A TRANSFERENCE THEOREM FOR THE DUNKL
TRANSFORM AND ITS APPLICATIONS

FENG DAI AND HEPING WANG

ABSTRACT. For a family of weight functions invariant under a finite reflection
group, we show how weighted LP multiplier theorems for Dunkl transform on
the Euclidean space R% can be transferred from the corresponding results for h-
harmonic expansions on the unit sphere S% of R4+1. The result is then applied
to establish a Hérmander type multiplier theorem for the Dunkl transform and
to show the convergence of the Bochner -Riesz means of the Dunkl transform
of order above the critical index in weighted LP spaces.

1. INTRODUCTION

Let R be a reduced root system in R? normalized so that (o, o) = 2 for all & € R,
where (-, -) denotes the standard Euclidean inner product. Given a nonzero vector
a € R?, we denote by o, the reflection with respect to the hyperplane perpendicular
to a; that is, o,x = = — 2((x,a)/||a|*)a for all z € R?, where || - || denotes the
usual Euclidean norm. Let G denote the finite subgroup of the orthogonal group
O(d) generated by the reflections o,, @ € R. Let k : R — R, be a nonnegative
multiplicity function on R with the property x(ga) = k(a) for alla € R and g € G.
Associated with the reflection group G and the function x is the weight function
h. defined by

(1.1) he(x) == [] Wz, 0)"), zeR%

aER

where R, is an arbitrary but fixed positive subsystem of R. The function h, is
a homogeneous function of degree v, := > Ry k(a), and is invariant under the

reflection group G. For convenience, we shall set A, = % + 7, for the rest of the

paper. Given 1 < p < oo, we denote by LP(R%; h?) the weighted Lebesgue space
endowed with the norm

Iflhs = ([ 1F@PR) d)

with the usual change when p = oco.

Date: March 25, 2010.

1991 Mathematics Subject Classification. 33C50, 33C52, 42B15, 42C10.

Key words and phrases. Hormander type multiplier theorem, Dunkl transform, transference
theorem, h-harmonics .

The first author was partially supported by the NSERC Canada under grant G121211001. The
second author was supported by the National Natural Science Foundation of China (Project no.
10871132) and the Beijing Natural Science Foundation (Project no. 1102011).

1



2 FENG DAI AND HEPING WANG

The Dunkl transform, a generalization of the classical Fourier transform, is de-
fined, for f € L'(R%; h2), by

(1.2) Fuf(x) = cx g fW)E.(—iz,y)h2(y) dy, x € R,

2 -1

where ¢, = (fRd hi(l’)e_%dx> , and Fy(iz,y) = Vi {ei@")} (y) is the weighted
analogue of the character (). Here V;, is the Dunkl intertwining operator, whose
precise definition will be given in Section 2. The Dunkl transform plays the same
role as the Fourier transform in classical Fourier analysis, and enjoys properties
similar to those of the classical Fourier transform. (See [11]).

Several important results in classical Fourier analysis have been extended to the
setting of Dunkl transform by Thangavelu and Yuan Xu [20, 19]. The problem,
however, turns out to be rather difficult in general. One of the difficulties comes
from the fact that the generalized translation operator 7, which plays the role of
the usual translation f — f(- —y), is not positive in general (see, for instance, [19,
Proposition 3.10]). In fact, even the L” boundedness of 7, is not established in
general (see [20, 19]).

In this paper, we shall first prove a transference theorem (Theorem 3.1) between
the LP multiplier of h-harmonic expansions on the unit sphere and that of the Dunkl
transform. This theorem, combined with the corresponding results on h-harmonic
expansions on the unit sphere recently established in [2, 3, 4], is then applied to
establish a Hérmander type multiplier theorem for the Dunkl transform (Theorem
4.1), and to show the convergence of the Bochner -Riesz means in the weighted LP
spaces (Theorem 4.3).

The paper is organized as follows. In Section 2, we describe briefly some known
results on Dunkl transform and h-harmonic expansions, which will be needed in
later sections. The transference theorem, Theorem 3.1, is proved in Section 3. As
applications, we prove Theorems 4.1 and 4.3 in the final section, Section 4.

2. PRELIMINARIES

In this section, we shall present some necessary material on the Dunkl transform
and the h-harmonic expansions, most of which can be found in [8, 11, 13, 14, 19].

