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1. INTRODUCTION

The projective linear algebraic group PGL, admits two types of conjugacy
classes of outer automorphisms of order two. For one type the fixed subgroups
are symplectic groups; for the other type the fixed groups are orthogonal groups,
which are not smooth when the base field has characteristic 2.

The picture is similar for trialitarian automorphisms (i.e., outer automorphisms
of order three) of the algebraic groups G = PGOj4 or G = Sping. There are
two types of conjugacy classes. For one type the fixed groups are simple of
type Go; for the other type they are simple of type As when the characteristic
is different from 3, and not smooth when the characteristic is 3. The first case
is well known: there is a split exact sequence

(1.1) 1 — Int(G) = Aut(G) — 63 — 1

where the permutation group of three elements Gs is viewed as the group of
automorphisms of the Dynkin diagram of type Dy

as

a1 Qa2
Qg

(the simple roots «; are numbered after [Bou81]). Viewing G as a Chevalley
group, there is a canonical section of the exact sequence (1.1) which leads to a
distinguished trialitarian automorphism of G, known as a graph automorphism.
The permutation p: a3 — a3 — a4 — a1, as — ag of the Dynkin diagram
above induces a permutation of all simple roots « of G, also denoted by p.
The graph automorphism is such that p(a:a(u)) = Zqe (1) for each simple root
group Z,(u) of G (see [Ste68b] or Section 2). The subgroup of G fixed by the
graph automorphism is of type Gs.

The aim of this paper is to describe all conjugacy classes of trialitarian auto-
morphisms of simple algebraic groups of classical inner type Dy over arbitrary
fields, from the (functorial) point of view of algebraic groups®. In particular
the case of characteristic 3 has not been considered before in this setting, and
a large part of this paper is dedicated to it. In a previous paper [CKT12],
three of the authors gave a description based on the (known) classification of
symmetric composition algebras of dimension 8 and a correspondence between
symmetric compositions and trialitarian automorphisms. Here we take a dif-
ferent approach: we classify trialitarian automorphisms directly, and then use
the correspondence to derive a new proof of the classification of symmetric
composition algebras of dimension 8.

In the first part of the paper, consisting of §§2-7, we consider algebraic groups
over algebraically closed fields. The first step, achieved in §§2-3, is to prove

4Trialitarian automorphisms (or more generally automorphisms of finite order) of simple
Lie algebras have been extensively studied, see i.a., [Hel78], [Kac69], [Knu09], [Reel0] and
(WG68].
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that every trialitarian automorphism admits an invariant maximal torus. This
is clear in characteristic different from 3 since trialitarian automorphisms are
semisimple and semisimple automorphisms admit invariant tori (see [BM55],
[Ste68a] or [Pia85]). However we did not find references for the result over fields
of characteristic 3. In §§4—5, we recall the correspondence between symmetric
compositions and trialitarian automorphisms set up in [CKT12], and use it
to define two standard trialitarian automorphisms p, and p, corresponding
respectively to the para-Zorn composition ¢ and the split Okubo composition A
on the 8-dimensional quadratic space (C,n) of Zorn matrices. We then define
in §6 a split maximal torus 7' of PGO™ (n) invariant under p, and p,, and
use it in §7 to show that over an algebraically closed field, every trialitarian
automorphism of PGO™ (n) is conjugate to p, or to p,. In view of the results of
83, and since over a separably closed field all the maximal tori are conjugate, it
suffices to consider trialitarian automorphisms that preserve the given torus 7'
In the second part of the paper, we describe the subgroups of PGOéF fixed
under trialitarian automorphisms, over an arbitrary field F'. These fixed sub-
groups are the automorphism groups of the corresponding symmetric composi-
tion algebras. They are divided into two classes according to their isomorphism
class over an algebraic closure. In §8 we show that for one of the classes the
symmetric composition algebras are para-octonion algebras and the automor-
phism groups are of type Go; for the other the symmetric composition algebras
are Okubo algebras and the automorphism groups are of type Ay when the
characteristic is different from 3. The following §§9-11 deal with the case of
Okubo algebras in characteristic 3. A particular type of idempotents, which
we call quaternionic idempotents, is singled out in §9, where we show that
the existence of a quaternionic idempotent characterizes split Okubo algebras,
and that split Okubo algebras over a field of characteristic 3 contain a unique
quaternionic idempotent. This idempotent is used to describe in §§10-11 the
group scheme Aut(A) of automorphisms of the split Okubo algebra in char-
acteristic 3. (The corresponding groups of rational points already occur in
various settings, see [Tit59], [GL83] and [Eld99].) Using the description of
Aut(A), we recover in §12 the classification of Okubo algebras over arbitrary
fields of characteristic 3 by a cohomological approach. Finally, in §13 we give a
cohomological version of the correspondence between symmetric compositions
and trialitarian automorphisms, and show that the only groups of classical
type 2D, that admit trialitarian automorphisms are PGO™(n) and Spin(n)
for n a 3-Pfister quadratic form. Note that the cohomology we use is faithfully
flat finitely presented cohomology, or fppf-cohomology, since we need to deal
with inseparable base field extensions. (Galois cohomology would be sufficient
for fields of characteristic different from 3.) We refer to [DG70], [Wat79] and
[KO74] for details on fppf-cohomology and descent theory.

