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Abstract Let H,”ll denote the space of all spherical polynomials of degree at most n
on the unit sphere S? of R4+ andletd (x, y) denote the geodesic distance arccos x - y
between x, y € S?. Given a spherical cap

Ble,a)={x € S?:d(x,e) < al (ee S?, a € (0, 7) is bounded away from ),

we define the metric

1
px )= (A ) +a(Va—d 0 - Ja—db.0)

where x, y € B(e, «). It is shown that given any 8 > 1, 1 < p < 0o and any finite
subset A of B(e, «) satisfying the condition ming yea (€, 1) > S with & € O, 1],

—n

E#1
there exists a positive constant C, independent of «, n, A and §, such that, for any
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d
fely,

S (170 = f0)) Bytw./m] =€) [

vy x,Y€B, (w, B8/n) B(e

)!f(x)!”do(x),

where do (x) denotes the Lebesgue measure on s,

B,(x,r)= {y €B(e,a):p(y,x) < r} (r>0),

d+1 d
‘Bp<x, ﬁ) =f do(y)~ad[<§> + (ﬁ) 1 d(x,e)].
n B, (x,8/n) n n o

As a consequence, we establish positive cubature formulas and Marcinkiewicz—
Zygmund inequalities on the spherical cap B(e, o). Moreover, a higher-dimensional
analogue of the large sieve inequality of Golinskii, Lubinsky, and Nevai (J. Number
Theory 91(2):206-229, 2001) is obtained.

and

Keywords Spherical caps - Cubature formulas - Marcinkiewicz—Zygmund
inequalities - Spherical polynomials
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1 Introduction

Let 8¢ = {x = (x1, 32, . xagn) € R [ i= [xf +ad oo 42y = 1) de-
note the unit sphere of R?*+! endowed with the usual rotation invariant measure
do(x). We denote by d(x,y) the geodesic distance arccosx - y between x and y
on S?, by B(x,r) the spherical cap {y € S? : d(x, y) <r} centered at x € S¢ of ra-
dius r > 0, and by B(x; o, @ + B) the spherical collar {y € S?ia < dx,y) <a+ g}
centered at x € S of spherical height 8 > 0. A function on S is called a spherical
polynomial of degree at most # if it is the restriction to S¢ of a polynomial in d + 1
variables of total degree at most n. We denote by H,f the space of all spherical poly-
nomials of degree at most n on S9. Given a set E , we shall use the notations #E,
|E| and xg to denote its cardinality, Lebesgue measure, and characteristic function,
respectively. Moreover, we shall write A ~ B for the statement C~! < A/B < C,
where C > 0 is called the constant of equivalence.

Let e be a fixed point on = (0, ), 1 < p < 00, n be apositive integer, and let
A be a finite subset of the spherical cap B(e, «). Our current work is motivated by the
paper [14] of Mhaskar and the papers [8, 11] of Golinskii, Kobindarajah, Lubinsky
and Nevai. (See Remarks 1.5 and 1.6 for details.) Our main focus is the following
question:
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Question What condition on the finite subset A guarantees the existence of a se-
quence of positive numbers L., w € A for which the following two equations hold for
all feITd:

/B( SO o = D rof(®), (1.1)

weA

and

/B( )!f(x)!”do(x) ~ Y ol f@)]”, (12)

weA

where the constant of equivalence is independent of n, f, and a?

In an answer to the above question, we would expect a sharp estimate on the
weights A, and that #A ~ dim IT¢ as n — oo.

An equality like (1.1) with positive weights A, is called a positive cubature for-
mula of degree n, while an equivalence like (1.2) is called a Marcinkiewicz—Zygmund
(MZ) type inequality. In the one-dimensional case, MZ inequalities over arcs of the
circle for the full range of 0 < p < oo were obtained in the paper [8, Theorem 1.1]
of Golinskii, Lubinsky, and Nevai, and in a more recent paper [11] of Kobindarajah
and Lubinsky. (See Remark 1.5 below for more details.) In the higher-dimensional
case, many useful cubature formulas on multivariate domains with different proper-
ties were previously constructed by many authors. Indeed, positive cubature formulas
and MZ inequalities based on function values at scattered sites on S¢ were estab-
lished in [15] and [1], while positive cubature formulas on S and on the unit ball
B4 :={x e R?: |x| < 1} with sharp estimates on the weights were obtained in the
paper [19] of Narcowich, Petrushev and Ward, and the paper [22] of Petrushev and
Yuan Xu, respectively. For results concerning doubling weights on S¢ and B?, we re-
fer to [3] (in the case d > 2) and the remarkable work [17] of Mastroianni and Totik
(in the case d = 1). For more relevant results, one may also consult [2, 4, 5, 9, 15,
19-21, 23, 24], among others.

To the best of our knowledge, all known proofs of the MZ inequalities on S¢ are
based on the following integral representation of spherical polynomials:

f(x)=/sdf(y)Kn(x-y)d0(y), xes! femd, (13)

where K, is a smooth reproducing kernel for the space H,fl (see, for instance, [1,
(2.13)]). Since the integral in (1.3) is over the whole sphere rather than on a local
spherical cap, we find it difficult to use (1.3) to deduce similar results on local spher-
ical caps. In our opinion, in order to obtain an ideal result on a spherical cap B(e, ),
special efforts have to be made to treat the center e as well as the boundary of B(e, «).
Our proof is different from those for N (see, for instance, [1, 15]). It is based on some
recent results obtained in [1] and [3], as well as the weighted Markov—Bernstein-type
inequality recently proved by Erdélyi [7], rather than the integral representation (1.3).

To state our main results, we need to introduce several necessary notations. Let
(X, dx) be a metric space. We denote by By, (x,r) the ball {y € X : dx(x,y) <

@ Springer



4 Constr Approx (2010) 31: 1-36

r} centered at x € X of radius » > 0. Given ¢ > 0 and a finite subset A of X, we
say A is (e, dx)-separated if it satisfies the condition ming,g/eA dx(&,€') > ¢; while

’

we say A is maximal (e, dx)-separated if it is (g, dx)-separated and satisfies X =

UégeA B, (& ¢).

For x, y € B(e, @), we define

1
P(X.Y) = PBle) (X, Y) 1= 5\/ (A0, n) +ad> =6/ 14

where b, = by p(e,a) denotes the shortest distance from x € B(e, ) to the boundary
of B(e, ), that is,

by be,B(e,a) =a—d(x,e). (1.5)

It is easily seen that p is a metric on B(e, ). For r > 0 and x € B(e, ), we define

Ar(X) = Ar Blea) (x) == a? <rd+1 +rd 1 - @) (1.6)

It will be shown in Sect. 2 (Lemma 2.2(iii)) that for any x € B(e,«) and r € (0, 1),
|Bp(x,r)| ~ A (x),

where here and throughout the paper B, (x,r) :={y € B(e,a) : p(y,x) < r}, and
the constant of equivalence is independent of r, x, and @« when « is bounded away
from 7.

For the rest of this section, we assume that B(e,«) is given with o € (0, )
bounded away from m, and we write p, by and A,(x) for pg(e.a). Px,B(e,a) and
Ay Be,a)(X), respectively.

Now our main result in this paper can be stated as follows:

Theorem 1.1 If5 € (0,1], 8>1,1<p < o0, and A is a (§/n, p)-separated subset
of B(e,a), then for any f € H,‘ll, we have

Z( max |f(x)—f(y)|”)|Bp(w,5/n)\g(cla)P/B( )\f(x)\”da(x),

" x,y€B,(w,B5/n)
(L.7)
where C1 depends only on d, p, and B.

It can be shown that any maximal (§/n, p)-separated subset A of B(e,®) must
satisfy the condition #A ~ 8¢ dim 17”d ~ (%)d, with the constants of equivalence
depending only on d. In particular, this means that the number of nodes required in
the above theorem is comparable to the dimension of IT¢ as n — oo.

As a consequence of Theorem 1.1, we have the following three useful corollaries:

Corollary 1.2 There exists a constant & € (0, 1) depending only on d such that, for
any § € (0, §o) and any maximal (§/n, p)-separated subset A of B(e, o), there exists
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a sequence of positive numbers Ay, ® € A satisfying

Aw ™~ As/n(w) ~

Bp(a), %)" w€eEA, (1.8)

with constants of equivalence depending only on d, such that the cubature formula
(1.1) holds for all f € IT¢.

Corollary 1.2 seems new even in the case d = 1. It can be deduced from Theo-
rem 1.1 following the standard method in [19] and [22].

