and «. In addition, if e € S*"! is a fixed point
and f(x) = F(x - €) is a nonnegative zonal function on S*~1 satisfying (4.10), then the
Sfunction g in (4.11) can be chosen to be a zonal polynomial of the form G(x - e).

Proof. We get the idea from [13, Lemma 3.2]. We set m = [%] +d+1,n1 =[5,], and
define

sin(m + %)0 Zm
Th(cosO) =yn| ———5—— | - (4.12)
Sin 3
where y, is chosen so that
g
/ T, (cos®)sin?20do = 1.
0
Then it is easy to verify that y, ~n?~1=2" and
T, (cos0) < Cn?~ ' min{1, (n6)~2"}. (4.13)
Now we claim that the function

g = [ fOIPTux-y)do(y), xeSL, (4.14)
Sd—]

has the desired properties. In fact, since by definition (4.12) we can write

n
T,(cosh) = Z Cu.i cos' 0,
i=0

where C, ; are some constants, it follows that g is a nonnegative spherical polynomial of
degree at most n. Also, using (4.10) and (4.13), we have, for any x € s

1 1 a 1
gx) < C{ f(x)r /(1+nd(x,y))”Tn(x-y)da(y)éCf(X)",
§d-1

proving the upper estimate.
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Meanwhile, the lower estimate is straightforward:

1
g(0) > / FOV P Tyx - y)do(y) = Cf(x)7 / 169240 > CF (x)7.
0

dx. )< &

To complete the proof, we only need to note that, by definition (4.14), if f(x) = F(x -e)
is a zonal function with pole at a fixed point e € S*~! sois g(x). DO

Now we are in a position to prove Theorem 4.2.

Proof of Theorem 4.2. The inequality

/|f(x>|pdu(x><c / | f )| wx)do (x)
Sd—1 sd—1

follows directly from Lemmas 4.4 and 4.5. Thus, it remains to prove the inverse inequality

f|f<x>|"w(x)da(x><c f | £0)|" du(). (4.15)
§d—1 §d—1

In the case w = 1, (4.15) can be easily deduced by the standard duality argument (see,
for example, [3]). This argument, however, does not work for the weighted case. Here, we
have to use a different approach.

Using (2.2) and Hélder’s inequality, we obtain that for x € SY~! and any f € H,‘f ,

1
2

lfo] < C< / | F O K x- y)}dcr(y))
gd—l

It then follows by (2.3) that, for 0 < p < oo,

| £ )P wa(x)

=

2, 2 b
<c< /|f<y>}2|1<n(x-y)|(1+nd(x,y))5 (wn<y>)§do(y)> L 416)
Sd—l

Note, by Lemma 4.6, however, that there exist a nonnegative spherical polynomial Qi €
H[‘fl /27 and a nonnegative zonal spherical polynomial Q>(x - y) € 1'[[”2 /) Such that

013 ~ (wa(y) 7,
02y -x) ~n?" N1 +nd(y,x))™ forany y eSS, 4.17)
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where k¥ > (d — 1) max{%, 1} is a fixed integer. Thus, using (4.16) and Lemma 3.2 with
=K+ [%] + 1, we deduce

4

| wa(x) < C< f |FO [ Qax - y)Ql(ym(y)do(y)) ]
Sd—l

)4
2

<c( / If(y)lez(x~y)Q1(y)w(y)d0(y)) (by Corollary 3.4)
Sd—l

=C</|f(y)|2Q2(x-y)Ql(y)dM(y)>2 (by (4.2)). (4.18)

§d—1

To show (4.15) for 0 < p < 2, we let A be a maximal %-separable subset of S9=1. We
then obtain from (4.18) that

P
2

|f@| wax) <C Y

weA

f |FO[Qax - ) Q1) dpu(y)

B(w,1)

<CY (@) "5 (Q20x - )

weA

X( /iLﬂdeuUOZ-

B(w,1)

(Sl

(wn (@) ™"

Integrating with respect to x € SY~!, we obtain

115w < CUF D,

P

<Cn<d-“<%—”Z(f;/,,,,,(w))(z"’)%(wn«o))l‘l‘ﬁ( f }f(y)l"du(y)>2

weA

< c( / If(y)lpdu(y)>2
Sd—l

X(Z

weA

B(w, 1)

SIS

1—
| 131 n O] wa (y) do (y)) (by Holder’s inequality)

B(w, 1)
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p(1-5)

