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Abstract For the Jacobi-type Bernstein—-Durrmeyer operator M, , on the simplex
T9 of R4, we proved that for f € LP(W,; T4 with 1 < p < o0,

KZ,(D(fa n_l) <cllf - Mn,/(f”/c,p =< C/KZ,d)(fv n_l)K’p + C/n_l”f”/(,p’

K,p —

where W, denotes the usual Jacobi weight on 79, K2 o (f, %), and | - ||, de-
note the second-order Ditzian—Totik K-functional and the L?”-norm with respect to
the weight W, on T¢, respectively, and the constants ¢ and ¢’ are independent of
f and n. This confirms a conjecture of Berens, Schmid, and Yuan Xu (J. Approx.
Theory 68(3), 247-261, 1992). Also, a related conjecture of Ditzian (Acta Sci. Math.
(Szeged) 60(1-2), 225-243, 1995; J. Math. Anal. Appl. 194(2), 548-559, 1995) was
settled in our proof of this result.
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Constr Approx

1 Introduction

Given k = («1,...,Kkq+1) € R+ with minj<;<q+14; > 0, consider the Jacobi
weight function

d 2

i—1/2 Kar1—1
WGy i= [ ]2 (1 = ey =12, (1.1)

i=1

on the simplex
T4 .= {x:(xl,...,xd)eRd: min x; >0, 1— |x| zo},
I<j=<d

where, and throughout we write |x| = Z‘;zl |xj] for x = (x1,...,xq) € R?. Let

LP(We: T, (1 < p < 00), denote the usual weighted Lebesgue space endowed with
the norm

1/p
1 N = (/Td|f<y)|pwk(y)dy> :

Given f € LP(W,; Td), its weighted Ditzian—Totik K-functional of order r € N is
defined by

r PO 1 r r r
Kro(£17), = ol (1f =glep+ max o Dhe, ). (12

where @;; (x) = /x; (1 — |x]), ¢;; (x) = /% Xj,1 # j, and

D 0 D 0 0 | # ] (1.3)
——— = ) )
" 3)61' Y axi ij J
These K-functionals are equivalent to the weighted Ditzian—Totik moduli of smooth-
ness, which are computable. See [2, 12] and [11].

For each n € N, the weighted Bernstein-Durrmeyer operator M,, , on T¢ is given

by

-1
My (f)(x) = Zpkn(x)</ pkn(y)WK(y)dy> / F O Pk (M Wi (y) dy,
T4 Td

[k|<n

where x = (x1,...,x2) € T4, k= (ky, ..., ka), [kl = |k1| + |ka| + - - - + |kq], and

n! _
Pkn(X) = R kd(l - |x|)n lkl'

_ xi'x5%x
d 142 d
(n — [KD!TT4_, k!
Our main result can be stated as follows:

Theorem 1.1 Suppose 1 < p < oo and f € LP (Wy; T?). Then
Koo (fin "), SIf = M fllep < cKao(fin™),  +en™ I fllcp, (14)

where the constant c is independent of n and f.
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Several remarks are in order.

1

Remark 1.1 In the unweighted case (corresponding to the case of ¥ = (%, s 3))s
the first inequality in (1.4),
Koo (fin "), I = Mo fllcps (1.5)

was proved for p =2 and conjectured for all 1 < p < oo by Berens, Schmid and Xu
[2, p. 260] in 1992, while the second inequality in (1.4) was proved by them [2] for
1 < p < 00. An alternative proof of (1.5) for p = 2 in the unweighted case was given
by Chen and Ditzian [4] in 1993.

Remark 1.2 1t was shown in [15] (in the unweighted case) and [9] (in the weighted
case) that for 1 < p < o0,

If = Mo flhp ™~ _int (1S =gy + w7 PD)eg|, b = Ra(fin ),

(1.6)
where P (D), is a differential operator closely related to the orthogonal polynomial
expansions with respect to the weight W, on T¢ (see Sect. 2 for details), whose
precise definition is as follows (see [13, p. 46, (2.3.11)]):!

d
P(D)e:=Y xi(l—x)— =2 > xixj——— ax,ax,

i=1 I<i<j<d

B o

with k| = Z‘]H% kj. Thus, Theorem 1.1 combined with (1.6) yields that for
1< p<oo,

Kro(fin™"), , <cKa(fin™), =Ko (fin™"), ,+n7 1 fllep-

Kk,p —

Remark 1.3 Another interesting fact on the differential operator P (D), defined by
(1.7) is the following elegant decomposition of Ditzian (see [10])

P(D)c=)Y_ P(D)g, (1.8)
E€E
where
d
P(D)gg = We(x)™! g(d@ , X)W (x)) 5 (1.9)

I There is a small misprint in (2.3.11) of [13]: the expression (|« | + 4 )x, there should be replaced by
(il + L.