Corollary 1.3 Given 1 < p < 0o and an arbitrary finite subset A of B(e, ), there
exists a positive constant C depending only on p and d such that, for any f € H,f,

S F @) Aijn) < Crn/B

weA

)If(x)lpdo(x),

(e

1
T, = max#(A N B, <x, —))
xeSd n
Corollary 1.4 If > 1,1 < p < 00, and A is a maximal (%, 0)-separated subset of
B(e, o) with § € (0, %] and C the same as in (1.7), then for all f € 17,‘,1, we have

where T, is defined by

1
b4 P p ?
(~/B(e,ot)|f(X)| do (X)> ( Z (XGB:?G?:)ES/n)’f(x” )Aa/” (w)>

weA

1
~ (g(x%rg% /n)|f<x)!P)Aa/n(w>) :

where the constants of equivalence are independent of f, n, o and {w}u,e -
Remark 1.5 In the one-dimensional case, the following large sieve inequality was
proved by Golinskii, Lubinsky, and Nevai [8]:

m

b
Z|P(aj)|”s(aj) < C'L’/ |P©®)|" a0, (1.9)

k=1 a

with C independent of m, n, P, p, a, b, {a;}. Here P is a trigonometric polynomial

of degree <n,!
(0 —a\ . [06-—D b—a \*\?
sin sin =+ s
2 2 pn+1

1
E(G)an—i-l(

IIn [8], P could be a “generalized trigonometric polynomial”, not just an ordinary trigonometric polyno-
mial.

@ Springer
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while

O<a<ai<ap<---<oy,<b<2nm,

T = maxb]#({j laj € [9 —£(0),0 +8(9)]}),

Oela

0 < p <ooandm > 1. A version of (1.9), which has the correct form for all choices
of [a, b], whether b — a is very small or close to 2, was established in a recent
paper [11] by Kobindarajah and Lubinsky. Note that if we identify the interval [a, b]

with the arc B(e, o) centered at e = (cos #, sin #) and of radius o = }% we

would have
B !
o\ <

provided that b — a is not too close to 2w, where 6 € [a, b] and z = (cos6, sinf).
This means that Corollary 1.3 can be considered as a higher-dimensional analogue
of the large sieve inequality (1.9). While we believe Corollary 1.3 remains true for
0 < p < 1 as well, we are unable to prove it.

’

e(0) ~ Arn(z) ~

Remark 1.6 Tt was shown by Mhaskar [14] that given a positive integer » and an arbi-
trary set A of points in B(e, «) satisfying the mesh norm condition max; cg¢ minge A
d(w, &) < ca, where ¢ is independent of & but depends on 7, there exist non-negative
weights A, w € A such that (1.1) holds for every f € H,f . Here we wish to compare
our result with that of [14]. First, our result is uniform in the degree n, while the re-
sult of [14] is not. Indeed, uniformity in the degree plays a crucial role in applications
(see, for instance, [4, 8, 13, 20, 22]). Second, our current work (Corollary 1.2) shows
that the minimum number of nodes required in a positive cubature formula of degree
n on B(e, ) is comparable to the dimension of the space H,‘f as n — 0o, while the
result of [14] does not. Third, we have a sharp estimate A, ~ As/, (@) on the weights
of the cubature formula (1.1), while Mhaskar [14] didn’t. Indeed, to obtain this sharp
estimate, we made special efforts to treat the boundary and the center of the spheri-
cal cap. In our opinion, good cubature formulas and MZ inequalities on a spherical
cap B(e, o) couldn’t be obtained without taking into consideration the boundary of
B(e, o). Indeed, our opinion is supported by many known results on a finite interval
[a, b] and, more conspicuously, by the results on the unit ball (see [3, 22]). Fourth,
as mentioned in Remark 1.5, our result can be considered as a higher-dimensional
analogue of the large sieve inequality of Golinskii, Lubinsky, and Nevai. Last but not
least, as is demonstrated in Sect. 5 (Theorem 5.1), our method can be used to obtain
MZ inequalities with doubling weights on spherical caps.

Remark 1.7 Let us give a geometric interpretation of the metric p. Without loss
of generality, we may assume e = (0, ..., 0, 1). We then define a mapping 7 from
B(e, o) to the hemisphere S ={x=(x1,..., Xa41) € S¢ 1 xg41 > 0} as follows:

sino

x' N e ,
Tx =——1\,,/1— €Sy, forx= (", x411) € Ble,a).
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It is easily seen from (2.21) and (2.23) in Sect. 2 that for any x, y € B(e, ),
p(x,y) < ps(x,y)=|Tx —Ty|=<d(Tx,Ty),

which means that the metric p is equivalent to the geodesic metric on the hemisphere
under the mapping T . It should be pointed out, however, that we are unable to deduce
our results directly from those on the sphere using the mapping 7', since T does not
preserve polynomials.

The paper is organized as follows. In Sect. 2, we show two technical lemmas
concerning the properties of the metric p in the case when « € (0, %]. After that, we
prove the main results, Theorem 1.1 and Corollaries 1.2—1.4, for the case « € (0, %]
in Sect. 3. The proofs of the main results for the remaining case o € (%, ) can be
deduced from the case « € (0, %]. This is done in Sect. 4. Finally, in Sect. 5, we
discuss briefly how to establish similar results for spherical collars and for spherical
caps with doubling weights.

2 Two Basic Lemmas

In this section, we establish some basic facts concerning the metric p = pp(e,«) de-
fined by (1.4) in the case when « € (0, %]. These facts will be needed in later sections.

We begin with the simple case d = 1, where S! is the unit circle, identified as
R/27Z. Leta € (0, §). For x1, x3 € [~ a], we define

1722

1 12
P1(X1, X2) = Py gy (X1, X2) 1= ;\/bﬂ —x2|? +a|bx1/ — by}

, 2.0

where by = by, [—q,o] denotes the shortest distance from x € [—e, «] to the boundary
of [—a, ], that is,

by =by [—a0] i= min{|x + o, |x —ozl}.

Clearly, p; is the one-dimensional analog of the metric p = pp(e,«) defined by (1.4).
It turns out (see Lemma 2.1 below) that p; is equivalent to two other metrics p» and
p3 on [—a, ], whose definitions are given as follows: for x| = arcsin((sin«) costy)
and xp = arcsin((sina) costp) with t1, 1 € [0, ],

2

1\/ 2 2 2 2 2
Jx02) = =/ lx = w2+ a2 — a2 = a2 = 42, 22
02(x1,x2) o |x1 — x2| |\/ot X7 \/O! x3 (2.2)
p3(x1, x2) = |} — 2. (2.3)

For x € [~a,a] and r € (0, 1), we write By, (x,r) :={y € [~a,a] : pi(x,y) <r},
i=1,2,3.
Now our first lemma can be stated as follows:

@ Springer



8 Constr Approx (2010) 31: 1-36

Lemma 2.1 Assume thatd =1, e €S, a € (0, %], and the arc B(e,a) = {x € St
arccosx - e < a} is identified as [—o, a]. Let p1, p2 and p3 be defined by (2.1), (2.2)
and (2.3), respectively. Then the following statements hold true:

(1) Forany x1,x3 € [—a, o],
p1(x1, x2) ~ p2(x1, x2) ~ p3(x1, X2), 2.4

where the constants of equivalence are independent of o, x1 and x;.
(i) Forany x € [—a,a] andr € (0, 1), we have

B, (x,r)Clx —ar,x +ar]N[—a, ]

and

|Bpl.(x,r)}=/ dx'va(rz—l—r,/l—(x/a)z), i=1,2,3, (2.5)
Bpl.(x,r)

where the constant of equivalence is independent of x, r and «.
(iii) For any x1,x3 € [—o,a] and r > 0,

|Bp, (x2,7)|, (2.6)

X1, X
|Bp1(x1,r)|sc(1+y>

where C > 0 is independent of x1, x2,r and .
@Gv) Ifr€(0,1), B> 1and A is an (r, p1)-separated subset of [—«, «], then

sup Y X8, .pr)(X) < CB. 2.7

xe[—a,a] EcA
where C is an absolute constant.
Proof (i) First we show the equivalence

p1(x1, x2) ~ p2(x1, x2). (2.3)

To show this, we start with the case x;x; > 0. Without loss of generality, we may
assume in this case that x;, xp € [0, @] (otherwise, consider —x; and —x3). Then
by, =a —x;,1=1,2, and thus, by definition, we obtain

1 (x1.x2) ~ |x1 — x2| |xy — x2| 2.9)
' VaJ/a=x1+Ja—x3) '
|x1 — x2| |xp — x2| X1+ x2
X1, X2) ~ + . 2.10
p2(x1, x2) o Jala —x1+Ja—x3) o« ( )

If x; +xp > %, then x; + xp ~ «, so comparison of (2.9) with (2.10) gives
p1(x1, x2) ~ pa(x1, x2). However, if x1 +x2 < 7, then /o — x1 + /o — xz ~ Ja,
s0 by (2.9) and (2.10), we deduce p; (x1, x2) ~ pa(x1, x2) ~ 212220 This proves (2.8)
in the case x1xp > 0.