The fact that the composition algebras of octonions could be used to define
trialitarian automorphisms was already known to Elie Cartan (see [Car25]).
We refer to [KMRT98] and [SV00] for historical comments on triality.
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If not explicitly mentioned F' denotes throughout the paper an arbitrary field
and the algebras considered are defined over F.

We gratefully thank Philippe Gille for his help during the preparation of this
paper.

2. GENERATORS AND RELATIONS IN CHEVALLEY GROUPS

We recall in this section results about Chevalley groups which will be used
later. Let G be a split simple simply connected group over F. Since G is a
Chevalley group over F', its F-structure is well known. For details and proofs of
all standard facts about G(F') used in this section we refer to [Ste68b]. Let G
be the Lie algebra of G. Choose a split maximal torus T C G and a Borel
subgroup T'C B C G. Let ¥ = X(G,T) be the root system of G relative to
T. The Borel subgroup B determines an ordering of 3, hence the system of
simple roots IT = {ay, ..., an}. We pick a Chevalley basis [Ste68b]

{H,,,...,Hq,, Xo, a €%}

in G corresponding to the pair (7, B). This basis is unique up to signs and
automorphisms of G which preserve B and T' (see [Ste68b], §1, Remark 1). The
group G(F) is generated by the so-called root subgroups U, = (x4 (u) | u € F),
where o € ¥ and

(2.1) To(u) =Y u"X] /nl
n=0
(we refer to [Ste68b] for the definition of the operators X7 /n! in the case
char(F) = p > 0, see also [SGA3]).
If « € ¥ and t € G,,,(F), of great importance are also the following elements:
Wa(t) = To()T_o(—t " za(t) and  ha(t) = we(t)wa (1)t

To ease notation we set w, = wq(1). The elements h,, (t) give rise to a cochar-
acter hy : G, — T whose image is T, = T'N G, where G, is the subgroup
generated by U_,.

ExXAMPLE 2.2. The group G, is isomorphic in a natural way to SLs. This
isomorphism is given by

xa(u)—>((1) 11‘) xa(u)—>(i ?)

ha(t)—>(3 tE)l ), wa—>(_01 é)
The following relations hold in G (cf. [Ste68b], Lemma 19 a), Lemma 28 b),
Lemma 20 a) ):
(2.3) T =T % xTh
for any two roots «a, 8 € ¥ we have

(2.4) wahg(wg" = hu, () (1);

n?
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(2.5) wanw;1 = EXU,G([;)
where € = +1.