2In the unweighted case, an equivalent version of (1.8) was first obtained by Berens, Schmid and Xu in [2,
p- 257]. (See (2.3) of Sect. 2 for details.)
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E(E, x):=supfts: t,s >0, x +t&,x —s& e Td}, and E is the set of all unit direc-
tions parallel to the edges of T¢ in which we do not distinguish £ and —&. Such a
decomposition plays an important role in our proof, and some related known facts on
this decomposition will be sketched in Sect. 2. It will be shown in Sect. 3 (see (3.3))
that for f € C2(T?),

|PDYS,., ~ ';?é‘” PD)sf|,, 1<p<oo. (1.10)

We point out that (1.10) was proved for p = 2 and conjectured for all 1 < p < co by
Ditzian [10] in 1995. For more background information on this problem, we refer to
the recent survey paper [11] of Ditzian.

We organize the paper as follows. Section 2 contains some necessary material on
harmonic analysis on 7¢. In Sect. 3, we prove Theorem 1.1, assuming a key pointwise
estimate, Theorem 3.3, whose proof is given in Sect. 4.

2 Harmonic Analysis on T¢

In this section, we shall briefly describe some known facts on harmonic analysis on
the simplex T<. Most of the material in this section can be found in the book [13] by
Dunkl and Xu.

Let Vg(WK) denote the space of all constant functions on T4 and let V,‘f(WK),
(n > 1), denote the space of polynomials of degree n on T< that are orthogonal to
all polynomials of lower degree with respect to the weight function W, (x) on T¢
defined by (1.1). The Hilbert space theory shows that

oo
L2(Wi; T) = 2)(W) and f =Y projs(f),

n=0
where projy, L2(We; T V,‘l’(WK) is the orthogonal projection operator, which
can be written as an integral operator

proj, (f, x) = ax /d FOPu(We: x, )W () dy, xeT?,
T

with aK’1 = de W, (y)dy. A key point is that the kernel P,(W,; -, ) satisfies the
following formula of Yuan Xu (see [17, 18]):

@n + L)T (ST + Ai)

P,(We;x,y) =
e [k + D0+ D)

d+1

(a=3.-3) 2 N
X Cc /[1,11d+1 P, (2u(x,y,1) 1)5(1 ) dr,
2.1
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where u(x, y,t) = /X1 y1t +...+mtd+m T o ltasts b = % n
k|, x| = Zii} Kj,and Pk(a’ﬁ ) denotes the Jacobi polynomial of degree k and indices

(a, B) as defined in [16]. If some k; = 0, then the formula holds under the limit
relation

1
. - M+ f(=D
1 t l—tzaldl‘=f7,
times [ F0(1=r) .
1
where c5 = f/(;;féi
The space V,Zl(W,() can be characterized as an eigenspace of the differential op-
erator P(D), defined by (1.7). In fact, it is known (see [13, p. 46, (2.3.11)]) that a
C%(T?)-function P belongs to the space V,‘f (W,) if and only if

P(D),P=—n <n + k| + d%)P 2.2)

Thus, given r € R — {0}, we can define the operator (— P (D),)" in a distributional
sense by

o0

, d—1\\ |
(~P(D)) (f)=Z<n<n+IKI+T>) projs (We: f).

n=1
The diffezential operator P(D), can be decomposNed as in (1.9). Note that for
& € E and d(&, x) given in (1.9), either £ = ¢; and d(§,x) = x;(1 — |x|) or § =
%(ei —ej) and 27(5, x) = 2x;x. (Here ¢; is the unit vector in the x; direction.)