@ Springer



Constr Approx (2010) 31: 1-36 9

Equation (2.8) for the case x1x3 < 0 follows from the case x;x, > 0. In fact, by
the already proven case x1x» > 0, we deduce that if x;x; < 0, then pj(xy, —x2) ~
p2(x1, —x2), which together with (2.1) and (2.2) implies

2 2 2,2 1 L
v +xo]  or =g \/“ Sl Jxi+xal b —ba|
1 2
+ ~ + )
o o o Ja

Note, on the other hand, that if xjx> <0, then |x; + x2| < |x; — x2|. Thus, using
(2.11), we obtain that for x, xp € [—a, @] with x1x; < 0,

@2.11)

2,2 2 _ 42
[/ o —x3 as — x;|

lx1 — x2|
+
o o

2 2
X1 —xa|  |xp x| e
~ + +

o o o
- -
~ |.X1 _x2| + |.X1 +x2| + |bx1 _bX2 ~ I-xl _x2| bel _bxz

o o Ja o Ja o

where we used the inequality |x; + x2| < |x; — x2]| in the first and third steps, and
(2.11) in the second step. This implies pj(x1, x2) ~ p2(x1, x2) and therefore com-
pletes the proof of (2.8).

Next, we show

2
_ Ol2_)62|

p2(x1, x2) ~ p3(x1, X2). (2.12)

To this end, we set, for ¢ € [0, 7],

g(1) =arcsin((sina) cost) and  h(t) =,/a? — (g(t))z.

Since o € (0, %], it is easy to verify that for ¢ € [0, 7]
g(t)~h' () ~acost and h(t) ~—g'(t) ~asint. (2.13)

Now we assume that x; = g(#1) and xo = g(#2) with #1, t; € [0, r]. Then by (2.2),

1
pa(x1,02) ~ =[[g(t) = g @) + [h(t) = h(e2)]]

=l‘/g/(t)dt —i—l‘/h/(t)dt
[07 1 o I

where I = [#1, 1] or [t2, 11]. By (2.13), we obtain

, (2.14)

p2(x1,x2) < CI|=Clt1 — 2] = Cp3(x1, Xx2).
To show the converse inequality

p(x1,x2) = Clty — 2],

@ Springer



10 Constr Approx (2010) 31: 1-36

we note that if |t — | < Z

< %, then by the mean value theorem for integrals, we obtain,
for some &1, & €1,

7]

o

(lg'ED| + |7 &)])

> ClI|(Isin&i| + |cos&l)  (by (2.13)
> C||(Isin&i| + |coséi| — | cos& — cos i)

p2(x1,x2) =

> C|I|(1 - & — &) > c<1 - %)m.

On the other hand, if |t; — f| > %, then by (2.13) it follows that

1
p2(x1,x2) > a‘fg’(t)dt zC/SintdtZC|I|.
1 1

This completes the proof of (2.12).
(i) Since by the definition, for all xq, x; € [—«, «],

[x1 —x2] < op1(x1, x2),

it follows that B, (x,r) C [x — ar,x + ar]{|[—«, «]. Thus, by (2.4), it remains to

show
|Boy (x, )| ~ a(r? + 7y 1 = (x/)?). (2.15)

Again, we set g(t) = arcsin((sina) cost). Given x € [—«, o], we shall use the no-
tation #, to denote the unique solution in [0, 7] to the equation g(¢) = x. Then we
have

By (x,r)={g(t): 1 €[0,w]and |t — 1| <r}. (2.16)

For the proof of (2.15), we start with the case x € [0, «]. In this case, ¢, € [0, %],
and therefore setting y = max{0, t, — r}, we obtain

tx+r

|Bp3(xvr)|=g()/)—g(lx +V)Na/ sinudu
Y

tx+r
Na/ sinudu ~ ar(ty +r), 2.17)
feth

where in the first “~”” we used (2.13), while in the second “~” we used the doubling
property of the weight function |sin¢| defined in [17]. On the other hand, by (2.2)
and (2.4), we have

| 2
V o o

which, combined with (2.17), yields the desired equation (2.15) in the case x € [0, «].
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Constr Approx (2010) 31: 1-36 11

We conclude the proof of (2.15) by showing that the case x € [—«, 0] follows
from the already proven case x € [0, «]. In fact, since g(w —t) = —g(¢), we have, for
x €[—a,0],

By (x,r)={gt):t€[0,m]and |t — 1| <r}
={—gw) :uel0,n]and |u —t_y| <r}=—By,(—x,r).

Thus, by the already proven case x € [0, «], we deduce that for x € [—«, 0],

|Bp3(x,r)| = |Bp3(—x,r)| N(x(r2 +ry 1= (x/ot)2),

which gives (2.15) in this case.
(ii1) Note that for x, x> € [—«, «],

2 2

a(? +ryT— (/o)) 1‘ i i (T
2 — 2 o 3 - r '

a(r+ry1— (x2/a)?) ar + /0(2_x2

The desired inequality (2.6) then follows by (2.5) and (2.4).

(iv) Let 8 > 1 and let A be an (r, p1)-separated subset of [—«, «]. Then by the
definition of (r, p1)-separated, it follows that for any x € [—«, «],

r 1
Z By, (év Z) =< |Bp (X, <,3+1>r> . (2.18)
§€ANB,, (x,Br)
However, by (2.6), we note that for any & € B, (x, Br),
-1 r r r
(C,B) B,O1 X, Z = Bpl é, Z =< Cﬂ BPI X, Z . (219)
Thus, combining (2.18) with (2.19), we obtain
| By, (x, (B+ 3)r)]
Y KBy s () =#(AN By, (x, Br)) < CB— B (x. L = < cp,
€A | P1 ()C, Z)'
which proves (2.7).
The proof of Lemma 2.1 is complete. U

Now we turn to the case d > 2. Recall that p = pp(e,q) 1s the metric on the spher-
ical cap B(e, o) defined by (1.4), and p1 = p[—qa,«] 1S the metric on [—o, o] defined
by (2.1). We need to introduce two more metrics p4 and p5 on B(e, ). To this end,

we set, for e € S,
sili=|yes?:y-e=0}.

e

For x = ecosf + &sin6 and y = ecost + nsint with &, 5 € Sf_l and 0,1t € [0, o],
we define

pa(x,y) :=max{pi(0,1), d(€, )}, (2.20)
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and

1
os5(x,y) = _—\/lé‘g sinf — nsint|? + |\/sin2a —sin%6 — \/sinza - sin2t|2.
sino
(2.21)
Recall that for x € B(e, @), r > 0 and a metric p on B(e, o),

By(x,r)={y € B(e,a) : p(x,y) <r}.
Lemma 2.2 Assume that ¢ € (0,1), e € S? and « € (0, %]. Let p, ps and ps be

defined by (1.4), (2.20), and (2.21), respectively. Then the following statements hold
true:

@)
p(x,y)~ps(x,y), forallx,yé€ B(e,a); (2.22)
p(x,y)~ ps(x,y), wheneverx,y € Ble;ca,a); (2.23)
1
p(x,y)~—d(x,y), wheneverx,ye€ B(e, (1-— 8)0[), (2.24)
o

where the constants of equivalence are independent of x, y and o but may depend on
& when ¢ is small.
(i) If x € B(e, @), then for any r > 0,

B,(x,r) C B(x,ar), B,,(x,r) C B(x,3ar); (2.25)
if x € B(e; ea, o), then for any r > 0,
By, (x,Cy'r) C By(x, 1) C By, (x, Car); (2.26)
if x € B(e, (1 —¢)a), then for any r > 0,
B(x,Cy'ar) C By(x,r) C B(x,ar), (2.27)

where C, is independent of v, x and « but depends on € when ¢ is small.
(iii) For any x € B(e,a) and r € (0, 1),

|B,(x, 1) ~a <rd+1 +r? b—x>, (2.28)
o

where by = by B(e,«) i defined by (1.5), and the constant of equivalence depends only
ond.
(iv) Forany x,y € B(e,a) and r > 0,

p(x,y)
r

B, (x, )| §C<1+ )\Bp(y,r), (2:29)
where C > 0 depends only on d.
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(v) Suppose that r € (0,1), B > 1 and A is an (r, p)-separated subset of B(e, a).
Then we have

max  x,(.pn(x) < CBT2, (2.30)

€B(e,
x€eB(e a)a)eA

where C > 0 depends only on d.

Proof (i) Letx =&sinf +ecosf and y =nsint +ecost with&, n € Sg_l and0,t €
[0, «]. We start with the proof of (2.22). We first note that

|x — y|2 = |&Esinf — 17sint|2 + |cos6 — cost|2 =2 ZCos(d(x, y))

d ’
=4sin2(—(x y))
2
and
|x —)’I2 =2—2x-y=2—2&-psinfsint —2cosfH cost
. 29_t . . 2
= 4sin + (sinfsint)|& — |-, (2.31)
which imply
dx,y)~|x—y|~10 —t|+|n—E|V0O - 1. (2.32)

Since o € (0, %], 0,t € [0, o], it follows by a straightforward calculation that

|6 — t]*> ~ (sinf — sin7)? <sin?O + sin’ ¢t — 2& - tsin@ sint = | sinf — nsinz|>.
Hence

| sinf — nsint| ~ |Esind — nsint| + |0 —t|~ 10 —t| 4+ |n —Sl\/ﬂ'vd(x,y).