1_2’
<C( / If(y)\”du(y)) 155 pn o
§d—1

)4
2 _p
<c< / | f(y)|pdu(y)) 1/155% 2" (by Theorem 3.1 and Corollary 3.4).
sd—1

The desired inequality

1

||f||p,w<c( /If(x)|pdu(X))p

§d—1

in the case 0 < p < 2 then follows.
It remains to show (4.15) for 2 < p < oo. In this case, using (4.18) and Holder’s in-
equality, we obtain

!f(x)|”wn(x><c< /!f(y)|pQ2(x-y)dM(y)>
Sd—l
r_ 51
x( f Qz(x~y)|Q1(y)|“du(y)> : (4.19)
Sd—l

Note that by Lemma 4.6 and (4.17), there exists a nonnegative spherical polynomial Q3 €
¢ such that

P

03(3») ~ 01() 72 ~w,(y»)~" forally eS™L.
It then follows by Lemmas 4.4 and 4.5 that

p_
5—1

p 51
(/Q2<x~y>|Q1<y>\mdu(y)>2 <c( / Qz(x-y)Qa(y)wn(y)dG(y)>
Sd—l Sd—l

r_y
<c( / Qz(X~y)d0(y)>2 <C, (420)
Sd—l

where the last inequality follows by (4.17). Now combining (4.19) with (4.20) and inte-
grating with respect to x € S9=1 we conclude, for 2 < p <00,

1A <CIFID W, <C / lFO|" duy)
sd-1
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as desired.
This completes the proof. O

5. Bernstein-type and Schur-type inequalities with doubling weights

Given a positive integer £ and two vectors x, £ € SY~! with x - £ = 0, we define the £th
tangent directional derivative (%)’Z f(x)of fe C4(S?1) in the direction & at the point x

by
3 \" 3\! '
<£> f(x):{(£) (f(xcos@—i—ésm@))}

One of the main results in this section is the following Bernstein-type inequality.

6=0

Theorem 5.1. Let £ > 0 be an integer, w be a doubling weight and 0 < p < oco. Then for

all f eI,
9 4
([ s |Ge) oo

§d—1 gesd-!
where C > 0 depends only on d, £, the doubling constant of w and p when p is small.

y »
w(x)do(x)) <Cn'llfllpow

In the unweighted case, Theorem 5.1 for 1 < p < oo is due to Ditzian [4].
We denote by A the usual Laplace-Beltrami operator on S~ It is well known that if
feC%S? 1) and {g }?;11 U {x} ¢ S¢~! is an orthonormal basis for R? then

d—1 P 2
Af(x)=Z<a—£> f).

i=1

This implies that for f € C2(S?~!) and x € S,

9 2
|Af()|<@-1) Ssup K%) fx)

x=0

£ ESd —1
Therefore, as an immediate consequence of Theorem 5.1, we have

Corollary 5.2. Let w be a doubling weight, £ be a positive integer and 0 < p < co. Then
forall f € IT¢, we have

1A F] 0 <CP U fllpo,



156 F. Dai / Journal of Functional Analysis 235 (2006) 137-170

where AT f = A(ALf) for i > 1, C > 0 depends only on d, ¢, the doubling constant
of w and p when p is small.

Theorem 5.1 and Corollary 5.2 for 0 < p < 1 are new even in the unweighted case. For
the proof of Theorem 5.1, we need the following

Lemma 5.3. Let x, y be two fixed points on S, &£ € S*=! be such that & - x = 0 and let
@(0) = ¢y y.£(0) = K, (x - ycos® + & - ysinb).
Then for any positive integers v and m, we have
le® ()| < Cn? " min1, (nd(x, y)) "}, (5.1
where C > 0 depends only on v and m.
Proof. By induction on v it can be easily seen that ¢*)(9) can be written in the form
v
§0<v)(9) = Z Z Cjo,jlyjz,jsKr<ti)(l‘(‘g))(t(e))jo(t/(e))j1
i=1 jot+ji+jot+jz3=i

Jitj322i—v
JosJj1sj2,J3€L+

x (1)) (" ©))", (5.2)

where #(0) =x - ycosf + y - &sinf, and Cj, j, j,,j; are some absolute constants. We
note that for y € S~ ! and & e S¥! with £ -x =0, |y - &| <+/1 — (x - y)2. Thus, us-

ing Lemma 3.2 with £ = m 4+ v, we conclude that for 1 <i < v and any jyo, j1, j2, j3 € Z+
satisfying jo+ j1 +j> +j3 =i and j1 + jz = 2i — v,

|KD (£0)) (1) (/@) (¢ () (" ©)) ] < Cn?='F min{1, (nd(x, ) "}.
The desired inequality (5.1) then follows by (5.2). This completes the proof. O