2.1. The Dunkl transform. Let R, R;, G, k and h,; be as defined in Section 1.
Recall that a reduced root system is a finite subset R of R%\ {0} with the properties
0oR = R and RN {ta : t € R} = {xa} for all @ € R. The Dunkl operators
associated with G and x are defined by

(2.1) Dy.if(x) =0;f(x) + Z k() )<a ei), 1<i<d

a€Ry

where ej,--- ,eq are the standard unit vectors of R%. Those operators mutually
commute, and map P24 to P¢_ | where P4 is the space of homogeneous polynomials
of degree n in d variables. We denote by I1¢ := II(R?) the C-algebra of polynomial
functions on R?. An important result in Dunkl theory states that there exists a
linear operator V,, : II% — II¢ determined uniquely by

(2.2) V(P c Pl V(1) =1, and D,V =V.d;, 1<i<d.
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Such an operator is called the intertwining operator. A very useful explicit formula
for V,, was obtained by C. F. Dunkl [6] in the case of G = Z2, and was later extended
to the more general case of G = Zg, (d € N) by Xuan Xu [23]. In general, one has
the following important result of Rosler [13]:

Lemma 2.1. [13, Th. 1.2 and Cor. 5.3] For every x € RY, there ezists a unique
probability measure u on the Borel o-algebra of R such that

(2.3) V@) = [ PEdie). Pe

Furthermore, the representing measures pl are compactly supported in the convex
hull C(z) := co{gx : g € G} of the orbit of x under G, and satisfy

(2.4) pro(B) = py(r=E), and pg,(E) = pi (g E)
for allT >0, g € G and each Borel subset E of RY.

In particular, the above lemma shows that the intertwining operator V is pos-
itive. We point out that Lemma 2.1 will play a crucial role in the analysis of our
paper.

By means of (2.3), V,; can be extended to the space C(R?) of continuous functions
on R%. We denote this extension by V,, again.

The Dunkl transform associated with G and & is defined by (1.2) with

(2.5) E.(—iz,y) == Vi[e7"®)(y), z,y € R
If Kk = 0 then V,, = id and the Dunkl transform coincides with the usual Fourier
transform, whereas if d = 1 and G = Zs then it is closely related to the Hankel
transform on the real line.

We list some of the known properties of the Dunkl transform in the following
lemma.

Lemma 2.2. [7,11] (i) If f € L*(R% h2) then Fof € C(R?) and lim F,f(¢) =0.

€]l =00
(ii) The Dunkl transform F, is an isomorphism of the Schwartz class S(R?)
onto itself, and F2f(x) = f(—z).
(iii) The Dunkl transform F, on S(R?) estends uniquely to an isometric iso-
morphism on L2(R% h2), d.e., || flle2 = | Fuflls.2-
(iv) If f and F.f are both in L*(R% h2) then the following inverse formula
holds:

f@) = o [ FS@Eim ) v, 2 R
(v) If f,g € L*(R% h2) then

[ Ft@a@) i@ e = [ )Pt i) de

(vi) Given e >0, let f.(z) =272 f(e71x). Then F.f-(€) = F.f(€).
(vii) If f(x) = fo(ll=l]) is radial, then F. f(§) = Hy__1 fo([[€]) is again a radial
function, where H, denotes the Hankel transform defined by

— 1 > JO‘(TS) [e%
H,g(s) = F(a—i—l)/o g(r) ) 2o+t g

and J,, denotes the Bessel function of the first kind.
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Statements (i)-(vi) of Lemma 2.2 above were proved by M. F. E. de Jeu [11],
and were, in fact, contained in Corollaries 4.7 and 4.22, Theorems 4.26 and 4.20,
Lemmas 4.13 and 4.3 (3) of [11] , respectively. Statement (vii) of Lemma 2.2 was
proved by Dunkl [7] and was stated more explicitly in [19, Proposition 2.4].

Given y € RY, the generalized translation operator f — 7,f is defined on
L*(R%; h2) by

f’f(Tyf)(g) = Eﬁ(fig,y)fnf(f)v e Rd-

It is known that 7,f(z) = 7, f(y) for a.e. € R? and a.e. y € R%. In general,
the operator 7, is not positive (see, for instance, [19, Proposition 3.10]), and it
is still an open problem whether 7, f can be extended to a bounded operator on
L'(R%;h2). On the other hand, however, it was shown in [19, Theorem 3.7] that
the generalized translation operator 7, can be extended to all radial functions in
LP(R%R2), 1 <p <2 and 7, : LY ,(R% h2) — LP(R? h2) is a bounded operator,

where L” (R h2) denotes the space of all radial functions in LP(R%; h2).
The generalized convolution of f, g € L?(R%; h2) is defined by

(2.6 freale) = [ | F)mdtn ) dy

where g(y) = g(—y). Since 7, is a bounded operator from L?  (R%; h2) to LP(R?; h2)
for 1 < p < 2, it follows that the definition of f %, g can be extended to all
g € LL (R h2) and f € LF(R%A2) with 1 < p < 2and 2+ L = 1. The
generalized convolution satisfies the following basic property

More properties on the generalized translation operator and the generalized con-
volution can be found in [19].

2.2. h-harmonic expansions. Let S?~! = {z € R? : ||z|| = 1} denote the unit
sphere of R? equipped with the usual Lebesgue measure do(z). For the weight
function h,, given in (1.1), we consider the weighted Lebesgue space LP(h2;S?1)
of functions on S¢~! endowed with the finite norm

v = Wl i= [
Sd—1

Fwrnmdet) . 1<p <o,

and for p = 0o we assume that L™ is replaced by C(S¢~1), the space of continuous
functions on S¢~! with the usual uniform norm ||f||o.. We shall use the notation
|- |lx.p to denote the weighted norm for functions defined either on R¢ or on S¢-1
whenever it causes no confusion.