(2.33)
Moreover, setting by =« — 6 and by = a — ¢, we have

|\/sin2a —sin%6 — \/sinza —sinzt‘
|sin® 6 — sin’ 1]

\/sinza —sin’6 —I-\/sinza — sin’ 1

2(sin + sint) cos &3 | sin 452 |
JJ26ine -+ sind) sin(#58) cos(%39) + \/2(sine +sin) sin( 45 cos(451)

@0l —by O +DIVE = /by
Va(v/by +/by) Je '

From (1.4), (2.21), and (2.32)—(2.34), we get that

1
P, y)~ —(d(x, )+ Valybe = /by)

(2.34)
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and

(9+t)|x/E—\/EI>
NG :

Note that 0 +1¢ € [0, 2«]. If 0 + ¢ > %, then (2.22) holds. On the other hand, however,
if 6 +1 < 3, then

1
PS(x, y)N _(d(xa )’)"‘
o

B _ Nalo—t
Valy/by \/E|—m+m 6 — 1] < Cd(x, y).

This means that

d(x,y)

N (6 + 1)|v/bx — \/by|
Ja

Therefore, combining (2.33)—(2.35), we deduce the desired equivalence (2.22).
Next, we show (2.23) in the case when 0, t € [e«, a]. In fact, we have

~d(x,y) + Valy/by = /byl. (2.35)

1 1
pa(x,y) ~[§ —nl+ [EIO—II + —alx/ot—t—«/oc—9|i|

\/—
1 1
~—d(x,y)+ —=|vVa—t—+va—0|~px,y),
o Ja

where in the first “~” we used (2.1) and (2.20), in the second “~” we used (2.32) and
the fact that 0, t € [ea, o], and the third “~” follows by (1.4). This proves the desired
equation (2.23).

Finally, we note that (2.24) for 8, ¢ € [0, (1 — )] is a simple consequence of the
definition (1.4) and the following equation:

1 1 |6 — 1| 1 1
—|vbx —/by| = — ~—10 -t <a dx,y).
ﬁl * y! Vo Jo—t+Ja—0 oz' = ()

(ii) It follows by (1.4), (2.20) and (2.31) that
d(x,y) <minfap(x, y),3aps(x,y)}, x,y€ Ble, ), (2.36)

which implies (2.25). Thus, it remains to show (2.26) and (2.27). By the definition, it
is easily seen that for all u, v € [0, «] and y, z € B(e, @),

pru,v) <3, max{p(y,2), p4(y.2)} <.

Thus, without loss of generality, we may assume that r € (0, %]. Then, taking into
account (2.36), we deduce that for x € B(e; e, ),

B,(x,r)U By, (x,r) C B<e; %,a),

where we also use the fact that B,(x,r), By, (x,r) C B(e, ). This, together with
(2.23), implies (2.26). Finally, (2.27) follows by (2.24) and (2.25).
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(iii) We start with the case o/6 < 0 :=d(x, e) < «. In this case, by (2.26), it is
sufficient to show that for r € (0, %),

|Bo, (x, )| ~ o (rt! + 19 /by Ja). (2.37)

Notice that by Lemma 2.1(ii), By, (6, r) C [5c, @]. Thus
| By, (x, )| ~ rd™! / sin? 't dt ~ ()| By, (6, 1)].
By, (6.r)

This last equation together with (2.5) implies (2.37) and hence (2.28) in the case when
0=d(x,e)> éa.

Finally, we note that (2.28) for the case 0 <0 =d(x,e) < % follows directly from
2.27).

(iv) Inequality (2.29) is a simple consequence of (2.28) and the following equation:

'\/&r+\/E_I‘ZI«/E—\/17y| _ NapGy) _plx.y)
G, T ar g, Sy S

(v) Equation (2.30) follows by (2.28), (2.29) and the standard volume comparison
method. Since the proof is almost identical to that of Lemma 2.1(iv), we omit the
details.

This completes the proof of Lemma 2.2. g

3 Proofs of the Main Results for o € (0, %]

The proofs of Theorem 1.1 and Corollaries 1.2—1.4 in the case when « € (0, %] are
based on a series of lemmas. To state these lemmas, we need to introduce several
notations. We say a weight function W on S is a doubling weight if there exists a
constant L, called the doubling constant, such that for all x S?and r € 0, m),

W (B(x,2r)) < LW(B(x,r)),

where here and elsewhere, we write, for a subset £ of s,
W(E) = / W(y)do(y).
E

As usual, we identify the unit circle S! with R /27 Z. Thus, 1'[,{ =TI, (Sl) denotes the
space of all trigonometric polynomials of degree at most n on R. Associated with a
function f on [—a, «], we define

fu(t) = f(arcsin((sina) cost)), tel—m, ],
and associated with a weight function W on [—«, «], we define
r+1

W) i=n |  Wy(0)do, n=1,2,....

1
=5

@ Springer



16 Constr Approx (2010) 31: 1-36

Our first lemma is due to T. Erdélyi [7, Theorems 1.3 and 2.1]:

Lemma 3.1 [7] Let p € [1,00) and a € (0, %]. Suppose W is a weight function on
[—a, a] such that Wy is a doubling weight on S'. Then for all T € 17,} , we have

o 14 o
f \T/(r)|”W(r)<%+ 012—1‘2) dthnp/ |T®)|"W@)dt, 3.1)
and
fﬂ \Ta(z)]”Wa(t)|sinz|dz~/ﬂ | Te(0)|” Wi o (1)| sinz| dt, (3.2)

where the constant C and the constant of equivalence depend only on p and the
doubling constant of Wy.

It was pointed out in [7] that W, is a doubling weight if and only if W (x cost)
is a doubling weight. In the unweighted case, (3.1) was proved by Lubinsky [12] for
all 0 < p < oo. (See also the paper [10] by Kobindarajah and Lubinsky.) For relevant
results concerning doubling weights, one may consult [3, 6, 7, 16—18].

To state our next lemma, we recall that p; = p[—q,] 1S the metric on [—o, o]
defined by (2.1).

Lemma 3.2 Let o € (0, %], B>1,1<p<ocoandé e (0,1). Let W be a weight

function on [—a, ] such that Wy is a doubling weight on S'. Suppose that n is a
positive integer and (& Y isa (%, p1)-separated subset of [—«, a]. Then for any

j=1t
T € Hnl, we have

i( max )’T(x)—T(y)”))fB

8
i—1 X,YEBy, (Si,%

o

s W(t)dthf |T (x)|PW(x)dx,

o1 Giv ) -
where C > 0 depends only on p, 8 and the doubling constant of W,.
Proof As in the proof of Lemma 2.1, we set

g(1) = g(t, ) = arcsin((sina) cos 1), 1 €[—m, 7]

The proof is based on Lemma 3.1. Letn; = [n/5], T € 17,}, and 1 < p < oco. Suppose
that

{6j=8p:tjel0,x], j=12,....m,}

is (%, p1)-separated in [—«, o]. Then by Lemma 2.1(i), there exists an absolute con-
stant ¥ > 1 such that

8
min |t —tj| > —, 3.3)
I<i#j<my, yn

andforall 1 < j <m,andr > 0,

B, (&j,r) C{g(t) 1 €ltj—yr,tj+yrIN[0,7]}. (3.4)
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It follows that for a fixed j € [1,m,] and any 8 > 1,

max  |T(x)— T(y)|”)</B

x.yeBp, (£;.5)