Proof of Theorem 5.1. By the definition and (2.2), we have, for f € 1'[,‘11 and x, & € sd-1
with x - £ =0,

2\* )
<£> Fo) = f F3e O do(y)
Sd—l

with ¢, y ¢ as defined in Lemma 5.3. It then follows by Lemma 5.3 with m > %s +d—-1
that
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9 £
(Ge) 70

< Cpd=1Ht / | fOD[(1 +nd(x, )" do(y)
Sd—l

—m+2
<ont= g, 00 [ (1 ndte ) do)
§d—1

<Cn f3), 4 (0).

This combined with Theorem 3.1 gives the desired Bernstein’s inequality and therefore
completes the proof. 0O

Our next result is the following Schur-type inequality.

Theorem 5.4. Let 0 < p < oo, w be a doubling weight and let hy vy be defined by (2.4) with
a=(a,...,op), a; >0, v=_(v1,...,vy,) and vj € sd-1, Then for all f € H,f,

/ | f )] wx)do (x) < Cnl® / | £ )| hay ()W (x) do (x),
Sd—l Sd—l

where |a| = 27’:1 aj, C depends only on d, m, o, the doubling constant of w, and p when
p is small.

To the best of our knowledge, Theorem 5.4 is new even in the case w(x) = 1.
Theorem 5.4 is a direct consequence of Corollary 3.4 and the following lemma.

Lemma 5.5. Let w be a doubling weight. Then hy y(x)w(x) is again a doubling weight,
and moreover

wy (1) < Cn*(hg yw), (x),  x €S,
where C > 0 depends only on d, m, a and the doubling constant of w.

Proof. Without loss of generality, we may assume that v; # v; if i # j. For simplicity, we
set, for fixed 8 € (0, 7) and x € sd-1,

A={i: 1<i<m, |x-v;| <48}, B={i:1<i<m, |x-vi|>40}.

We then claim that

fha,v(y)w(y)do(y)~ / hev(Y)w(y)do (y)
B(x,0) B(x,20)

~(]‘[eaf)<]‘[|x~vj|°‘f) f w()do(y), (53)

iEA ]EB B(.)C,@)
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where the constants of equivalence depend only on d, /4 v and the doubling constant of w.
The desired conclusion of Lemma 5.5 will follow directly from this claim.
For the proof of the claim (5.3), we first note that, for y € B(x, 26),

hay(y) ~ (1‘[ ly- v,~|“f)(1"[ Jx v,,~|“f) < (1‘[(69)“f>(1‘[ ¢ v,~|°’f>. (5.4)
iceA jeB ieA jeB

Next, we let ¢, > 0 be a sufficiently small constant depending only on d and m and set,
for 1 < j<m,

2] T
Ej = {yeB(x, Z) ‘d(y,vj) - E’ gsd,m9}~

Then a straightforward calculation shows that foreach 1 < j <m, |E;| < Cdsd,med’l and
therefore

m : 9
d—1
JE]IEj' < Cygq mmb < §‘B<X’Z)‘

provided that &4 ,, is small enough. Thus, there must exist a point yg € B(x, %) such that

[yo - vj| = sin(eg,m0), 1< j<m.

It follows that B(yo, %) C B(x, 0) and for any y € B(yo, “2%) and i € A,

&d.mP Ed.mb
59>|y-v,~|>sin< d.m >> dm?

=
4

This together with (5.4) means that

0
hay (y) ~ (]‘[ 9) [Tr-vjl* forye B(yo, 8‘1;” ) (5.5)

ieA jeB

Therefore, we have

(1‘[ e) ( [Tk v,~|“f) / w(y)do(y)

icA jeB B(x,0)

<o(TTo)(Tmeot) [ wedow

icA jeB 0
B(yo, 4™

<c / ha (W) do(y)

g 4
B(yo, “4)
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<cC / han (W) do(y) < C / han ()W () do(y)

B(x.0) B(x,26)
<C(H9ai)(nlx-v,/|“f) / w(y)do(y),
icA ]GB B(x,0)

where in the second inequality we have used (5.5), while in the last inequality we have
used (5.4). This proves the claim (5.3) and therefore completes the proof. O

6. Remez-type and Nikolskii-type inequalities with A, weights

We say a weight w on SY~! is an A, weight if there exists a constant 8 > 1 (called Ay
constant) such that

1B(x, )| \*
/w(y)do(y)w(T) /w(y)do(y)
B(x,r) E

for all spherical caps B(x,r) C S9—1 and all measurable subsets E C B(x, r).
We start with the following Remez-type inequality.