See [9, p. 228]. Thus, the decomposition (1.9) can be written more explicitly (but less
compactly) as

P(D)e= > Ui 2.3)
I<i<j<d
where
Ui = We) ™ - (i (1 = )W), T<i<d, (4
’ 0Xx; ax; -
Uijie = We ()" Dij(xixj W (0)) Dyjj,  1<i<j<d. (2.5)

The operators Uj;, . are self-adjoint on L?(W,: T%) in the sense that for any f,g €
(T,

(Uijw [ 8 =, Uijc &)k (2.6)

where and throughout
(f. 8= /Td F(x)gx) W (x) dx.
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Moreover, each space V,f(W,() of orthogonal polynomials is invariant under Uj; ;
that is, U,-j,,((V,f(W,()) C V,‘f(WK). All these properties can be found in [9, pp. 228—
229]. Finally, we point out that in the unweighted case (corresponding to x =
(%, e %)), the decomposition (2.3) was proved earlier by Berens, Schmid and Xu
[2, p. 257].

The following Marcinkiewitcz-type multiplier theorem was proved recently in [7,
Theorem 5.2]:

Theorem 2.1 Let {1 }‘]’io be a sequence of complex numbers satisfying

(i) suplujl<c<oo,
j

2J+l1
(i1) sup2j(£_1) Z |Aguk| <c¢ < o0,
J k=2

where.é is the smqllest integer > % +> 1K) Aouk = Uk, Al,uk = WUk — Wk+1
and A1 = A(AY). Then for f € LP(W,; T with 1 < p < 0o, we have

d+1
J

3 b profs ()

Jj=0

<Clfllk.ps
K, p

where C is independent of f and {1} but depends on the constant c in (i) and (ii).

Let n € C*°[0, o0) be such that n(x) =1 for0 < x < % and n(x) =0 for x > 1.
Let 0(x) = n(x) — n(2x). Define 65 (f) = projy (f), and

[e.e]

05 (f) = Ze(§) projy (f), j= 1.

n=0
As a consequence of Theorem 2.1, we have the following Littlewood—Paley-type

inequality:

Corollary 2.2 Let f € LP(W,; T%) with 1 < p < oc. Then

1 fllie.p ~ 2.7

(i(eﬁ <f>)2)%

j=0

Kp

The proof of Corollary 2.2 is quite standard, and it can be found in [6, Sect. 2].
Consider the following metric on T¢:

d+1
o(x,y) :=arccos<z./xjyj>, x,yeT?, (2.8)
j=1
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where here and elsewhere x;4+1 = 1 — |x| and yg+1 = 1 — |y|. It’s easily seen that for
d
x,yeT?,

IE —nll < px.y) < %ns — ., 2.9)
Wheregz(\/x—s\/x_r”'vx/xd-‘rl)’ n= (\/y_l?\/ﬁ""\/yd-'rl)’ and ”S _77” de_

notes the Euclidean norm of & — . Let C(x,t) = {y € T : p(x,y) < t}, where
xeT%andt € (0, 71. As was shown in [5],

d+1
. T
/ We(dy ~6¢ [T(1xj1 + 6%, foroe (o, —}, (2.10)
C(x.0) il 2
where x = (x1,...,x4) € T? and x441 = 1 — |x|. In particular, this means that

the weight W, satisfies the doubling condition with respect to the metric p. Thus,
(T4; p; W, dx) is a space of homogeneous type in the sense of Coiffman and Weiss
(see [14]). Thus, following [14], we define

V(X»Y)Z/ Wi (2)dz, X,yer, (2.11)
C,p (1)
and
Vt(x):f W.()dz, xeT9 0<i<Z. (2.12)
Cx,0) 2

The Hardy-Littlewood maximal function with respect to the weight W, is defined
as usual by

S S d
M (f)(x) S D) C(xﬁl)|f<y>|WK<y>dy, xeT?,

where for a measurable set E C T¢,

meas, (E) :=/ W,.(y)dy.
E

Since the weight W, satisfies the doubling condition, the following Fefferman—Stein-
type inequality is well known:

o0 \? o0 2
‘ <Z|Mk<f,»)| ) <c (Zmﬁ) , l<p<oo. 2.13)
j=1 K.p j=1 K,p
We also need the following lemma:
Lemma 2.3 For f € L(W,; Td) and £ > 0,
FAS) —e
1+ , We(y)dy <cM )
/Td V(x,y)+V,,71(x)( np(x, ) We()dy < cMc(f)(x)

xer, n=1,2,...,

where c is independent of f, x and n.
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Proof By definition, we have

[f )] W
/Td Vx,y)+ V,-1(x) (I+no(x, ) We()dy

_ [
{/Quwu ;: ,<pu)o<”*ﬁ}

[f ()] (
Vix,y)+V,-1(x)