5 W(E)dé)

Pl (Ejvﬁ)

tj—i-mi tj+y7a
< C(xp+l(/ |T/(g(t))’p|sint|dt> <f Wo,(t)|sinz|dt>
=282 =5

J
1+ p—1
X |sint|dt
l‘/'—y—ﬁZS

s\t 4By8\”
< C(ﬁ) alt! min (| sint| + ,3_)/)
n

rel— 182 14 128

I G
x (/ T’(g(t))\”|sinz|dt> (/ Wa(t)dt>
1= =1

J

s\P L+t 1\?
gcﬁa!’“(—) / |T’(g(t))|”|sinr|<|sinr|+—) Wy, o (t)dt,
t n

n _vBé
J n

where in the first inequality we used (2.13), (3.4) and Holder’s inequality; and in the
last inequality we used the doubling property of W,, and the fact that

tj+n (S (S
f/ Wa(t)dt ~ Wi, o(t;) ~ Wy, o(t) forallr [tj—i,tj—i-i].
- n n

) vé
n

Thus, by (3.3), we deduce

max |T(x)—T(y)|p)</ W(E)dé)
8 By, (;f'%)

i1 xveBy .5

1 p) 14 T » 1 P
§C5QP+ <;> /0 |T/(g(t))| sint(sint—i—;) Wiia @) dt

5 P pra o P
~(;> / ’T/(x)|p( az—x2+;> Wx)dx=:1 (by (2.13))

mp

where W (x) = W,,, o(arccos(sinx/sina)). Note that W, (1) = W (g(t)) = Wy, (1)
and that W, 4(¢) is a doubling weight on S! with the doubling constant depending
only on that of W,,. It follows by (2.13) and Lemma 3.1 that

o T
1< cﬂapf |T(x)|pW(x)dx~5paf | Te(1)|” Wi, o (t) sint dt
—a 0

g o
~ 5%;/ | Te(1)|” Wo (1) sint dit ~ af’f |T(x)|” W (x)dx.
0 —a
This completes the proof of Lemma 3.2. O
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Lemma 3.3 Let W be a doubling weight on S9. Let § € (0, 1), B>1and0 < p < oo.
Suppose that n is a positive integer and A C Sd ] %-separated with respect to the

geodesic metric d(-,-) on S?. Then for all f € IT n ,

Z( max, |f(x)|) (B(w,s/n))gc/Sd|f(x)|”W(x)da(x), (3.5)

wed xeB(w

and

Z( max !f(x) f(y)!”)W(B(w,S/n))s(Cé)” fgdv(x)!”vv(x)do(x),
AX}EB(C()
(3.6)

where C depends only on d, B, p and the doubling constant of W.

Proof Equation (3.5) is a direct consequence of (3.6). In fact, using (3.6), we obtain

Z( max, |f(x)|) (B(w, 8/n))

weA xeB(w

<27y ( min \f(x)\ w (B(w,S/n))+(2C8)1’/Sd|f(x)|pW(x)do(x)

weA xeB(a)

2,,2/ o ’f(x)!pW(x)da(x)Jr(zca)f’/ | £GP W () do (x)

weA
<cP /d|f(x)|”W(x)do(x),
S

which gives (3.5).
Finally, we point out that (3.6) with 8 = 1 was proved in [3, Corollary 3.3], and
the proof there works equally well for 8 > 1. g

Our fourth lemma is a variant of the well-known Optimization Farkas lemma. This
lemma was used to establish positive cubature formulas on the unit ball in [22].

Lemma 3.4 [22, Proposition 5.6] Let V be a finite-dimensional real vector space and
denote by V* its dual. Let uy,uy, ..., u, € V* and suppose u € V* has the property
that u(x) > 0 whenever x € V and minj<j<,uj(x) > 0. Then there exists aj > 0,
j=1,...,n, such that

n
j=1

Recall that forO <a <b <7 and e € S¢,
B(e;a,b) = {y €S a <d(e,y) Sb}.

Our final lemma, Lemma 3.5 below, will play a crucial role in the proof of Theo-
rem 1.1.
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Lemma 3.5 Let 8> 1, @ € (0, %] and 1 < p < o0. Let A be a (%, p)-separated
subset of B(e,a). Then for all f € 17,‘,1,
B 8
w, —
r n

> max [f@ - o))

weANB(e; &) FYEBp (@ )

scor [ [feol ot
B(e,x)
where C > 0 depends only on d, p and B.

For the moment, we take Lemma 3.5 for granted and proceed with the proof of
our main results.

Proof of Theorem 1.1 Letl <p<oo,B>1, f € Hnd and let A bea (%, p)-separated
subset of B(e, «). Set A = A[) B(e, {5). Then by Lemma 3.5, it will suffice to show
< (ca)P/ |f()]f do(x).
B(e,a)

that
(=)
w, —
n
3.7

For the proof of (3.7), we take u € B(e, o) so that d(u,e) = %. Then associated
with the spherical cap B(u, «/2), we define

max |7 = S0l B,

X, xeBp(w =

weA|

- 2
PO, Y) = Py (X, ¥) = \/(d(x »)’

where x,y € B(u, %), and Ex = by B(u,«/2) denotes the shortest distance from x €
B(u, a/2) to the boundary of B(u, ). Since

A CB cBlu?
! 12 124

by Lemma 2.2 applied to both p = pp(.a) and p = ppu.« /2), we conclude that the
following statements hold true:

~ d(x,y)
px,y)~plx,y)~ T, forany x,y € Ay, (by (2.24)) (3.8)

|By (@, )| ~ |Bj(w,r)| ~ (@r)?, forany we Ay andr € (0, 1), (by (2.28))
(3.9)
B,(w,r) C By(w,2Cyr), foranywe Ajandr >0, (by (2.27)) (3.10)

where all constants of equivalence depend only on d, and C; is the absolute con-
stant in (2.27) with ¢ = % By (3.8), we know that there exists an absolute constant

y € (0, 1) such that A is (VTB, p)-separated in B(u, a/2). However, on the other
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hand, using (3.9) and (3.10), we deduce that the sum on the left-hand side of (3.7) is

controlled by
yé
B3| w, —
(=)

where A =28C>/y. Therefore, by Lemma 3.5 applied to B(u, 5) and p = pB(u,a/2)»
it follows that

j=c Y ( max_ |f(x) f(y)|p)

weANBu; &.,9) ¥ yeB(w, 21

’

J< C(ya)"/ !f(x)!”do(x) < (CS)"f |f@)]" do(x),
B(u,a/ B(e,a)
which proves the desired equation (3.7) and hence (1.7). Il

Now we turn to the proofs of corollaries.

Proof of Corollary 1.2 Let C; denote the constant in (1.7) with 8 =p =1.Let§ €
(0, ﬁ], n1 = [n/(4C168)] and let A be a maximal (%, p)-separated subset of B(e, «).
We shall prove that there exists a sequence of positive numbers A, @ € A such that
w ~ |Bp(w, %)| and (1.1) holds for all f € H,‘fl. The idea of our proof below is
from [19].
Note, by Lemma 2.2(v), that

1<B(x)= ZXBp(w’g)(x)SC, x € B(e, ), 3.11)

weA

where C > 1 depends only on d. We define the following linear functional on /7% :

n
0 =2 / fx)do(x) — Z( / da(x))f(w) fem?
B(e,a) By(w,3) B(x) '

weA

We then claim that there exists a sequence of non-negative numbers ., € A such
that

()= pof(w), forall fellf. (3.12)

weA

For the proof of the claim (3.12), we note that, by (1.7), each f € H,fl is uniquely
determined by its restriction to the set A. (This can also be seen from the proof
below.) Thus, in view of Lemma 3.4, it will suffice to prove that £( f) > 0 whenever
fe H,fl and minge 4 f(w) > 0. To see this, we note that if f(w) > 0, then for any

x€By(w,2),

2f(x) = f(®) > max |f(z)|— max (|f(z)|—f(w)—2f(x)+2f(w))

zeB,J(w ZeBp(w o
>  max |f(z)|—3 max |f(y) f(o)|.
Z€B) (v, —) €By (v,
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Thus, for f € IT¢ with min,e4 f(w) > 0, we have

d
«H=3 f 5@~ @) o
weA
>Z[ max f(z)\—s max yf(y) f(w)|]/ do(x)
—1 €, (0 B, By(w,2) B(X)

’

d -3
= [, lrwldow Z( max ()~ f(@))

weA Y€ By (o, ﬁ)

B 1)
w, —
P n

which, by (1.7) with n replaced by n1, is greater or equal to

( —3c1@)/ !f(x)!do(x)zlf /(0| do(x) > 0.
B(e,a) 4

n B(e,x)

This proves (3.12).