Theorem 6.1. Let w be an As weight on S~ and let 0 < 1471 < % Then for any 0 <
p<oo, f€ H,f and E C S~ with |E| = t9~1, we have

[ lrwlumasw et [ rw)uedoc,
§d-1 Sd—l\E
where C > 0 depends only on d, p and the A, constant of w.

To the best of our knowledge, Theorem 6.1 is new even in the unweighted case.
It was shown in [13, pp. 54-56] that Remez-type inequality does not, in general, hold
for an arbitrary doubling weight.

Proof. First, we show that for any f € I'[,‘f ,

I fllcga-1y <C™  sup | f(x)
xeSI-I\E

) 6.1)

where E ¢ S9! and |E| =971 < ‘5—‘. Let xo € S9! be such that | f (xo)| = I fllesd-1y-
We denote by C(xo, y) the great circle on S¢~! passing through xo and y € S\ {xo},
and by dyy,y the one-dimensional Lebesgue measure on C(xp,y) normalized by
Yxo,y (C(x0, ¥)) = 2m. Since the restriction of f € H,‘f to any great circle is a trigonometric
polynomial of degree at most n, by the Remez-type inequality for the usual trigonometric
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polynomials (see [2,7]) it will suffice to show that there exists a point yy € S9=1\{xo} such
that

Yxouy0 (E N C(x0, yo)) < min{Cqyt, 21 — &4}, (6.2)

where C; > 0 and ¢4 € (0, w) denote two constants depending only on d. For the proof
of (6.2), we set E€ =S?~1\E and

S(x0) = {y est L.y -x0=0}.

We denote by doy,(y) the Lebesgue measure on S(xp) normalized by fS(xo) doy(y)=1.
It will be shown that

d—1 _
/(MWMHGMJW doy, (y) < Che? 1, (6.3)
S(xo)
and
/ﬂ%xﬂmcmy»www>%>a (6.4)
S(x0)

from which we will conclude that there must exist a yp € S(xo) such that

Vrouyo (E N C(x0, ¥0)) < Cat and  yyq,y, (E€ N C(x0, ¥0)) = €4 > 0,

and the desired inequality (6.1) will then follow. In fact, noticing that
T
yxo,y(E N C(xo, y)) = / X (xo cosf +y sin@) deo,
-7

and setting
E(xo,y) = {0 € [-m, 7]: |sinf] = sin[8 7 yy, , (Cx0, ) N E)]},

we have

b
= |E|=C) / /XE(xocose+ysin9)|sin"*29|d9daxo(y)
S(xo) —7

>C) / / X (xocos @ + ysind)|sin? 20| df do, (y)

S(xo) E(x0,y)

1 (Vo (ENClxo, )\ 2
> EC;{ / <s1n( 10.¥ s ny,y(E N C(xo, y)) doy,(y),
S(x0)
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which implies (6.3), and meanwhile, recalling that U(Sd’l) =1, we have

g
1 ' . e
§<|E‘|=cg f /XEC(xOCOSG+y81n9)|smd 20| d6 doy, (y)
S(xo) =

<Gy / Vro.y (EC N C(x0, y)) doy (¥),
S(x0)

which gives (6.4). This completes the proof of (6.2) and hence (6.1).
Next, we show that for 0 < p < oo and f € IT¢,

/ |£0)]” do () < C ! / 10| do o), 6.5)
d—1

Sd— Sd-I\E
where E ¢ S?~! and |E| = -1 g %. We get the idea from [6,7]. Set o = (%)ﬁ, and

F={xeS"™l | f)] = 1 fleC™™}.

with C > 0 being the same as in (6.1). Then by the already proven inequality (6.1) it
follows that | F| > («f)?~! and hence |F N E€| > 11—5|E|. Therefore, we have

/If(x)l”dfr(x) <|E|fI15 < 15C%P / | f(0)|” do(x)
E

E°NF
< 15¢c0m / |f)|F do(x)