We finally recall a commutator formula due to Chevalley, see [Ste68b, Lemma
32’]. For arbitrary roots «, 3, one has

(2.6) (ma( ), zs(v szaﬂﬁ(cmu o)

where the product is taken over all integers i,j > 0 such that ia + j8 is a
root and the ¢;; are integers depending on «, 3 and a chosen ordering of roots
ia+ j 5, but not on u,v.

3. INVARIANT TORI

The main result in this section is the existence of invariant tori under trialitarian
automorphisms. As already mentioned in the introduction the claim is known
over fields of characteristic different from 3. We give here a proof for any
field F.

We first reduce to the case of simply connected groups. Let G be a split simple
simply connected group of type D4 over F, and let G®! be the isogenous adjoint
group. We have a canonical exact sequence

(3.1) 1= g X py — G — G =1,

where po is the group scheme of square roots of unity. Every automorphism
of G induces an automorphism of G2,

LEMMA 3.2. Every trialitarian automorphism ¢ of Gad lifts to a trialitarian
automorphism ¢ of G. If T is a torus in G invariant under ¢, the image of T
in G2 is invariant under ¢.

Proof. Viewing G as a Chevalley group, we have a group of graph automor-
phisms of G isomorphic to G5 defined over F, and we may consider the semidi-
rect products G x G3 and G x G3. Note that

Aut(G*) = Int(G*) x &3 = G* x &3,
and the exact sequence (3.1) yields an exact sequence
1= py X py — G X G3 — G %63 — 1.

Consider the associated exact sequence in faithfully flat finitely presented co-
homology (see [DGT70, p. 272-273]):

(B2 X p12)(F) = (G % &3)(F) = (G* % &3)(F) = Hiypor (F, pig X 1)

Viewing ¢ as an element in (Gad x G3)(F), we may consider its image ¢’ in
Hi e (F, po X pay). We have ¢'> = 1 because Hi, ¢ (F, gy X py) has exponent 2,
and ¢'> = 1 because ¢® = 1, hence ¢’ = 1. It follows that ¢ has a preimage ¢"
in (G x &3)(F). We have ¢/"® € (py x py)(F) since ¢ = 1, hence conjugation
by ¢” in G x &3 restricts to an automorphism 5 of order 3 of G. The induced
automorphism on G is ¢, so 5 is a lift of ¢ and is an outer automorphism.
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A torus T in G is invariant under qg if and only if it centralizes ¢”. It is then
clear that the image of 7' in G?? is invariant under ¢. |

The crucial tool to prove the existence of invariant tori is the following result
of G. Harder®:

PROPOSITION 3.3 ([Har75, Lemma 3.2.4]). Let F' be an infinite field and let G
be a split simple simply connected algebraic group or a split simple adjoint alge-
braic group of type Dy over F. Let ¢ € Aut(G)(F) be an outer automorphism
of order 3 of G over F. There exists a parabolic subgroup P C G such that
H=PNP*NP? is a reductive subgroup of G of dimension 10 defined over F
whose semi-simple part H' = [H, H] is a simple group of type As.

We first make some comments about properties of H. Assume that F' is sep-
arably closed. Being a reductive group it is an almost direct product of its
central 2-dimensional torus S and its derived subgroup H’. Let T be an arbi-
trary maximal torus in H. Since dim7T = 4, T is also maximal in G. It then
follows that H’ is generated by some root subgroups Uy, and Uy where o, S
are roots in G with respect to T'. Note that every such subgroup in G is simply

connected, hence H' ~ SL3. Let aq, ..., a4 be the basis of the root system ¥ of
type Dy as defined in [Bou81], see also (1). Another remark is that for an arbi-
trary pair of roots «, 8 with (a, ) = —1 in ¥ there exists an element w in the

corresponding Weyl group such that w(a) = a1, w(f) = as. In view of (2.5)
we may then assume without loss of generality that H’ is the subgroup Gya, 1,
generated by the root subgroups Ui, and Uig, where 8 = oy + o + a3 + o
and aq,...,qq is a basis of the root system of G with respect to T'.