Now setting
N 1 . 1/ do (x) cA
:—/1/ - ) @ )
27 2 g wsmy B(X)

and taking into account (3.11) and (3.12), we conclude that (1.1) where A, >
c! | B, (w, %)| holds for all f € IT,,. Thus, it remains to show the inequality

B )
W, —
P n

where C > 0 depends only on d. To this end, we set np = [n1/(2d 4+ 2)] and

Ao <C . weA, (3.13)

sin(ny + 1)r\24+2
Ap, (cost) =Vn2<.7t2 . te[-m7]
sin 3

where y;,, is a positive constant chosen so that A, (1) = 1. Then it is easy to verify
that
—2d—2
|An, (cost)| < C(1+nylt]) , tel[-m ] (3.14)

Now for a fixed w = (w1, ..., wq, wg+1) = (@', wg+1) € A, we define

y o \/y§+1 —COSZOl\/a)t%_H —cos?u
Ay, +

=
Iy sin® sin?
Yo \/yirl —cosza\/wf”] —cos?a
+An1( ) - ) )»
sin” o sin” o
where y = (1, ..., Yd, Ya+1) = (¥, Ya+1) € B(e, @). Since A, is an algebraic poly-

nomial of degree at most ny on [—1, 1], it follows that f,, € H,fl. Note, on the other
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hand,

i 02 )

2 a2 2 2
Vo N \/de cos oz\/a)dJrl cos” o
sin” o sin” o0

arccos[

1
~— a)’2+\/2 —cos?a \/wz —cos2a
sina [y — o ’ Ya+1 + d+1
> p5(y, ) > Cp(y, w),

where we used the fact that |u — v| ~ arccosu - v for

2 _ 2 2 _ 2
Y\ Yap1 —costa W @iy —cosTa p
U= s V= eS

sina’ sino sina’ sino

in the first step, and (2.21) and (2.22) in the last two steps. Thus, by (3.14), we obtain
—2d—-2
0= fu,(» <C(1+nip(y w) . YEB(e,a).
Now applying the cubature formula (1.1) to f,,, we deduce

Ao = }\wfnl(w) = Z)Léfnl(S) —/( )fnl(y)da(y)

EecA €,

oo

<cy | fur ) do ()

i20/beBlew i <plo =it
B 8
w, —
r n

- I‘ll
<C
which gives (3.13) and hence completes the proof of Corollary 1.2. g

’

1 o0
B, (w, n—)‘ > (+nt=c
1 X
j=0

Proof of Corollary 1.3 Let A be a maximal (%, p)-separated subset of B(e, ). Then
by (1.7) and Lemma 2.2(v), it is easily seen that for f € 17,? and 1 < p < o0,

1
Z( max |f(x)| ) ( )
e YEB(E, ) n
Using this last fact, we obtain
Blog)=X X
£eA weAnB, (1)

=c Y ( max o) (“‘BPG’%))

e XEBoE. D)

§C/ |f ()] do(x). (3.15)
B(e,a)

)
(e)

weA

< Cr/ 10| do ),
B(e,a)
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where in the second inequality we used the fact that | B, (&, %)I ~|B,(x, %)I when-
ever x € By(§, %), and in the last inequality we used (3.15) and the definition of t.
This completes the proof of Corollary 1.3. g

Proof of Corollary 1.4 Let {x4}nea be such that x, € B,(w, %) for all w € A.
Clearly, it is sufficient to prove
) pé
B, w,— }|.
(7))

/ | f(0)]" do(x) ~
B(e,a)

weA

On one hand, we have
>l

o057
weA ’ n
<21’Z< mm |f(x)| )

cA Xe€B, (a)

<21’Z/

weA

< cf | f(0)]" do(x),
B(e,x)

( ﬂa)‘ﬂca)f’/ )] do ()
n B(e,x)

!f(x)l”do(x)+(C8)"/B( lrel" o,

By(@. %)

where we used (1.7) in the first step and Lemma 2.2(v) in the last step. On the other
hand,

f | f(0)|" do(x)
B(e,x)
< Z/ }f(x)}”da(x)
weA

szpz( max ()= f ()|’ )|
cA Xe p(u) 7)
o)

< <2cl<s>"/ oK
B(e,a

()

+27 3 | f ()|’

weA

Jen(e )
ool )

weA

1
<— |f(x>|”

T 27 JBew

9

weA
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. 1 . . . .
provided § < o The desired inverse inequality

[ ror o o2
B(e,a n

then follows. O

weA

Now it remains to show Lemma 3.5.

Proof of Lemma 3.5 Suppose that f € H,f and A is a (%, p)-separated subset of
B(e,a). We set Ay = AN B(e; 1"‘—2, a). Since Lemma 3.5 is a direct consequence of
Lemma 3.2 in the case when d = 1, we shall assume d > 2 in the proof below. Also,
without loss of generality we may assume that e = (0,0,...,0,1) € S,

Recall that ,04 is a metric on B(e, o) defined by (2.20). It follows by (2.23) and
(2.26) with ¢ = 24 that there exists an absolute constant C3 > 1 such that

Cy'p(x,y) < pa(x,y) < C3p(x,y), forallx, yGB( 2 ) (3.16)
and

By, (x, C;lr) C By(x,r) C By, (x,C3r), forallxe B<e; %, Ol) and r > 0.

(3.17)
Next, recall that p; = p[—q,«] 1S the metric on [—c, ] defined by (2.1). Let {v,-}iL;0
be a sequence of numbers in [ {5, o] satisfying the conditions

_ 371cy s 1c 15
o p1(vi ) = —— 3 and UBp1 .

C_

Let {& j} o be a maximal ( u , dga—1)-separated subset of S9=1, where dga1

denotes the usual geodesic metrlc on S, Set
wij = (§jsinv;, cosvy), 0<i<L,, 0<j<M,.
Then, it is easily seen that

n Mp -1 1
B< ) UUBp4<w,,, 55) (3.18)

i=0;=0

s .
—, p4)-separated. This means

that

3-Icls
#(Asz (w~ 73))<1 0<i<L, 0<j<M,. (3.19)
P4 1] n — — = ns — — n

@ Springer



Constr Approx (2010) 31: 1-36 25

11
Also, note that if @ € A N By, (wij, ~—2-2), then by (3.17), (2.28) and (2.29), for

any given 8 > 1,

Bs Cy4d 8 8
Bp w,; CBp4 a)[j,T , and Bp w,; ~ Bp4 a)ij,; , (320)
where C4 = C38 + 3’1C3_1.
Therefore, setting
. 3-1cs s
= (17])€[O9Ln]x[OﬂMl‘l]:Asz[M wijsT ;é@ )
and taking into account (3.18) and (3.19), we conclude that for every w € A,, there
— -1
exists a unique (i, j) € A for which w € A> N By, (w;}, G 8) and (3.20) hold. This
implies
» )
max , 1100 = FOI”) a0
wedy ¥ )eBp(a) n

=c Y ( @ = repl”)

(@, ])E.A XEBP4(w’J n )

sci%( max  |f@ = f @i)]")

i=0 j=0 XEBM(“’!J

8
Bpi\ @ij»

By, (wij, %)' =X. (321

Thus, the proof of Lemma 3.5 is now reduced to the proof of the following inequality:

25(05)1’/ | f(0)]” do(x), (3.22)

B(e,a)
where X' is defined by (3.21), and the constant C depends only on d, p and 8.
For the rest of the proof, we shall write 3, ; for ZL” ZWQO, >~; for Z o

and ) j for Zy;o- Moreover, given r > 0 and £ € S9!, we denote by B(&,r) =
B

dgd—1
To show (3.22), we define g(v,n) = f(nsinv, cosv), where n € S9!l and v €
[—a, «], and we let F be a polynomial on RY*! of total degree at most n whose

(¢, r) the spherical cap {n € SY~! : arccos& - n <r} in S~ 1.

restriction to S is f. Then, by the chain rule, we have, for n = (1, ...,14) € sd-1
ag(v, n) dF (nsinv, cosv) oF (nsinv,cosv) .
— = Z — Mg COSV— —————sinv.
ov p 8xk 8xd+1

It follows that W is a trigonometric polynomial of degree at most n on the interval

[—a, a] for each fixed n € S9-1 and % € H,fl_l for each fixed v € [—a, a].
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Now for each (i, j) € [0, L,] x [0, M, ], we assume

e = f@p] =) -

xeB P4 (a)’/ n )

where x; = (§ sin6};, cos0) € Bp4(a)lj, - Cidy  that is, & € B, %), 6 €

B,, (vi, C;: ). Then we have
| £(x5) = fl@ip|”
|g( lj’ )_g(vi’gj)}p
<2P|gui. ) — g(ui. &) +27]g (v &) — 8(65.65) )

<27 max |g(vl,n) g(vi &))"

neB&;, -
1
/B,,, i, %)

Cs8\ P~
Bm(vi’T)
<27 lgi,m) — gi )"

neB(é, ,l)
p—1
‘/t;pl(visc:,‘a)

)

Bpl viv;
s\ |7

By, <v,-, —) / ( max
n By, (v, Cn neB(&;, c::a

= Ajj + B;ij + Cjj,

dg(v.£5) |7

2P
+ ov

g, &) |F
v

+C dv

dg(w. &)
v ov

+C

p
)dv

where in the second inequality we used Holder’s inequality and the fact that
By, (v;, %“S) is a subinterval of [—«, «] containing both v; and 0;;., and where in the

third we used (2.5). Since, for any 8’ € (0, §), A, is, again, (p, %/)-separated, without
loss of generality, we may assume 6 € (0, ﬁ). Thus, by Lemma 2.1(ii), we deduce

Cy4é Ciéa o
B, U,T Clv— . o | C ﬂ,a, for any v € 12 . (3.23)

Hence for each (i, j), we have

5 5 i st
By \wij, = )| =Ca|B|§&;, — 0do ~
n n Bpl(viﬁz) n

It follows by (3.21) that
5 sa\47!
o (s) e () T
i

Sa d—1
r=c() Ta
L]

1)
B, Ui’;
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sa\%! 5
+C 7 ZCU- By, v,-,;
l’.]