A homogeneous polynomial is called an h-harmonic if it is orthogonal to all
polynomials of lower degree with respect to the inner product of L2(h2;S41).
Let H49(h2) denote the space of all h-harmonics of degree n, and let proj? :
L2(h2;S%1) — HZ(h2) denote the orthogonal projection operator. The projec-
tion proj; has an integral representation

@8 el @)= [ SR @) o), 2 €S
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where P(x,y) is the reproducing kernel of 1% (h2) which can be written in terms

of the interwining operator V, as (see [22, Theorem 3.2, (3.1)])
n+ A,
Al

(2:9) Pi(,y) = "2k |G ()| ),z est?
with A := X\, — % =7+ d%. Here C? denotes the standard Gegenbauer polyno-
mial of degree n and index X as defined in [18]. By means of (2.8) and (2.9), the
projection proj” f can be extended to all f € L'(h2;S971).

The following Marcinkiewitcz type multiplier theorem was proved recently in [2,
Theorem 2.3]:

Theorem 2.3. Let {y; }‘;’;0 be a sequence of real numbers that satisfies
(i) sup |p;| < e < oo,
’ gi+1
(i) §1>11i> 2i(r=1) lz; |A"y| < ¢ < oo, with r being the smallest integer > % +,,
- =27
where Ay = p — g1 and A = ANy — Ny Then {u;} defines an
LP(h%;S4=1) multiplier for all 1 < p < oo; that is,

oo
Zﬂj projj f|| < Apcllfllep, L <p<oo,
=0 K.p

where Ay, is independent of {{1;} and f.

When x = 0, the theorem becomes part (1) of [1, Theorem 4.9] on the ordinary
spherical harmonic expansions.
For § > —1, the Cesaro (C, ) means of the h-harmonic expansion are defined by

n—k—|—5>

512, = A5 —1 A5 ‘K A5 —
Sn(h’mf7x) ( n) kz:o n_ka'Oka(l‘), n—k n—k

In the case when G = Z4 and h,(z) = Hle [, e;)|"(¢)), the following result
was proved recently in [3]:
Theorem 2.4. Let G =74 and let 1 < p < oo satisfy |% — %| > Wlﬁ with
o =12+ — min ki(e;).

Then

sup |55 (s Fllwp < ellfllnp for all f € LP(h5;87)

neN
if and only if

(2.10) §>6.(p) = max{(%r,.€ + 1)‘% - %‘ _1 O}.

3. A TRANSFERENCE THEOREM

The main goal in this section is to establish a transference theorem between the
LP multipliers of h-harmonic expansions on the unit sphere S¢ := {x € R4*+! :
|lz|| = 1} and those of the Dunkl transform in R?. Let G, R, h, be as defined in
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Section 1. Given g € G, we denote by ¢’ the orthogonal transformation on R4+!
determined uniquely by

gz = (gz,x441) for o’ = (z,2441) with z € R and 24,1 € R.
Then G’ := {¢g’ : g € G} is a finite reflection group on R¥*! with a reduced root
system R’ := {(«,0) : a € R}. Let k’ denote the nonnegative multiplicity function
defined on R’ with the property (o, 0) = k(). We denote by V.. the intertwining

operator on C'(R4+1) associated with the reflection group G’ and the multiplicity
function ’. Define the weight function

hli’(xaxd—H) = h,{(l‘) - H |<x’a>|n(a)7 T € Rda Ta4+1 € R.
aERy
Recall that proj® : LS4 h2,)) — HI*1(h2,) denotes the orthogonal projection
onto the space of h-harmonics.
Our main result is the following.

Theorem 3.1. Let m: [0,00) — R be a continuous and bounded function, and let
Ue, € > 0, be a family of operators on L*(S%;h2,) given by

(3.1) projfL/ (Usf) = m(en) projz/ f, m=01,---.

Assume that

(3.2) sup IUefllLosenz,) < AllfllLesenz,), VI € Cc(s%
1>

for some 1 < p < co. Then the function m(|| - ||) defines an LP(R%; h2) multiplier;
that is,

||Tmf||LT’(]Rd;hi) < Cd,ﬁA”fHLP(]Rd;hiﬁ vf € S(Rd)a
where Ty, is an operator initially defined on L*(R%; h2) by
(3.3) Fu(Tn£)() =m(IENFuf (), f€L*R%:HT), R

In the case of ordinary spherical harmonics (i.e., & = 0), Theorem 3.1 is due to
Bonami and Clerc [1, Theorem 1.1].

3.1. Lemmas. The proof of Theorem 3.1 relies on several lemmas.

Lemma 3.2. If f € 1! then for any x € R? and 4.1 € R,

B4 Vel (wa) = VilfCaan)l@) = [ f(6mun) du(©),

where dupl is given in (2.3).