1+ np(x, ) ‘W (y)dy

We(y)d
Vi (x) C(x’n71)|f(Y)| (y)dy

+Zz—j@f A | Lf W, () dy
j=0

2 <pir=2Zty Vix, y)

27t

<M, (f)(x>+cZ

2j+1

/ |f(y)|W (y)dy

n

<M () 4 27 M (f)(x) < M (£)(x),

j=0

where we have used the doubling property of the weight function W, in the third
step. O

3 Proof of Theorem 1.1

For the proof of Theorem 1.1, by (1.6), it is sufficient to show that for g € C 2(T”’)
and 1 < p < o0,

max |¢;Dfell, , = el P(Dsl, , = clglep+c* max lgDhell, -

1<i<j< s p -
3.1
Equation (3.1) is a consequence of the following two propositions:
Proposition 3.1 For1 <i<j<d,l <p<oo,and g € CZ(T‘[),
2D? U; 2 3.2
le/iD7igll,., < clUijxglicp < ligl.p + |7 Dgl, (3.2)
Proposition 3.2 For g € C*(TY),
max IIUU «&8llc,p ~ NP (D)icglle,p, 1< p <00, (3.3)

1<i<j

where the operators Ujj ., 1 <i < j <d are defined by (2.4) and (2.5).
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We point out that (3.2) in the unweighted case was proved in [2], while (3.3) was
proved for p =2 and conjectured for all 1 < p < oo by Ditzian [10] in 1995.

The proofs of Propositions 3.1 and 3.2 will be given in Sects. 3.1 and 3.2, respec-
tively.

3.1 Proof of Proposition 3.1

Following the idea of [2], we shall use a recent result of [6, Theorem 7.1]: if
a,B>—1,weP @) =1 —-0*1+1)P, and h € C*[—1, 1], then for 1 < p < o0,

H(l _ tz)h”(t)Hp,a,ﬂ < CHD(a’ﬁ)th,a,ﬁ

< ARl pap + | (1= 20" @) (3.4)

p.o.p’
1
where [|A| p.o.p = (fj1 |h()|Pw@P) (1) dt)? and

d d
DB — 0w @h (=1 L1~ 2 w@h LY
w (1) dt( Jw Qb

Let us first consider the case of i = j. For simplicity, we may assume without
loss of generality that i = j = 1. Let hy(¢) = g(w, y) forr € [—1,1] and a
fixed y € T9!. We also let x = (x, y) with 0 < x; < 1 — |y|. Then a straightforward
computation shows that under the transformation x; = M

9 2
xlde(ax) g = (1-12)ryo), (3.5)

_ 0 d 11
Wi (x) l(a—m(xlde)WK(x)a—M)g(x)=D<“d+1 217 Dhy(1),  (3.6)

where xg41 =1 —|x| =1 —x1 — |y|. It follows that for 1 < p < oo,

9 2
/ xlxaz+1<8 )g(x)
Td X1
1=yl P
/ / X1Xd+1< > g(x)
Td—1 dax
— 2 Kd+1/ |:f | h//(t)|p (’(d+l—* K1— 2)([)dt:|
Td 1

d
« (1 . |y|)/c1+l€d+1 1_[ ijl"f'ff dy
j=2

W,(x)dx

p
We(x)dxidy (here x = (x1, )
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1
< C/ [/ |(D(Kw—l—%,/ﬂ—%)hy)(t)’Pw(lﬂlﬂ—%»m—%)(t) dt:|
Td-1 -1

d
x (1= ) T hyy 992 dy

1—[yl
=cf f U1 g(0)|” We () dxy dy =c/ Ut g (O)|P We () dx,
Tdfl 0 Td

where we have used (3.5) and a change of variable x| = 1“ (1 —]y|) in the second
step, (3.4) in the third step, (3.6) and a change of varlable x| = ]“ (1 —|y|) in the
fourth step. Similarly, one can show
1U11k8le.p < Mgl + ¢ lofi Dgll,
This proves (3.2) fori = j.
Next, we show (3.2) for 1 <i < j < d. We define an operator T; by

Ti(H)(x) = f(xt,..oxjo1, 1= |x[, X410 .., Xa), (3.7)
where x = (xq,...,xq) € T4 1t’s easily seen that T; D;; = D;; T;, which implies that
T; ((p”(x)Dz )= (p”(x)(Dz T;) and T;U;j « = Uj; rT], where