=314+ 2+ 23 (3.24)

For the first sum Y|, we have

S S d—1
21§Cad‘123m<vi,—>‘[<—) > X, lg(vi, ) — g(vi,éj)l”]
i n n 7 nGB(S, =42
5
<(C8") o’ !By, (vi, ;)‘/deg(v,-, " do (n)

§(C8)"/S [ |g(v,,n)}/

§(C5)”/d /|g(v,n)|p|sind_lv|dvda(r;)
SA=1J—a

|sm v|dv] do (n)

ﬂlln

= (C8)? / |f ()] do(x),
B(e,a)

where in the second inequality we used Lemma 3.3, (3.6) and the fact that g(v;, ) €
H,‘f’l for each fixed i; in the third inequality we used (3.23); and the last inequality
follows by Lemma 3.2 and Lemma 2.1(iv).

For the second sum X, we have

i 8 1’ s\ ag(v 0, £))
2 = Cu Xl: B, (Uz’ ;) By, ;. & Cad [(Z) ; :|
. d b
SCZ/M(U‘ C25)|s1n v||B, ( ) ( " 1‘ " do (é;‘))dv
P pra P
SC(E) / |sind_1v|<g a2—v2> ( d ($)>dv
n w n -
k) p p
=c<;> /,, (/ |sin? ™! y( ++Va? ) dv)da(g)
S 1

<oy [ [/ |g(v,s)}”\sind—1v|dv} do (€)
Sd— —o

=<ca>”/ | f(0)]” do(x),
B(e,a)

where in the second inequality, we used (3.23), (2.6), (3.5) and the fact that % €
H,‘f —1 for each fixed v; in the third inequality, we used (2.7) and (2.5); and in the last
inequality, we used (3.1) and the fact that g(-, &) € 17,% for each fixed & € 41,
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For the third sum X3, we have

8
X3 < Cad™! Z B, (U,’, —)
N n
i

x/ [(_> Z( max
Bm(”i’%) n i WEB(Sj»$)

J

k) p p
< (o’ - Z/ |sind_1v| g+\/052—v2
n i Bm(vi*$) n
9g(v, §)

(/.
sd-1 v
P @ P P
§C8p<§) / (f %s.5) |sind_1v|<g+ otz—v2> dv)da(é)
n sd-1\J_¢4 dv n

< C§%r fgd_. </a |lg (v, &)]”|sin?! v|dv> do (¢)

=c52P/ |f)|f do(x),
B(e,a)

p

dg(v.£)  9g(v.n)
ov v

e

P
da(é)) dv

where in the second inequality we used (3.23), (2.6), (2.5) (3.6) and the fact that

% € 17,7 —! for a fixed v; in the third inequality we used Lemma 2.1(iv); and in the

last inequality, we used (3.1) and the fact that g(-, &) € H,% for each fixed & € S
Now putting the above estimates together, and taking into account (3.24), we de-

duce the desired inequality (3.22), and hence complete the proof of Lemma 3.5. [

4 Proofs of the Main Results for o € [% ,T)

Let ¢ € (0, 1). In this section we shall prove Theorem 1.1 and Corollaries 1.2-1.4 in
the case when o € [%, 7w — ¢]. It turns out that the main results in this case can be
deduced from the already proven case o € (0, %]. Without loss of generality we may
assume in this section that d >2 and e = (0,...,0,1) € s9. (The proof for the case
d =1 is similar and, in fact, much simpler.) For x = (1sin6, cos8) with 6 € [0, ]
and n € S9!, we define

Tx := (nsin(86), cos(86)). 4.1
Then T is a map from B(e, %) to B(e, ). Also, we set

sin?~1(86)

D(cosf) := 0’ 0 €0, m]. 4.2)

sind—1

Then D is an algebraic polynomial on [—1, 1] of degree 7(d — 1).
We need two lemmas, the first of which can be stated as follows.
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Lemma 4.1 Let a € (0, ) and let T be defined by (4.1). Then the following state-
ments hold true:

() If f e, then foT eIy .
(i) If f is an integrable function on B(e,«), and D is the polynomial defined
by (4.2), then we have

/ f(x)do(x) :8/ f(Tx)D(x -e)do(x). “4.3)
B(e,x) B(e, %)
Proof We start with the proof of (i). Setting

sin(860)
sinf ’

A(cosf) :=cos80 and B(cosh):=

we obtain that for x = (nsin@, cos0) = (x/, x44+1) € s,

f(Tx)= f(r; sin(86), cos(89)) = f((n sinf)B(cos8), A(cos 9))
= f(¥'B(tas1), AGxarD)-

Note, however, that A is a polynomial on [—1, 1] of degree §, and B is a polynomial
on [—1, 1] of degree 7. Assertion (i) then follows.
Next, we show (ii). In fact, we have

/ f(x)do(x)
B(e,a)

—Cd/ f f(nsind, cos®)do () sin? ' 6 d6o
/8

=8Cy / / f(nsin(86), cos(86)) do () sin® ' (86) d6
/8

=scd/ / (f o T)(nsin®, cos@) do (7)) D(cos0) sin~' 6 do
0 Jsd-l

=8/ f(Tx)D(x -e)do (x),
Ble,a/8)
proving (4.3). g

Let T be the map from B(e, ®/8) to B(e, «) defined by (4.1) and let T-! denote
its inverse. Given a subset E of B(e, «), we write

T~ YE)=|xeBle,a/8): Tx € E}.
Also, we recall that PBe.) denotes the metric on B(e, ) defined by (1.4). For sim-

plicity, we shall write py = pp(e,a) and P /8 = PB(e,/8)-
Now our second lemma can be stated as follows:
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Lemma 4.2 Let ¢ € (0,1) and « € (0, w1 — ¢]. Then there exists a positive constant
Cs depending only on d and & when ¢ is small such that the following statements
hold true:

(i) Forany x,y € B(e,a/8),
C5 ' pass(x, ¥) < pa(Tx, Ty) < Cspass (%, y).
(ii) Forany x € B(e,a) and r > 0,
By s(T™'x,C5'r) C T (B, (x.1)) C By, s (T 'x., Csr).
(iii) For any measurable subset E of B(e, o),
e T B < 1Bl < Cs|T7 ().
(iv) For any x € B(e,a) and r € (0, 1),
C5 ' A Ble.ay () < | Bo, (8, 1] < C5 A, Bie.ay (%),
where A, p(e,w)(x) is defined by (1.6).

Proof (i) Let x = (nsinf,cosf) and y = (§sint,cost) with 0,¢ € [0, /8] and
£,n €S Then, by (2.31), we have

d(Tx,Ty) ~ 10 —t| + |& — n|y/sin(80) sin(87) ~ d(x, y).

Thus, it follows by (1.4) that

d(Tx,Ty) N [V — 80 — o — 8t]
Ja

da.y) W5 =051
o Ja

which proves Assertion (i).
(i1) Assertion (ii) follows directly from Assertion (i).
(iii) Let E be a measurable subset of B(e, o). Then using (4.3), we obtain

Pa(Tx,Ty) ~

~ Pasg(x,y),

|E|:8/ D(x-e)do (x).
T-1(E)

Assertion (iii) then follows by noticing that D(cos ) ~ 1 whenever 6 € [0, %].
(iv) Assertion (iv) is a simple consequence of Assertions (ii) and (iii), Lem-

ma 2.2(iii) and the fact that Ar’B(e’%)(T_lx) ~ Ay B(e,a)(x) for any x € B(e, o) and

re(0,1). O

Now we are in a position to prove Theorem 1.1 and Corollaries 1.2—1.4 in the case
when o € [%,n —e].
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Proof of Theorem 1.1 Suppose that A is (,oa, n) separated in B(e, «). It then follows
by Lemma 4.2(i) that T~1(A) is (p
B=1,

/8> nC )-separated in B(e, «/8). Thus, for any

B -
w,
Pa

<Cs Z( max |F(Tu) — (Tv)|p> T

wen WET 1 (Byy (@ )

max | 1£00 - FoI)

o EYeBy, @}

"B w é
Pa ? n
Csé

pass | X e

< (Cs) / (T do(x) < (C8)P / 0] do (o),
B(e,a/8)

B(e,a)

= 3 T - fF(ro)’)|B

zeT-1(A) % UEBﬂa/s(Z -

where in the first inequality we used Lemma 4.2(iii); in the second inequality we used
Lemma 4.2(ii); in the third inequality we used the already proven case of Theorem 1.1
applied to B(e, «/8) and the polynomial f(Tx) € IT, 8n’ and in the last inequality we
used (4.3). This proves (1.7). O

Proof of Corollary 1.2 Suppose A is a maximal (o, %)—separated subset of B(e, ).
-1
Then by Lemma 4.2(1)—(ii), T-1(A) is (0a/8s C5n

U BM(T w, CTS‘S> = B(e,a/8).