Proof. Clearly, the second equality in (3.4) follows directly from (2.3). To show the
first equality, we set Vi f(z, 2q41) = Vi[f (-, 2a41)](z) for f € C(RHH1) and z € R4
Since Vi is a linear operator uniquely determined by (2.2), it suffices to show that
the following conditions are satisfied:

Ve(PHY c P V(1) =1 and Dy Ve = Vidi, 1<i<d+1.

Indeed, these conditions can be easily verified using the properties of V,; in (2.2),
and the following identities, which follow directly from (2.1):

Dn’,ig(xaxd-‘rl) = Dﬁ,i |:g('7zd+1)] (ZL‘), 1 S 1 S da

D a419(2, Tay1) = Oa19(x,2a41), for g € I 2 € R? and 441 € R.
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This completes the proof of Lemma 3.2. O
To formulate the next lemma, we define the mapping v : R? — S% by
P(x) = (§sin |||, cos ||33||) for x = ||z||¢ € R? and ¢ € S41.
Given N > 1, we denote by NS? := {x € R™!: |z| = N} the sphere of radius
N in R and define the mapping 1y : R? — NS? by

(3.5) Yn(x) = Nw(%) = (Nfsin HLNH,NCOS HLNH)

with x = ||z[|¢ € R and ¢ € S?71.

Lemma 3.3. If f : NS% — R is supported in the set {x € NS? : arccos(N 1z441) <
1}, then

snllel /M)y

SN @) dote) =N [ @) (T

s B(0,N)
where B(O,N) = {y € R%: |ly|]| < N}.
Proof. First, using the polar coordinate transformation

(€,0) € ST x [0,7] — 2 := (£sinh, cosh) € S,

and the fact that do(x) = sin® "' 0 dfdo(€), we obtain

F(Nz)R2, (z) do(z) = / i [ F(N€sing, N cos 0)h2, (€ sin b, cos 6) da(g)} (sin §)31 9
Sd 0

S§d—1

641 qp,

sin ¢ ) d—1+427,

- / 1 F(NEsind, N cos 0)h2 (0€) do—(g)(
0 Jsa-1

where the last step uses the identity h. (y,yatr1) = h«(y), the fact that h? is a
homogeneous function of degree 27, and the assumption that f is supported in
the set {x € NS? : arccos(N~'x4.1) < 1}. Using the usual spherical coordinate
transformation in R, the last double integral equals

. .
[ (Pl cos )z (S 1)
lyll<1 llyll [yl

i N\ 2Ae
:N_d_Q'“/ f Nisinm,NcosM h?(x) 7SID(HJC”/ dx
o Vi Ty )@ ()

= N2t i (g (SRUZI/N) N2
- /B(o,mf(w Al )< lz]l/N ) o,

where the first step uses the homogeneity of the weight h, and the change of
variables y = . This proves the desired formula. O

Remark 3.1. Tt is easily seen that the restriction ¢N|B(o N) of the mapping ¥ on

B(0,N) is a bijection from B(0, N) to {x € NS : arccos(N~tx4.1) < 1}. Thus,
given a function f : B(0, N) — R, there exists a unique function fxn supported in
{x € NS%: arccos(N~tx4.1) < 1} such that

(3.6) fnWnz) = f(z), Yz e B(0,N).
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On the other hand, using Lemma 3.3, we have
(3.7)

s¢ I (Nw)hi () do(z) = N /B(O,N) Flalhi )( )

]I/
The formula (3.7) will play an important role in our proof of Theorem 3.1.
We also need a small observation on a formula of Rosler [14] for 7, f(x):

Lemma 3.4. If f(x) = fo(||z||) is a continuous radial function in L*(R%;h2),
then for a.e. y € R% and a.e. x € RY,

(3.8) 7 @) = Vi [ o (Il + Iyl = 20z, ) |

Y
Fk
Formula (3.8) was first proved in [14] under the assumption that f is a radial
Schwartz function. Thangavelu and Yuan Xu [19, Proposition 3.3] later observed
that it also holds for radial functions f € L(R%; h2) with F, f € L(R% h2). Clearly,
our assumption in Lemma 3.4 is slightly weaker than that of [19, Proposition 3.3].
Lemma 3.4 can be deduced from the result of Rosler [14], using a density argu-
ment.

Proof. We first choose a sequence of even, C*° functions g; on R satisfying

sup |gj(t)—f0(t)|§2_j( /O . 2 ds) :

[t|<27+1

Let ¢; be an even, C'*° function on R such that x5 25 ([t]) < ¢;(t) < X[2-5-1,20+17([t]),
and let f;(z) = fio(llzl)) :== g;(||z|])p;(||z]]) for z € RY. Then it’s easily seen that
{f;} is a sequence of radial Schwartz functions on R? satisfying

(3.9) lim  sup |fj0(t) — fo(t)[ =0

I 92— <Jt|<2i
and

(3.10) Tim |1~ ]

w2 =0.