T=(K1se s Kje1s Kdp 1> Kjdds oo s Kd—1,Kd, Kj). (3.8)

Since the Lebesgue measure on T¢ is invariant under the transformation
: 2 n2
x = (x1,...,xj—-1,1 — |x[,xj41,...,xq), it follows that ||goile.jg||,(,p =

”(P”Dz (T]g)”r,p and
1Uijc&lle,p = |Uii,c (T 8) ”wf (3.9)
However, invoking (3.2) for the already proven case i = j, we obtain

e DHT9,., < Ui Tio), , < clei DT, + el Tjgllz,p.

rp—

The desired inequality (3.2) for i < j then follows, since ||Tjgllz,p = l|gll«,p- This
completes the proof. (I

3.2 Proof of Proposition 3.2

The inequality
|P(D)es],., <c max |1Uiuglep

follows directly from (2.3) and the triangle inequality. To show the converse inequal-
ity, we first observe that (3.9) is true for i < j, and that P(D);T; = T; P(D), on
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account of (2.2). Thus, for the proof of the desired converse inequality, it suffices to
prove

1 Uiicgllic.p = C||P(D)Kg||,{,,,, l<i=<d. (3.10)

The following theorem plays a crucial role in the proof of (3.10):

Theorem 3.3 Let ¢ € C*°[0, 00) be such that supp ¢ C [é, 8]. Given n € N and
X,y € Td, define

N d—1\\"?
a>n,K(x,y>::Z¢(2’—n)(j<j+|x|+7)) Pi(Weix,y), (1)
=0

where P;(W; x,y) is defined by (2.1). Then for any positive integer £, and i =
1,....,d,

1
V(x, )+ Vamn (x) + Van ()

a@n,lc(-xv )’)
8xl-

<c(1+2"p(x, )™

VXiXat

where xg+1 =1 — |x]|.
The proof of Theorem 3.3 will be given in the next section. For the moment, we

take it for granted and proceed with the proof of (3.10).
Let us first define

Ay =/xi(1- |x|)%, 1<i<d.
1

An integration by parts shows that for any f1, f» € C2(T9),

(Uii,l(fls f2)K :_(Axifla Axif2)f(- (312)

Let the operators 6%, j =0, 1,... be as defined in Sect. 2. As a consequence of
Theorem 3.3, we have the following lemma:

Lemma34 If f e LWe;T%),xeT% and 1 <i <d, then

|44 (05 (~P(D)) ™2 £)@)] = M (65 £) ).

Proof Without loss of generality, we may assume j > 1, since otherwise the lemma is
trivial. Let ¢ € C*°[0, 00) satisfy ¢(r) =1 for § <t <1and ¢(r) =0 for t ¢ [, 8].
Let @, , be as defined in Theorem 3.3. Then we have

-3 c d—1
07 (=P(D)) * f(x) = ;qﬁ(%) (n(n + k| + T))

:/ O fMPjc(x, Wi (y)dy.
Td

1

2
projs (65 £) )
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So, using Theorem 3.3 with ¢ sufficiently large, we obtain
—1/2
A (05 (—P(D)) ™))

= /Td|9}(f(y)||Axi¢j,K(x, Y| We(y) dy

‘ ) 1
<c 05 1+2/p(x, We(y)d
/Td| IO+ 20 ) gy s We0)dy
<M (6% f) (),
where we have used Lemma 2.3 in the last step. This completes the proof of
Lemma 3.4. (|

We are now in a position to prove (3.10). Clearly, it is sufficient to prove
|Uiic (= P(D)) ™ Fllp <[ Fll, (3.13)
whenever F € LP(W,; T?). Let % + # =land G € L”/(W,(; T4). Then
(Ui (~P(D))"'F,G),

3" (Ui (—P(D)) 05 F.0 (G)),

00
J=0£—j|=2
00

= (Ui (—P(D)) 205 F, (—P(D)) ™05 (G)),
J=0|( J1=2
—o3 Y (A (PO E A (- P D)) e ),
Jj=01¢—j1=2

where we have used orthogonality, the identity Zjio 9}‘ (f) = f and the fact that
Ui« V4(W,)) C V4(W,) in the first step, the fact that U;; . P(D)". = P(D).Uj; , in
the second step,® and (3.12) in the third step. Thus, using Lemma 3.4 and Holder’s
inequality, we obtain

I(qu(—P(D)K)”F G),|

<c/ Z D M (05 F) ()M, (0f G) (x) Wi (x) dx

J=01¢=j|=2

C/Td (§|MK(9}(F)|2>%<§|MK(9}§G)|2)%WK(JC)dx
c(gm(emf); @m(ef@ﬁf

3This fact is a consequence of the fact that Uj; (V,‘f(WK)) C V,‘f(W,() foralln e Z4.