Sd—l\E

and (6.5) then follows.
Finally, we show that for any Ao, weight w,0 < p <ocand all f € 17,‘,’,

/ |f )P wx)do(x) < CcMH / | f )| wx)do (x), (6.6)
Sd—l

Sd—l\E

where |E| =191 < % Let {wi}iﬁi(f’s) be a maximal %—separable subset of S~ with § > 0
to be specified later, and let
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and
5 i—1 M(n.5) 5
B = B(wi, ;> - [(U B,j) U ( U B<wj, E))}’ 2<i < M(n,$).
k=1 Jj=i+1
Then the following properties can be easily verified:
BfNB=0 ifi#j;
) N 1) )
B wi,E CB'CB wi,; for1 <i < M(n,J);
M(n,5)

U Br=s'".
i=1

Now setting

A*:{i: 1<i<Mn,$),

2
B;“ﬂE|>—|B,.*|},
3
we have
3 3 a1
_Z B < SIEI= 20",
ieA*

and hence, using Corollary 3.4, Lemma 4.6 and the already proven inequality (6.5), we
obtain

£ )| w(o) do () < € / £ )P () dos ()
Sd*l Sd?l\UiGA* Bi*

<cmrty” / | £ )| wi (x) do (x)

e
ST

e N NGHl / wy (x) do (x)

i¢A*
# Blwi,)

+ Y " Jose(f) (@) / wy (x) do (x),

I¢A*
# B(w;,?)

where

[fE)= min [f(0)]
xeB(w,»,;)
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and

osc(f)l@) = max [f(x)=f()]
x,yeB(wi, )

Since w,, is a doubling weight with the doubling constant depending only on that of w, it
follows by Corollaries 3.3 and 3.4 that

> ose(f) @] / wy (x) do (x) < C8” f | f ()| w (x) do (x)
§d—1

—
¢ Bw;.%)

< CsP / | f )] wx)do (x).
Sd—l

On the other hand, however, by the A-property of w it follows that for i ¢ A*,

Ik / W () do (x) < 84 £ (&)|” / w(x) do (x)

B(w;.2) B(w;, 1)

<o rel [ wwdow

B(w;i.2)

<Cs | FEn|” / w(x)do (x)

B(wi, D\E

<csd1-s f | )| wx) do(x),

B(w;. 2\E

where in the first inequality we have used the fact that w, (x) ~ w, (w;) for x € B(w;, %), in
the second inequality we have used the doubling property of w, and in the third inequality

we have used the definition of A* and the A, property of w.

Therefore, noticing that Z,Ai(ln 9y B, 2)(¥) < Ca, we deduce

f || wx) do (x) < CriFgd=1=s f | f )] w(x)do (x)

§d—1 Sd—l\E

+sPCM ! /|f(x)|pw(x)da(x).
sd—-1

1 1
Now letting § = ()7 ™" *1»

plete the proof. O

, we obtain the desired inequality (6.6) and therefore com-
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As a consequence of Theorem 6.1, we have the following Nikolskii-type inequality:

Corollary 6.2. Let w be an A, weight and let 0 < p < g < 00. Then for all f € H,f,

1

( / |f(x>|qw<x>da<x>)a<Cn(d‘”<%‘3’( f |f<x>|”w<x>§da<x>)’_’.

§a-1 §d-1

The proof of Corollary 6.2 is almost identical to that of [13, Theorem 5.5], therefore we
omit the detail.

7. Weighted polynomial inequalities on compact two-point homogeneous manifolds

Let X be a compact two-point homogeneous space of dimension d — 1. Besides the
sphere S?~!, these spaces are: the real projective space P?~!(R); the complex projective
space P4~1(C); the quaternionic projective space PY~!(H); and the Cayley projective
plane P'®(Cayley) (with d = 17). These spaces are the compact symmetric spaces of rank
one and their geometry is quite similar to that of the sphere S~

Let do (x) denote the Riemannian measure on X normalized by f ydo(x) =1, and let
d(-,-) be the Riemannian metric on X normalized so that all geodesics on X have the same
length 2. We denote by B(x, r) the ball centered at x € X and having radius r > 0, i.e.,
B(x,r)={y e X: d(x,y) <r},and | E| the measure o (E) of a measurable subset £ C X.
The definitions of doubling weights and A, weights can be easily extended to the space X.

It is known that the spectrum of the Laplace—Beltrami operator A on X is discrete, real,
non-positive and can be arranged in decreasing order

O=Xg>A1 >Ap>---.