Since each f; is a radial Schwartz function, by Lemma 2.1 and the already proven
case of Lemma 3.4 (see [14]), we obtain

(3.11) 7y (f3)(2) = /|§|<1 Fro(W/ NIzl + llyl? = 2llyll(, €))dpsy 1 (6)-

Next, we fix y € R?, and set
A= Aly) = {z e RY: 27 < llo) = lyll| < llz]l + lyl < 27}
for n € N and n > no(y) := [log|ly||/log 2] + 1. Since

(lll = NlD?* < Nl + llyll* = 2llyllz, &)1 < (=]l + llyll)?*
for all ||€]| < 1, it follows by (3.9) that

Jim, FroW/ Izl + Tlyl? = 2llyll{z, £)) = fo(v/ T2l + llylI* — 2llyll(x, )
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uniformly for x € A, (y) and ||¢]| < 1. This together with (3.11) and Lemma 2.1
implies

Jim 7, (f3)(2) =/|§|<1 Fo(W/ NIzl + Tyl = 2llyll . €))dpry ()

Y
=V [fo /el TP =20 D (o)

for every x € A,(y) \ {0} and n > ng(y). On the other hand, however, by (3.10),
we have

lim. |7, (f;) —
j—00
for all y € R, Thus,

2 2 Y
R (0 = Ve 1o/ T+ Tl = 21 )] )

for a.e. € A,(y) and all n > ng(y). Finally, observing that the set

R ( ) = {z € R ol = ol

n=no(y)

has measure zero in R?, we deduce the desired conclusion. ([l

Remark 3.2. By (2.4) and the supporting condition of the measure du”, we observe
that

(3.12) V.F(rz) = / F(r€) du(¢),for all F € C(RY), z € R, and r > 0.
Rd

Thus, (3.8) can be rewritten more symmetrically as

(3.13) 7 (@) = Ve fo (VTP + TolP = 20z, ) | ).

Lemma 3.5. Let ® € L'(R, |z|**~) be an even, bounded function on R, and let Ty
be an operator L?(R%; h2) — L2(R%; h2) defined by

Fuo(Tof)(€) = Fof©@(EN), f € L2(RYA).

Then Tg has an integral representation

Tof(x / fly h2(y)dy, for f € S(RY) and a.e. v € RY,

where
(3.14) K(z,y)
o Jy _i(s/||z]|? + |lyl|? — 2(z,-
:C/ ¢(S)V|: Ar 2( ;/H || _ || || i‘_i)}(y)SQ)\K dS
0 (s/ll=l2 + [lyll? = 2(w, -))*=~2
Furthermore, K (v,y) = K(y,x) for a.e. x € R? and a.e. y € R%.

Proof. Let g(x) = Hy _1®([[z(|), where z € R? and H, denotes the Hankel trans-

form. Since ® is an even function in L!(R, |z|**) N L>(R), it follows by the prop-
erties of the Hankel transform that g is a continuous radial function in L2(R%; h2)
and F.g(§) = ®(||€]]). Thus, using (2.7), we have

Tof(2) = f *e gl /f W)ry9(@)h2 (y) dy
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for f € L?(R%; h2). Since g is a continuous radial function in L?(R?; h2), by Lemma
3.4 and Remark 3.2 it follows that

K(z,y) : = myg(@) = Vo | Hy 3 0/ T2P + TolP 20z, D] ()
(.)

oo Iy (s ||z)|? + ly||? — 2(=x,
:C/ @(S)VK[ A1 ( ;/ll I 2 1yl . )}(y)smd&
0 (s/ll2l12 + [lyll* — 2=, -))
where the last step uses (2.3), the inequality
Iy 77(7”5)
O(s)—————| <P
| () | < )
and Fubini’s theorem. This proves the desired equation (3.14). That K(z,y) =
K (y,x) follows from the fact that 7,¢(y) = 7,9(z). O

Our final lemma is a well known result for the ultraspherical polynomials:

Lemma 3.6. [18, (8.1.1), p.192] For z € C and u > 0,

D(p+3) f2\—#t3
. 1—2p 1 Z\ _ 2) (% .
(3.15) klingok Cl (cos k) e (2) Jlké(z).

This formula holds uniformly in every bounded region of the complex z-plane.