/

K,p K,p
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Thus, using the Fefferman—Stein inequality (2.13) and the Littlewood—Paley inequal-

ity (2.7), we deduce
00 7

j=0

(Usiae(—P(D)) " F.G), | <c

/

(iwcf)é

j=0

K,p K,p

< cllFlleplGllic,p-

The desired inequality (3.13) then follows by taking supremum over all G €
LP (W,; T?) with |G l,pr = 1. This completes the proof. [l

4 Proof of Theorem 3.3

To show Theorem 3.3, we need a series of lemmas. The first two lemmas were proved
recently in [8].

Lemma4.1([8]) Assumed; >0,a; #0and&; € C®[-1,1]forall j =1,2,...,m.

Letlal :=Y"_,laj| < L.Ifa = B,a=8—%:=Y""_ 8;— 3 and |x|+|a| < 1, then

m m
3j—1
'/ P,f“’m(Za,thrx)]‘[;,(;,)(1—:12.)f dt
(=11 j=1 j=1
= e jm (el + 7 T Tal = K[+ 7)™
<cn .

(1 + nyT—Ta] = x*+27

“4.n

Lemma 4.2 ([8]) Let §; > 0, aj #0, &; € C*[—1, 1] with supp&; C [—%, 1] for
j=1,2,...,m,and let ZT:l laj| < 1. Define

m m
fm(x) Z:/ Pn(Ol,B) Zajlj +x 1_[%‘](1‘])(1 _ tj)zs_,'fl dt
=L j=1 =1
Jor x| <1 =37 lajl. If« > B, then
- 1
| )] < en® =2 (H |aj|_6j> (14 ny/T—[Ap +x[)*727™,
=1

where Ay :=31_ a; and 1, := 371, 8;.

Lemma 4.3 Forx,y € T and n € N, let

d+1
Hx,y) =[] (V& +n" o, y) +n72) 7, (4.2)
j=1
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where x441 =1 — |x| and yg41 =1 —|y|. Then

[ |+d 1
Ve, y)+V,-1(x) + V-1 (y)

H(x,y) <en(14+np(x, )

Proof Let Ij(x,y) = ((JX;y; + n~lp(x,y) +n=2)7 . In the following proof, we
shall use (2.9) repeatedly. If \/x; > 4p(x, y), then ,/X; ~ ,/yj, and hence

—2Kj

Lix,y) <c(yj+xj+n72) 7 ~ (3] + /5 + o, y)+n")

If \/x; <4p(x,y),then /y; <5p(x,y), and hence

—Kj

Ij(x,y) < cn®™i(np(x,y) +1)
_ —2; ;
<c(n ™+ E VI ) e +1)Y @43)
Therefore, in either case, we have the above inequality (4.3), which implies

d+1

Hx,y) =[] 1ty
j=1

d+1
<en (o, y)+n7") 7 (H(”_l ARVATR VAT 16 y))_m)
j=1

x (np(x, y) +1)

n—d

N |k |+d
V(x’y)_{_vn*l(x)_‘_vn*l(y) ’

(np(x, ) +1)

where we have used (2.10), (2.11) and (2.12) in this last step. O
The following lemma plays a key role in the proof of Theorem 3.3.
Lemma 4.4 Fora > k| — %, define
d+1 d+1
D (x.y) = /[ e B (Zl J—yt> H](l — )9 ar,
’ j= Jj=
where x,y € T4, Xag41=1—|x|and yg4+1 =1—|y|. Then for 1 <i <d,

1
a+1-2|k|—d (1 +np(x, y))—a—2+2|1<|+d
V) + V1 () + V()

<cn

a
VXiXd+1 F D,(,f',;“) (x,y)

i

Proof Without loss of generality, we may assume i = 1. Since all the estimates below
are uniform in «, we may also assume minj<;<q+1&; > 0. Let H (x, y) be as defined
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in (4.2). Since

d n+oa-+ ﬂ + 1 1, 1
TR = o P s),
a straightforward computation shows that
d Lo+l
VR D () = O Pt )