We denote by H; the eigenspace of A corresponding to the eigenvalue Ax. For an integer
N >0,weput [Iy =IIy(X) = @,ICV:O ‘Hx, and we call the functions in Ty the spherical
polynomials of degree at most N. In the case X = S?~!, these functions coincide with the
ordinary spherical polynomials. We refer to [1, Section 7], [10, Chapter I, Section 4] and
[3] for more background information.

Most of the inequalities that have been proved in the preceding sections for the spherical
polynomials on S?~! can be extended to the spherical polynomials on X. The proofs go
through with hardly any change.

8. Weighted polynomial inequalities on the unit ball B¢

Our main purpose in this section is to establish analogous weighted polynomial in-
equalities on the unit ball B4 = {x e R%: |x| < 1}. We refer to [24,25] for Fourier analysis
on B?. Here we only introduce some basic concepts that will be needed. We denote by dx
the usual Lebesgue measure on B¢ and |E| the measure of a subset E C B¢. Given an



F. Dai / Journal of Functional Analysis 235 (2006) 137-170 165

integer n > 0, let 73,‘11 denote the space of all polynomials in d variables of total degree < n
on R?. We introduce the following metric on B%:

o =l =32+ (- = T pE) forx.y e B,
For r > 0, x € B¢ we set
By(x,r)={ye B p(x,y) < r}.
We say a weight w on B¢ is a doubling weight if for any x € B and r > 0,

wydy <L f w(y)dy,
B, (x,2r) B, (x,r)

while we say a finite subset A C B¢ is maximal (%, p)-separable if B¢ C Uyea Bo(y, %)

and minyzyeq p(y, ) > %.

There is an important connection between the integration on B¢ and the integration on
the unit sphere S? = {x € R4t!: |x| = 1}, proved by Xu (see [22, Lemma 2.1]): for any
integrable function f on B?, we have

/f(x)dxzcdfT(f)(Z)|Zd+l|d0(Z), (8.1)
B4 S4

where and throughout this section 7' ( f) is defined for a function f on B¢ by
T(/)@)=fx) forz=(x,z441) €S,

and do (z) denotes the rotation invariant measure on S¢ normalized by de do(z)=1.

By (8.1) it is easily seen that w has the doubling property on B? if and only if

|za+1|T (w)(z) does so on S. Therefore, by Lemma 5.5 it follows that all the classical
weights

_1
we (X) = |x1 ™ .. |xg % (1 = |x[?)* 72, x e B, (8.2)

with o = (@1, ..., 04, 2441), & 2 0,1 <i <d+ 1, have the doubling property on B9,
Invoking (8.1) and Theorems 4.1 and 4.2, we have the following cubature formulae and
Marcinkiewicz—Zygmund inequalities on B9,

Theorem 8.1. Let w be a doubling weight on B?. Then there exists a constant y > 0
depending only on d and the doubling constant of w such that for any 0 < § < y and
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any maximal (%, p)-separable subset A C B there exists a sequence of positive numbers
A ~ pr(w,a/n) w(y)dy, w € A, such that for any f € ’Pgln,

[ 1wt ds =3 1ot

Bd weA

and moreover, for any f € 77,21 and 0 < p < 00,

Z\ﬂw)\”( / w(y)dy),

weA
Bp(w,2)

f!f(x>|”w<x>dx~
Bd

where the constants of equivalence depend only on d, the doubling constant of w and p.

Cubature formulae with different properties on B were previously constructed by many
authors (see, for instance, [18,22,24]). Moreover, it was shown by Xu [22] that cubature
formulae on B are, in fact, closely related to those on S9. For the MZ inequalities, how-
ever, the result obtained in Theorem 8.1 seems new even in the unweighted case.

Next, we show the following analogue of Bernstein-type inequality:

Theorem 8.2. Let w be a doubling weight on B and let 0 < p < co. Then for all f € P,‘f
we have

1

(/((p(|x|))“"’|D“f(x>yf’w(x>dx>” <Cnla'</yf(x)]”w(x)dx)
Bd

Bd

where o(t) =1 —12, a = (a1, 00, ...,0q) € ZL, DY = (8371)"‘1 ...(%)“6’, and |a| =
d

Zj:l Qj
In the case of the interval [—1, 1], an inequality similar to that in Theorem 8.2 for p > 1

was proved by Mastroianni and Totik [13, Theorem 7.3]. For d > 1, however, to the best
of our knowledge, Theorem 8.2 seems new even in the unweighted case.