3.2. Proof of Theorem 3.1. We follow the idea of the proof of Theorem 1.1 of
[1]. We first prove the theorem under the additional assumption |m(t)| < c¢;e=¢2!
for all ¢t > 0 and some c;1,cy > 0. By Lemma 3.5, the operator T, has an integral

representation
o) = [ TR @) dy.

where K (x,y) is given by (3.14) with ® = m. Thus, it is sufficient to prove that

(3.16) 1= / d / d K (2, y)h2 ()2 (y) dudy| < cA

whenever f € LP(R%h2) and g € L¥ (R% h2) both have compact supports and
satisty || fllLea;nz) = 91l Lo a2y = 1-

To this end, we choose a positive number N to be sufficiently large so that the
supports of f and g are both contained in the ball B(0, N). By Remark 3.1, there
exist functions fy and gx both supported in {x € NS?: arccos(N lwg1) < 1}
and satisfying

(3.17) In(Wn (@) = f(2), gn(¥n(@)) = g(x), =R,
where 1y is defined by (3.5). It’s easily seen from (3.7) that

HfN(N')”LP(Sd;hi,) <c
Thus, using (2.8), (2.9), (3.1) and the assumption (3.2) with & = 4, we obtain
Iy = N?=H1
. ’/s /S > m(N ) P ()| v (Ny)gn (N b2 (2) B2 () do () dor(y)
n=0

(3.18) < cA,

h+1

rt1
o lan (N e (84:h2,) <cN-
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where P¥ (z,y) = %:‘“’VR/ [CX((x,-))](y). Setting

Hy(a,y) = N~ 3 m(N )Py (v(5),9(3))
n=0

and invoking (3.17) and Lemma 3.3, we obtain

_ 20 p2 (o Smllzl/N)y2A
(319) In _’/Rd iy HN(xvy)f(y)g(x)hka(x)h/{(y)( ||JZ||/N )
sin([ly[|/N) 2=
“Chw ) ol
On the other hand, setting
0o ) n;l =
ba(pr) = NS m(PE (6 o) ([ 7 dt) xig i (0),
n=0 N

we have
HN(a%y)=/ b (p, 2, y)p** dp.
0

Hence, by (3.19),

6200 io=| [ [ ] oo o snaemen o)

sin(||x sin A
() (i) el

The key ingredient in our proof is to show that limy_.o, In = ¢I, where ¢ is a
constant depending only on d and . In fact, once this is proven, then the desired
estimate (3.16) will follow immediately from (3.18).

To show limy_.o Iy = ¢I, we make the following two assertions:

Assertion 1. For any N > 0 and z,y € R?,

lbn (p, @, y)| < ce™ 7,

where c is independent of z, y and N.
Assertion 2. For any fixed 2,y € R? and p > 0,

(3.21) Jim_ by (p,w,y) = em(p)Vie e LG ?](y)

X
(puz, y, )™

where u(z,y,€) = /||z]|2 + [[y]|2 — 2(z, &), and c is a constant depending only on
d and k.

For the moment, we take the above two assertions for granted, and proceed with
the proof of Theorem 3.1. By Assertion 1 and Hoélder’s inequality, we can apply
the dominated convergence theorem to the integrals in (3.20), and obtain

mmﬂ@LMImwwmeM@WmmMm

N—oo N—oo
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which, using Assertion 2, equals

= c‘/]Rd /Rd [/OOO m(p)Vi [J():O’;—(x(y ())/\n ); ] (y)p2>m dp} f(y)g(x)hi(x)hi(y)dib dy

=d [ [ K@us@e@iii) ddy| = e

where the second step uses (3.14). Thus, we have shown the desired relation
limy 00 Iy = cl, assuming Assertions 1 and 2.

Now we return to the proofs of Assertions 1 and 2. We start with the proof
of Assertion 1. Assume that & < p < 2! for some n € Zy. Then |m(%)| <

. n+1
cre~® < ce~®P and [,V tz)‘ dt > cN~ 1 p**=. Hence,
N

ooy = NP (w0 ([ 7 v ar)

< CN_Q)\”p_Q)\Ne_Qpn + )‘H

K
< c(Np)sz”efczpnz)‘” < ce P,

where we used (2.9) in the second step, and the positivity of V,; and the estimate
|CA= ()] < en?*«~1 in the third step. This proves Assertion 1.
Next, we show Assertion 2. A straightforward calculation shows that for & <
p < ”T*l and p > 0,
n41

N -1 N
(/ﬂ 12 dt) = pQT(l +0,(1)), as N — oc.
¥

This implies that for % <p< "T‘H and p > 0,

by (p,z,y) = m( )7712& n*Q’\NP“/( — E) (1+0,(
NPT, Y) = 14 (Np)QAN n N P
_ 21y [od (((2), D] (L s M Iyl
em(p)n o [ O G, D] G sin T eos )
+Op(1)7
where we used the continuity of m in the first step, and the estimate n=2 | P%’ (w(%),@b(%))‘ <
2,
¢, as well as the fact that hm (]\7 e = 1 in the last step (see [4]). Thus, using
N—o0 P
Lemma 3.2 and (3.12), we obtain
b (ps . y)
- o =] ||y|\ ]
=cm(p)n 2A*“'H/ O — sin - cos —)
(on % 2 N
xdpr () +op(1)

Cove (o8 O (1, ,€) ) dis (€) + 0, (1),
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where Oy (x,y,§) € [0, 7] satisfies