[—1,114+

+
k-1
X [VXar it — /X arita+1) l_[ (1—-3)" ar,
7=l 4.4)

where and throughout the proof, u = u(x, y,t) = Zf;} /Xjyjt.
By Lemma 4.3, it is sufficient to prove

9 (a,a) a+1-2|k| —a—L k|
a/xldeB—XIDn’;{ (x,y)| <cn H(x, y)(l +np(x, y)) 2 . 45

To this end, we consider the following three cases:

Case 1. min{/x1, /Xa+1} <4p(x,y).
By (2.9), either max{,/x1, /y1} < Sp(x,y) or max{,/Xa+1, /Ya+1} <5p(x,y).

In both cases, using Lemma 4.1, we have

9
VA Xa11 B—D("‘ A (x, y)'

d+1
1 1 i—1
<cnxXq+1y1 / " Pz(,fﬂ o )(u)tl 1_[(1 —t]z)'(’ dt
[—1,179+ i
j=1
d+1 )
1,a+1 j—
+ cny/xX1Ya+1 / " P2(;‘1‘i‘1 at+ )(M)td-i-l 1_[(1 — [JZ)KJ dt
[—1,1] i
j=1

3
< c(np(x, V)T 2K H e, y) (14 np(x, y)) 472K
—a—1
en“ T2 (e, y) (14 mp (e, ) ™21,

which gives the desired estimate (4.5) in this case.
Case 2. 4p(x, y) < min{,/x1, ,/xd+ } < l
By (2.9), either max{/x1, /y1} < = or max{, /Xd+1, +/Yd+1} < 5. Inboth cases,

using Lemma 4.1, we have
d+1

0
X1Xa1—DP (x, y)| < ¢ (“H“H)(u)t 2yt
axp " [—1,1]d+ Pan-i
d+1 1
(+1,04+1) 2\Kj—
P t, 1—1¢5)"7 dt
e[ AW d+11"[1( )
, i

1
C}’la+1_2|K|H(x, y)(l +np(x, y))—ot—2+|K|’

as desired.
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Case 3. min{/x7, /Xq+1} > max{4p(x,y), i}.
Let n; € C*[—1, 1] satisfy ni(r) = 1 for —% <t<1and n@) =0 forte
[—1,—3], and let n_; (t) = 1 — n(r). Set

J= {j: I1<j=<d+1, /xjy; > (n_lp(x,y)—l—n_z)/S},

T = {j: I1<j<d+1, Jxjy; < (nilp(x,y)—i—n*z)/S}.
Since % /Xj < /)y < % /xj for j =1,d + 1, we have {1,d + 1} C Ji. Now
we denote by d; and d; the cardinalities of J; and J», respectively. Given ¢t =

(t1y ... tg41) € R*!, we shall write ty, =(j)jeg; € R% and ty, =) jen € R%.
Using (4.4) and Fubini’s theorem, we obtain

9
VA X1 — D% (x, )

0x]

< cn/
[—1,1]%

X 1_[ (1 — tjz)xj_ldtjl

+1,a+1
/[ L Pt D ) [ rariyit — X yarita+]
—1,11%

[T0-3"aty,

jen jed
—1
<en Y. / Ltg) [](1-23)9 " atg,
4 JI=1,11%2 ;
se{£1}4 jedh

where for & = (¢) jeq, € {£1},

L(ty) = ‘/ . Pz(zjll’a+l)(u)[«/xd+1y1t1 — /X1Ya+itati]
[—1,11%1
i—1
< [ ne,ap(1=1)97 dtgy).
jeh
Thus, for the proof of (4.5), it is sufficient to show that for any £ = (¢;) je 7, € {£1)4,
—a_l
L(ts) <en® ¥ H @, y) (1 +np(x, y)) 4 21K, (4.6)
We first prove (4.6) for the case of 1 = g441. In this case, we have

I (t7) < I 1(tg,) + L. 2(t 7)) + I 3(tg,),

where

1a+1
ety = vazm| [ P )
[-1,1]%

< [T ne, (1 =12)9 " dt |,
jed
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I 2(ty,) = /X1Ya+1

la+1
[ P - e
(1,11

x [T ne, (1 =129 at,
jedi

)