weA

Thus, slightly modifying the proof of Corollary 1.2 in the case « € (0, %] given in
Sect. 3, we conclude that there exists a constant §; € (0, 1) depending only on d such
that if § € (0, C5 181), then there exists a sequence of positive numbers w,, ® € A
such that

-1
™ Aé,B(e,a/S)(T w) ~ A%,B(e,a)(w)’ weA

and such that for any P € 178(” +d)®

P(y)do(») =Y uuP(T 'w).
/B(e,a/S) Z ( )

weA

It then follows by Lemma 4.1 that for any f € Hff ,

/B L 0o =38 / FTYDG - &) do(y)

B(e,/8)

= Z(&uwD(e . T_la)))f(w)-

weA
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Now setting

Ao =8uuD(e- T 'w), weA,
and noticing that D(x - e) ~ 1 for x € B(e, ®/8), we deduce Corollary 1.2 with §p =
C5'sy. O

Proofs of Corollaries 1.3 and 1.4 First, note that given 8 > 1 and an arbitrary
(pas g)-separated subset A of B(e, ), we have, for any x € B(e, o),

-1
Z XBy (£,85/m)(X) = Z XT-1(B,, (5.85/n)) (T x)
teA tcA

< Z XB,,a/S(n,csﬁa/n)(T_lx)SC,s, (4.4
nel~1(4)

where the first inequality follows by Lemma 4.2(ii); and the second inequality follows
by Lemma 2.2(v) and Lemma 4.2(i). Now the rest of the proof is almost identical to
those for the case o € (0, %]. We omit the details. O

5 Concluding Remarks
5.1 Weighted Inequalities on Spherical Caps
Let o € (0, %] and let e be a fixed point on sS4 A weight function W on B(e, @) is

called a doubling weight if there exists a constant L > 0, called doubling constant,
such that for every x € B(e,«) and r € (0, 1),

/ W(y)do(y) < L f W(y)do(y), 5.1)
B, (x,2r) B,(x,r)

where p = ppe.a) is defined by (1.4). Associated with a weight function W on
B(e, @), we define

1
W,(x) : WH)do(y), n=1,2,..., x € B(e,a).
IRSHERS
n P\

|Bp(x7

Let x, y € B(e, o) and let s be a positive integer such that 2°~! <2+ np(x, y) <2°.
By (5.1), we have

/ W2 do ()
Bp(x, 1y

<

W(z)da(z)i/ » W(z)do(2)

By (y,50)

/B,J(y,%wu,y))

InL
<L / W) do () < L(2+ np(x, y)) o2 / W) do (2).
By(y, 1) By(y, %)

@ Springer



Constr Approx (2010) 31: 1-36 33

Thus, it follows by (2.29) that for a doubling weight W on B(e, o),

InL
Wy (x) < CL(2+np(x, y)) "W W, (y), foranyx,y e B(e,a), (5.2)

where C is a constant depending only on d.
We have the following theorem:

Theorem 5.1 LetecS9, 1 < p <ooanda € (0, %]. Let W be a doubling weight on
B(e, ). Then for any f € 17,‘!{,

f |f(x)|pW<x>do(x)~/ O Wa@ do ). (5.3)
B(e,x) B(e,a)

where the constant of equivalence depends only on d, p and the doubling constant
of W. Moreover, there exists a constant 8y depending only on d, p, and the doubling
constant of W such that for any maximal (%, p)-separated subset A of B(e, a) with
5 €(0,80), and any f € 1'[,‘11, we have

f | f "W (x)do (x)
B(e,x)

~ ( max If(x)|p)[ W(y)do (y) (5.4)
weA YE€Bp(@. ) By(w,8/n)

~Y( min |fol”) / W(y)do(y), 5.5)
weA XEBP(“)W_:) Bp(w,8/n)

where the constants of equivalence depend only on d, p and the doubling constant
of W.

Proof For simplicity, associated with a function f on B(e, «), we define

, x€B(e,a), r>0.

osc(f)(x,r)zy max |f(y)—f(z)

Z€Bp(x,r)

For the proof of Theorem 5.1, we claim that it is sufficient to prove that for any
(%, p)-separated subset A of B(e, ) and any f € Hf,

Z|osc(f)(w,8/n)|p/ ,

Wa(y)do(y) < (C68)"/
wed Bp(w. )

B(e

)|f(x>|”wn(x)da(x),

(5.6)
where Cg depends only on d, p and the doubling constant of W. In fact, once (5.6)
is proved, then setting §p = 4175 and taking into account Lemma 2.2(v), we conclude

that for any maximal (‘;—0, p)-separated subset A of B(e, «) and any f € I'[,f , we have
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f | £ )| W (x)do (x)
B(e,a)

~ Z( | Feol” ) f Wa(y)do (y) (5.7
O) By (w,80/n)

weA XEBp(w

~Y( m  Fr )/B( oy IO, 5:8)
o (w,80/n

weA xEB (w

Equation (5.3) then follows by (5.7), (5.8), Lemma 2.2(v) and the doubling property
of W. On the other hand, if A is an arbitrary maximal (%, p)-separated subset of
B(e, a) with § € (0, §p), then setting n; = ndy/§, applying (5.3), (5.7) and (5.8) to
fe H,”ll] , and in view of Lemma 2.2(v) and the doubling property of W, we deduce
Equations (5.4) and (5.5).

Thus, it remains to prove (5.6). We sketch the proof as follows. First, we note
that by (5.2) and the standard technique in [3], there exists a sequence of positive
polynomials Q, € H,‘ll on B(e, o) such that W,, ~ Q,’; and

osc(Q,)(x,8/n) <C§Q,(x), x € B(e,a).

It then follows that

) p
W (@) <OSC(f) (wa ;))
1) P é p
< c(osc(an)<w, —)) +c( max [ro)” )(osc(Qn)(w, —))
n yeB,(w, —) n

p
_C(osc(fQ,J(w,%)) +C8” max |f(y)On

Y€B) (w, ’)

which, combined with Theorem 1.1 and Corollary 1.3, implies the desired inequality
(5.6). This completes the proof. g

Finally, we conjecture that (5.6) with W, replaced by W remains true. Note that
by Lemma 3.2, this conjecture is true when d = 1.

5.2 Analogous Results on Spherical Collars
LeteeS?and 0 < < B < m. Recall that

B(e;a, B)={x €S :a <d(x,e) < B}
denotes the spherical collar centered at e of spherical height 8 — «. We assume that
O<a<B<m—ceand o~ B —a,where ¢ € (0, 1) is a given absolute constant. We
shall keep this assumption for the rest of this subsection. Without this assumption,

some of the statements below may not be true.
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Associated with the spherical collar B(e; «, 8), we define

1
Perapy X ¥) == E\/|x — V24 aly/by — Vby2, x,yeB(e;a, p), (5.9

where by = by B(e;a,5) denotes the shortest distance from x € B(e; o, 8) to the
boundary of B(e; «, B), that is,
by = by Be:ap) = min{d(x,y) 1y €S, d(y,e) = ord(y,e) = p}.

It is easily seen that p,,., , is a metric on B(e; &, B).

For x =£&sinf +ecosf and y =nsint+ecost with&, n € Sg_l and 0,1t € [«, B],
we define

p6(x, y) :=max{|§ —nl, pra.p6. 0},

where

1
) @:1) = ~/16 = 112 + @l Bo gy — Vorta sl

and b, (, 5 denotes the shortest distance from u € [, 8] to the boundary of the inter-
val [«, B], that is,

buja,p1 :=min{|u —af, |u — Bl}.
It turns out that in the case a < %, PB(e:a,8) and pg are equivalent on the whole

spherical collar B(e; «, 8). (The proof of this fact is similar to that of Lemma 2.2(i).)
Now our main results can be stated as follows:

Theorem 5.2 Let § € (0,1) and 1 < p < 00. Let p = pp(e;a,p) be defined by (5.9)
and let A be a (%, p)-separated subset of B(e; o, B). Then for all f € 17,?, we have

wed x,yeB,J(w,%

()—()”B<,a>s<ca>P/ x)|” do (x),
Z( max )|fx fy|)| o(@ /n| B(e;a’ﬂ)|fx’ o(x

where the constant C depends only on d and p.

Corollary 5.3 There exists a constant §y € (0, 1) depending only on d such that for
any 6 € (0, §9) and any maximal (%, pB(E;a.ﬂ))-separated subset A of B(e; a, B) there
exists a sequence of positive numbers A, ® € A for which the following cubature
formula holds for all f € H,f:

fOMdo(y)= ) lof(w).
—/B(e;a,ﬁ) Z

weA

Results similar to Corollaries 1.3 and 1.4 can also be deduced from Theorem 5.2.
For the proofs of Theorems 5.2 and Corollary 5.3, the equivalence between the
metrics pp(e;«,8) and pg plays an important role. Since the proofs run along the same
lines as those of Theorem 1.1 and Corollary 1.2 given in Sect. 3, we omit the details.
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