]

d
1 3 Al ] lyll
COSQN(.’,C,Z[/,&‘) = (W - x]é-j) SN —— S1In —— + COS W COS ———,

Since

d
1 B
cosOn (#,9,8) = 1= 55 (IICL’II2 +lyl*-2> fvjfj) + Olaf ) (N ™)

j=1

=1 2,9, €)* + Oy (N ™),

1
~ oz
it follows that

On(x,y,8) =2 arCSin(% \/U(x, Y,€)2 + Ol Iyl (N_2))

1
= N\/u(x, Y:€)% + Oal 1yl (N 72) + Oja o (N )

_ (@, 4,8) + O iyl (1)
n b

where the last step uses the uniform continuity of the function ¢ € [0, M] — v/t for
any M > 0, and the relation limy_, Nip =1.
Thus, by (3.22) and (3.15), we have

]\}Enoo bN(P7 Z, y)

_2)\~+1C7>1\N (COS pu(x, Y, g)n—’— O%Z/ap(l)) d/.t: (g)

=cm(p) lim n
N=o Jjgl<yll

—amp) [ (pulp €)My (pue,.€) di (€
el <yl

= em(p)V [ (pula, . )30y (pua,y, )] ),

where we used the fact that ||[C2* ||« < en?*+~1, the bounded convergence theorem
and (3.15) in the last step. This proves Assertion 2.

In summary, we have shown the theorem with the additional assumption [m(t)| <
cre~ 2t

Finally, we prove that the conclusion of Theorem 3.1 remains true without the
additional assumption |m(t)] < cie~t. To this end, let mg(t) = m(t)e % for
§ >0, and define T,,, : L%*(R% k%) — L%(R%; h2) by

Fo(Tons )(€) = ms()Ff(€), f € L (REAY).

It is known (see [8, p. 191]) that given any € > 0, f — > 07 je "¢ proj:’if is a
positive operator on LP(S%; h%) that satisfies

—ne R < ' )
ig%H;e pm‘]"fHLP(sd;h%) < A llersng)
Indeed, this follows from [6, Theorem 4.2] and the fact that V,; is positive, which
was proved in [13]. Thus, applying Theorem 3.1 for the already proven case, we
have

(3.23) supHTm5 f’
§>0

< h2).
Lo @inz) S Al fllr®a;n2)
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On the other hand, from the definition we can decompose the operator T, as
(3.24) Tons f = Ps(Tf),
where F.(T'f)(€) = m([|€][)Fr f(£) and

Fa(Psf)(€) = e ISIF £(€).

The function Psf is called the Poisson integral of f, and it can be expressed as a
generalized convolution (see [3])

Bsf(x) := (f #x Fs5)(2)
with
« + ) §
VT (82 a2y
It was shown in [3, Theorem 6.2] that

. _ d
52%14_ Psf(z) = f(x), ae z€R

r
Ps(z) := 27ty o

for any f € LY(R% h2) with 1 < q¢ < co. Since m is bounded, T'f € L2(R%; h2) for
f € L%(R% h2%). Thus, for any f € S, using (3.24),

. . . o d
(325)  Jim T f() = Jim P(T))@) =TS(x), ac ek,
which combined with (3.23) and the Fatou theorem implies the desired estimate
ITfllLr®asnzy < cAllfllLemanz)-
This completes the proof of the theorem.

4. APPLICATIONS

4.1. Hérmander’s multiplier theorem and the Littlewood-Paley inequal-
ity. As a first application of Theorem 3.1, we shall prove the following Hérmander
type multiplier theorem:

Theorem 4.1. Let m : (0,00) — R be a bounded function satisfying |[m|le < A
and Hormander’s condition

2R
(4.1) %/ |m™ ()| dt < AR™", for all R > 0,
R

where 1 is the smallest integer > A\, + 1. Let T, be an operator on L*(R%; h?)
defined by

FulTnf)(€) = m(IEI)Ff (), € €RE
Then
1T fllrp < CoAllfll.p
for all1 < p< oo and f € S(RY).

Proof. Let puy = m(le) fore >0 and £ =0,1,---. Then

A ag] = "

/ m") (et + -+ + ety +eb)dty - dt,
[0.1)”

e(r+20)

g/ [m ") (1 + -+t +el)|dty - - dt, < EH/ |m(") (t)| dt.
[0,e]" el
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This implies that for 27 > r

2Ji+1 2J+1

(r+£)
Tl)Z|AT,Ul|<2]T 1)67" IZ/ |dt
=27 1=27
(29 4r)
< (r—1)2r-Dgr-1 / ™) (1)) dt
27

20 +2¢

stﬂu—nf*/ I ()] dt < ¢, 4,
2

Je
where the last step uses (4.1). On the other hand, however, for 2/ < r, we have

9Ji+1

(=1 Z |A" | < ¢ max|,uj| <A
=27

Thus, using Theorem 2.3, we deduce

o0
S € 0j¥’ H < B2 Y-
EL;ISHRZ%W( MPrO0n I| e,y < W lartaz,)

The desired conclusion then follows by Theorem 3.1. d

Remark 4.1. Hormander’s condition is normally stated in the following form

1 2R 3
(4.2) (E/R |m(’“)(t)|2dt) < AR™", for all R > 0.