L3(t7) = |/Xap1y1 — /X1Ya+1]

lLa+1 —1
/ P [ e ap(1 =) atg,
=LA jed

X

Now using Lemma 4.2 and the fact that ,/x; > % , we obtain
L1(ty) < Cna_z'”l_l\/xamyl( l_[ (Vxjy; )K’)
jedi
—1 —a—1
< (Jxryr) (14 np(x, y) @721
—a—}+lk|

<en® ¥Hx, y) (1 +np(x, y))

where |«| 7, = Zjej] « j. Similarly, using Lemma 4.2 and the inequalities /X451 >
Land | /xa51y1 — /X1va+1l < cp(x, y), we can prove

PV |
Iei(tz) < en® 2K H @, y)(14np(x, ) 7 =23,

This proves (4.6) for the case of &1 = ¢441.

Next, we show (4.6) for the case ¢y = —&441. Note that for ¢; € [—1, 1] with
Jj €D
L= Y ey — > ti/%;
jed jedr
d+1
>1- Z VXY +2min{/X1y1, /Xa+1Ya+1)
j=1
> cminfxy, X441}, 4.7
where we have used the assumption &) = —g441 in the first step, and the facts that

XL~V SXd1 ™~ /Ya+1 and Z;’:} /X;y; < 1in the second step. Without loss

of generality, we may assume x; < x441. Then using Lemma 4.2, we obtain

I (t7,) < c[Vxariyi + /F1yazt Jn T2 ( [T (57 )K’)

jed

% (14 ny/r) @ T
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< ey 20 (T (V757) ™ ) (o) 400

jed
—a—1
<en 2 H e, y) (14 np(e, ) 7072
where we have used Lemma 4.2 and (4.7) in the first step, and the fact that ,/x1 ~

Y1 > cp(x,y) in the second step. This proves the desired inequality (4.6), and hence
completes the proof of Lemma 4.4. (]

Now we are in a position to prove Theorem 3.3.

Proof of Theorem 3.3 Let

> [k 1 Qk+ AT DTk + A1) gyt —1)
K, () = — J(k(k+ 1)) 2 P 22, (4.8
o ;qb(z")( k+20) FOw+DIGk+5) 0, (48

where A, = |k| + dz;l. Following the idea in the proof of Lemma 3.3 of [3, pp.
413-414], we define a sequence {an,j(-)}j?ozo of C*°-functions on [0, co) by
u _1
an,o(u) = Qu+ /\K)¢><2—n> (u(u+2r0)) 2,

anj(w)  anjw+1)
A+re+j 2wutr+j+2

an,j+1(m) =

On one hand, since supp ¢ C [%, 8], by definition it’s easily seen that for j > 1

supp ap () C [2"73 — j, 2"+, (4.9)

d m
(&) o

On the other hand, however, since for any integer j > 0 (see [16, (4.5.3), p. 71]),

< Cp 27" m=0,1, ... (4.10)

Xk: @nitatptjtDmtatpri+D aein,
Tm+B+1) "

m=0
_Tk+a+B+j+2) @t+j+1.p)
= Py (),
Tk+pB+1)

it follows by summation by parts finite times that

Uk + e + 7)) [ Ou—3+j—

0 1
Kn =CK n,j k P, 7 . 4.11
() =Cic > _an, (k) raa D () (4.11)

k=0
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Note that by (2.1), (3.11) and (4.8),

d+1

— 2 _ ZKjfl
(pn,K(xv y)_/[_lyl]dJrl Kn(2u 1)]1:[1(1 t]) dt

Thus, using (4.11) and the quadratic formula

(.= 3) :
P25 = 1) = 0() PV ().
we obtain
- Uk +Ae+ ) Oue— s+
By () = Ce ) an,j (k) ————"5—= P TT T (02 1)
pr Fk+3)  Ji-ripn
d+1
x [T =) ar
j=1
- P N o N )
= anjRO((k+ 1" H2) Dy (x. ),
k=0

where D,Ea’a) is as defined in Lemma 4.4. This implies

0
VXiXa §¢n,x(x, y)‘
1

. T
<e Y U4 I3 A, D TR )
k~2n

)w+%—j 1

<c(1+2"p(x, ’
<c(1+2"p(x,y) VX, y) 4 Van (X) + Van (3)

where we have used (4.10) with m = 0 in the first step, and Lemma 4.4 in the last
step. The desired estimate then follows since the integer j can be chosen arbitrarily
large. (]
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