Another ingredient in the proof of existence of invariant tori is the following
lemma. Let G be a split simple simply connected algebraic group of type Dy
over a field F. Let T' C B be a maximal split torus and a Borel subgroup
in G. As usual, the subgroup B determines the ordering in the root system
Y =¥(G,T) of G with respect to T' and hence a basis of ¥. As above we set
a=a and = a1 + as + ag + ay.

LEMMA 3.4. Assume that F is a field of characteristic 3. Let p be the graph
automorphism of G. If x = x4, (u), where u € F*, there exists g € B(F) X (p)
such that g(px)g~' = pa, (u1)zs(u2)Tay+p(us) € B(F) x (p), where uy,uy €
F* and us € F.

Proof. The proof is based on the commutator formula (2.6). Note that for
a group of type Gy in the commutator formula applied to two simple roots
71, Y2 of Gg (numbered as in [Bou81]), all integers ¢;; are non-zero modulo 3.
Consider the subgroup G of G of elements invariant under p, which is of type Gs.
It contains the subgroup of G generated by G,, G of type Az. Also, the root
subgroups in G corresponding to its two simple roots ; and v, are generated by

5We are indebted to Philippe Gille for pointing out this result to us.
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elements x,,(u) and x4, (V)X (V)Za, (v). Taking into consideration (2.6) and
the fact that p commutes with z, (v)Za,(v)2a,(v) we can write the element

X = (fcn (1)$a3 (l)xw (1)) (pxaz (u)) (wal (1)xa3 (l)mm (1))

in the form

(3.5) X = p(@ay (0225 (02)Tag5(03)) Y Z

where v1,v2 # 0 (see the above remark about the integers ¢;;) and

—1

Y = Loy +as <U4).’17a3+a2 (’U5)$Oé4+0tz (U6>

Z = Loy +as+as (v7)xa1+a4+042 (vs)xa3+0¢4+a2 (”Ug)
where v; € F. We now note that in the expression (3.5) for X the root elements
Zay (+), Zag (1) and z,,(-) are missing and the commutator of the other root
subgroups which appear in (3.5) is either 1 or of the form x4,1(-) which is in
the center of B(F') x (p). So there is no harm if we ignore factors zo,+4(-) in
the computations below and thus we shall assume that all root subgroups x
which appear commute with each other. Since pz has order 3 (because p and z
commute and 7° = z,,(3u) = 1) it follows almost immediately that Z satisfies
the “cocycle condition” Zp(Z)p?(Z) = 1. Since p acts freely on the subgroup

A= (Zartastas()) X (Tartastas (1)) X (Tagtastas())
one can see that Z can be written in the form Z = p’lleZl_1 where Z; € A.
We then have
Z7'X7, = Zl_lpxazgvl)xlg(vg) Y (p~1Z1p)
plp~t Z1 p) way (vi) 25(v2) Y (0™ Z1 p)
—  pa (01)ap(v2)Y.

Arguing similarly we can now up to conjugacy eliminate Y and this completes
the proof. We emphasize once more that all the above equalities are considered
modulo the central subgroup zq,+4(-) of B(F) x (p). O

THEOREM 3.6. Let F' be a separably closed field and let G be a simple simply
connected algebraic group or a simple adjoint algebraic group of type D4. Let
¢ € Aut(G)(F) be an outer automorphism of order 3 of G. There exists a
mazimal F-torus T which is invariant under ¢. Moreover, if T is another
outer automorphism of order 3, there exists a conjugate of T in Aut(G)(F)
which leaves the F-torus T invariant.