See, for instance, [10, Theorem 5.2.7]. Clearly, the condition (4.1) in Theorem 4.1
is weaker than (4.2). On the other hand, however, Theorem 4.1 is applicable only
to radial multiplier m(]| - ||)-

Corollary 4.2, Let O be an even C*°—function that is supported in the set {x €
R: % <|z| <2} and satisfies either

de@27¢) =1, {eR\{0},
JEZ

or

Y1227 =1, ¢eR\{0}.
JEZL
Let Aj; be an operator defined by

Fu(D;1)(€) = 2(277||€l)Fuf(€), € €RE

1
wp kP H(Z 185 F1) 2 |l

JEL
holds for all f € LP(R%; h2) and 1 < p < oo.

Then we have

/]

Proof. Corollary 4.2 follows directly from Theorem 4.1. Since the proof is quite
standard (see, for instance, [17] ), we omit the details. O
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4.2. The Bochner-Riesz means. Given § > —1, the Bochner-Riesz means of
order ¢ for the Dunkl transform are defined by

2.6
Y .
ws) BzN@ =c [ (=Y E g Genwan 70
lyll<R
Convergence of the Bochner -Riesz means in the setting of Dunkl transform was
studied recently by Thangavelu and Yuan Xu [19, Theorem 5.5], who proved that

if 6 > A\ 2:%4’7% and 1 < p < oo then
(4.4) sup || B (h; f)]
R>0

rp < C”an,p-

Our next result concerns the critical indices for the validity of (4.4) in the case
of G = Z¢:
Theorem 4.3. Suppose that G = Z3, f € LP(R%;h2), 1 < p < oo, and |% -1 >
Then (4.4) holds if and only if

2Aj+2'
(4.5) 85> 0,(p) == max{(m SRR B o}.

It should be pointed out that the result of [19, Theorem 5.5] is applicable to the
case of a general finite reflection group G, while Theorem 4.3 above applies to the
case of Z¢ only.

Proof. We start with the proof of the sufficiency. Assume that x := (K1, -, Kq)

and h,(x) := H;‘l:1 |z;|%. Let k" = (k,0) and hy (7, 2411) = hy(z) for x € R? and
zar1 € R. Set m(t) = (1 — %)% By the equivalence of the Riesz and the Cesaro

summability methods of order 6 > 0 (see [9]), we deduce from Theorem 2.4

oo
supHZ m(en) projzl f’
>0 "0

<
Lr(S%;h2,) CHf”L”(Sd;hi,)

whenever |% -1 > ﬁ and & > 0./(p), where o, = A, and 0, (p) = d.(p).

Thus, invoking Theorem 3.1, we conclude that for 6 > 6, (p),

||B(15(hi§ f)”n,p < CHan,p'

The estimate (4.4) then follows by dilation. This proves the sufficiency.

The necessity part of the theorem follows from the corresponding result for the
Hankel transform. To see this, let f(x) = fo(||z||) be a radial function in LP(R9, h2).
Using (4.3) and Lemma 2.2 (vii), we have

R 2
Bj(h: f) (@) = / (1= 55) Hy s folr1? [ [ Butia, 02y doty))]ar.

gd-1

However, by [19, Proposition 2.3] applied to n = 0 and g = 1, we have

rlely et

[, Bimr W) dotf) = o7

It follows that

Tyuey (rl2l).

1

R 2.6 At )
B0 D) = [ (1= 55) Ha s fo) (TS0 rlelyar

= cB2 fo(||z])),
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where Ef% denotes the Bockner-Riesz mean of order ¢ for the Hankel transform
H, _1. However, it is known (see [21]) that E};, 0 < 6 < Ay, is bounded on
LP((0,00), 2 ) if and only if

2\, + 1 <p<2m+4.
A +6+1 A —0
Thus, to complete the proof of the necessity part of the theorem, by (4.6), we just
need to observe that if f(x) = fo(||z||) is a radial function in LP(R?; h2), then

(4.6)

I fllep = CHfOHLP(R;II\““)'
O

Remark 4.2. In the unweighted case, for the classical Fourier transform, Theorem 4.3
is well known, and in fact, it follows from the following Tomas-Stein restriction the-
orem (see, for instance, [10, Section 10.4]):

2d + 2
d+3’

where f denotes the usual Fourier transform of f. In the weighted case, while
estimates similar to (4.7) can be proved for the Dunkl transform F,f (see [12,
Theorem 4.1]), they do not seem to be enough for the proof of Theorem 4.3. A
similar fact was indicated in [3] for the case of the Cesaro means for h-harmonic
expansions on the unit sphere, where global estimates for the projection operators
have to be replaced with more delicate local estimates, which are significantly more
difficult to prove than the corresponding global estimates.

(4.7) ”}\HLZ(S‘!*) S CpllfllLrray, 1<p<
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