Proof. First, note by Lemma 5.5, that for any 8 > 0, (e(Ix))Pw(x) is again a doubling
weight. Therefore, it suffices to show that for 1 <i <d and f € P,”ll

([t

Bl

1
P

’ ;
w(x)dx) <Cn</|f(x)|"w(x)dx> ) (8.3)
Bd

3f (x)
9

Xi
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We claim that for each 1 <i <d and any z = (x, z441) € s,

3f (x) AT (f)(2)
w(lxl)‘ o gﬂ;@ 5 | (8.4)
£-z=0

where 37 (f)(z)/0& denotes the tangent derivative of 7(f) at z in the direction &, as
defined in Section 5. Once the claim (8.4) is proved, then using (8.1), Lemma 5.5 and
Theorem 5.1, we have

0 P oT p
/‘w(m) {;(’5) w<X>dx<C5/< sup %) Iza 11T (w)(2) do (2)
B4 i §,E§% f

<CluP / IT(H@| zast | T@) @) dor ()
sd

:C;,’nf’/\f(x)|”w(x)dx
Bd

proving the desired inequality (8.3).

Therefore, it remains to prove the claim (8.4). Without loss of generality, we may as-
sume 0 < |x| < 1. We then take an orthonormal basis {éj}‘;:% ={§; (z)};{:]l of R4*! where
7= (x,z4+1) €S9,

£i=£i@) =(a;1),....a;4(2),0)eS?, 1<j<d~1,

X1 Xa x|

d
,...,—,——>|Zd+1| I
x| x| za+1

§a=84(z) = (
Egr1 =Eqp1(z) =zeS%

Then by the definition, it is easily seen that

AT (f)(@)
af (x) 0§
X1 .
: =0(2) IT ()R ,
af (x) 0841
dxa 1 3T
o(x]) 9
where
a;,1(z) a1z ... ag-1,1(2) f;-ﬂ
X2

a12(2) a2 ... ai12@) G

Q@)=

a14() a24@) ... as-14@) 7
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Since Q(z) is an orthogonal matrix it follows that

of (x)

8)6,'

AT (f) ()
9§

max
1<i<d

_1
<Vd(1-|x?) 2( sup
EGSd
£.2=0

)

which proves the claim (8.4) and hence completes the proof. O
We say a weight w on B?isan As weight if |z441|T (w)(z) is an A weight on s,
All the classical weights w, (x) defined by (8.2) are A, weights, as can be easily shown.

The Remez-type inequality on the unit ball B¢ reads as follows.

Theorem 8.3. Suppose w is an A weight on B 0 < p<oo EC B4, and |E| = (%)d <
%|Bd|. Then for any f € 73,?,

/’f(x)’pw(x)dx < cVat / | £ ()| w(x) dox.
Bd BI\E
Theorem 8.3 seems new even in the unweighted cases.
Proof. Let
E={(x,za41) €S’ x € E}.
We claim that
o(E) < Cay/|El. (8.5)

(In fact, it can be shown that G(E) ~ J|E|.)
To show (8.5), we let ¢4 > 0 be a sufficiently small absolute constant so that

- 1 -
o({(x,za41) €S Jza11] S g0 (E)}) < 50 (E).
Then
1 = \2
|E| = Cd/ |za+11do(2) = / |za+11do(z) > ECde(U(E))
E EN{zeS?: |zg411>£40 (E)}
and inequality (8.5) follows.

Next, note, by the definition, that for any A, weight w on B4, |Za+11T (w)(z) is an Axo
weight on S9. Thus, using Theorem 6.1, it follows that
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/\f(x)\”w(x)dx=cd/\T(f)(z>\”T<w><z>|zd+1|da(z)

Bd sd

.~ 1
< CreEn i / ()| T @)@ a1 do (2)
SI\E

< Vs f | ()| w(x) dx

BI\E
proving the desired Remez-type inequality. O

Finally, a simple use of (8.1) and Corollary 6.2 gives the following Nikolskii-type in-
equality:

Theorem 8.4. Let 0 < p < g < 00 and let w be an Ao, weight on BY. Then forany f € P,f,

(/|f(x)|qw(x)dx)a <Cnd<%—$>(f!f(x)|”w(x)§¢(|x|)§‘1dx)’_’_
Bd Bd
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