Proof. The last claim follows from the fact that over a separably closed field
two maximal tori in G are always conjugate ([Bor56]). To show the existence
of an invariant torus we treat the cases char F' # 3 and char F' = 3 separately.
We may assume that G is simply connected by Lemma 3.2. We keep the
above notation. Let H be the subgroup in G provided by Proposition 3.3. By
construction it is ¢-stable. Since H' has no outer automorphisms of order 3
the restriction of ¢ to H’ is an inner automorphism of H’ given by an element
x € H'.
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A) CHARACTERISTIC F # 3.

Note that ¢ is a semi-simple automorphism of G in characteristic different
from 3, hence x is also semi-simple and therefore x is contained in a maximal
torus, say S’, in H'. By our construction we have dimS’ = 2 and dim S = 2
and this implies the torus 7= S - S’ is maximal in G and stable with respect
to ¢ (because so are S and S’).

B) CHARACTERISTIC F' = 3.

We keep the notation used above. Since x has order 3 it is unipotent. Therefore
there are two possibilities for its Jordan normal form.

We first assume that

1
(3.7) x=1| 0
0

O~
—= = O

Let {e1,ea,e3} be the basis of the vector space over F in which = has form
(3.7). Let S’ C H' be a maximal torus in H’ whose three weight subspaces
are spanned by ej + ea, 2e1 + e, 2e1 + 2e5 + e3. One easily checks that S’ is
stable with respect to conjugation given by x. As above we then get that the
maximal torus T = S - S’ in G is invariant with respect to ¢.

We next assume that x is of the form

11
rT=24,(1)=| 0 1
0 0

= o O

Let S’ be the corresponding diagonal torus in H' = SL3 and let T = S - 5’.
Choose a graph automorphism o of G such that it acts trivially on H" = G, g}
and the images of ¢ and o with respect to G x G35 — G35 are equal. Let
Y = ¢ o (ox)~t. It is an inner automorphism of G acting trivially on H’
and hence on S’. It follows that 1 stabilizes Ce(S’) = T. Note that the
last equality follows from the fact that in general case C(S’) is a reductive
group generated by T' and root subgroups U, such that v is orthogonal to
ag and B and in case D4 there are no roots orthogonal to s, 8. Thus we
showed that ¢ is an inner conjugation in G given by an element say y which
belongs to Ng(T)(F). By our construction y commutes with S’ and hence
with its generators hq,(u) and hg(w). In view of (2.4) we conclude that the
image y of y in the Weyl group W = Ng(T')/T acts trivially on the roots
ag, 5. One checks that in the Weyl group of type D4 none of the elements acts
trivially on two roots whose scalar product is —1. It follows y = 1 implying
y € T. Thus we showed that ¢ = yoxr where y € T(F). By (2.3) we can
write y in the form y = ha, (u2)ha, (U1)has (U3)ha, (us) where u; € F*. Since
x commutes with o it is easy to see that the condition that ¢ has order 3
implies ha, (11)hag (u3)ha, (us)o also has order 3 and h,, (u2)® = 1. The latter
of course implies that us = 1. Then arguing as in Lemma 3.4 we may write
By (1) hevs (u3) P, (ug)o in the form tot=! for some element t € T(F). It
follows ¢ = tot=tx or t71¢t = o(t~1at). Note that & = t~1at € U,,. Let
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B C G be the corresponding Borel subgroup in G. By Lemma 3.4 the element
o is conjugate in B(F) x Z/37Z to an element of the form ox’ where 2’ =
Tay (U1)Ta(U2)Tay+p(us) and uq, us are non-zero elements in F. The Jordan
normal form of such unipotent element is of the shape (3.7) and this reduces
the proof to the previous case. O

COROLLARY 3.8. Let G be a simple simply connected algebraic group or a
simple adjoint algebraic group of type Dy over an arbitrary field F' and let ¢ be
a trialitarian automorphism of G over F'. There exists a finite separable field
extension F' of F' such that over F there is a split maximal torus T which is
invariant under ¢. Moreover, if T is another trialitarian automorphism of G
over F, there exists a conjugate of T in the automorphism group of G over a
finite separable field extension of F which leaves the torus T invariant.

Let G be split over F' and T' C G be a split maximal torus over F. We
denote the group of automorphisms of G which leave the torus T invariant
by Aut(GDT). Let p € Aut(GDT)(F) be a fixed trialitarian automorphism
of G, for example the graph automorphism of G described in the introduction.
The normalizer N of T in G is also invariant under p and p induces a well
defined action p on N/T, which is the Weyl group W of G. This action is not
inner. The group W also admits a group of outer automorphisms isomorphic
to &3 and we still call trialitarian the outer automorphisms of W of order 3
(see [Ban69], [Fra01] or [FHO3] for automorphism groups of Weyl groups).

PROPOSITION 3.9. (i) Any trialitarian automorphism o« € Aut(G)(F)
leaving T invariant induces a trialitarian automorphism & of W.

(ii) If two trialitarian automorphisms a and B of G over F leaving the
same torus T invariant satisfy @ = 5 in Aut(W), then o = Int(t) o 8
for some element t € T(F).

Proof. We may assume that G is adjoint and we may view trialitarian auto-
morphisms as elements of G ¥ &3. In particular trialitarian automorphisms of
G which leave T' invariant are represented by elements of N x, &3. Let now o
be represented by an element ag € (N x, 83)(F). Let af be the class of o in
(W % 63)(F) =W x &3 according to the last map in the exact sequence

(3.10) 12T —>Nx63>Wx63—1.

Let Z(W) = Z/27 be the center of W. The class of the automorphism @
of W induced by « is the class @ = of of o in Aut(W) C W/Z(W) x &3,
hence Claim (i). For Claim (ii), the image of an element a0 7! in W induces
the trivial automorphism of W. Since the center of W has order 2 and «, /3

have order 3 this image is trivial and this implies @ = Int(t) o 8 for some
teT(F). O
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4. TRIALITARIAN AUTOMORPHISMS AND SYMMETRIC COMPOSITIONS

In the following sections we recall a construction of trialitarian automorphisms
given in [KMRT98, §35.B] and [CKT12, Th. 4.6] and we construct explicitly
invariant tori for some of these automorphisms.

Let (V,q) be a quadratic space over F, i.e., V is a finite-dimensional vector
space over F' and ¢: V — F' is a quadratic form. We always assume that ¢ is
nonsingular, in the sense that the polar bilinear form b, defined by

be(z,y) = q(z +y) —q(z) —q(y) for z, y € V

has radical {0}. We also assume throughout that dim V" is even.

Let GO(q) be the F-algebraic group of similarities of (V,q), whose group of
rational points GO(q)(F') consists of linear maps f: V' — V for which there
exists a scalar u(f) € F*, called the multiplier of f, such that

q(f(@)) = u(f)a(z) forall z € V.

The center of GO(q) is the multiplicative group G,,, whose rational points are
viewed as homotheties. For f € GO(q)(F), we let [f] be the image of f in
(PGO(q)/ Gn)(F) = GO(q)(F)/ G, (F). For simplicity, we write

GO(q) = GO(¢g)(F) and  PGO(q) = PGO(q)(F) = GO(q)/F*.

Let C(V, ¢) be the Clifford algebra of the quadratic space (V, ¢) and let Cy(V, q)
be the even Clifford algebra. We let o be the canonical involution of C(V,q),
such that o(z) = x for x € V, and use the same notation for its restriction
to Co(V,q). Every similarity f € GO(q) induces an automorphism Cy(f) of
(Co(V,q), o) such that

(4.1) Co(f)(xy) = u(f) " f(2)fly)  fora,yeV,

see [KMRT98, (13.1)]. This automorphism depends only on the image [f] =
fF* of f in PGO(q), and we shall use the notation Cy[f] for Co(f). The
similarity f is proper if Cy[f] fixes the center of Cy(V,q) and improper if it
induces a nontrivial automorphism of the center of Cy(V,q) (see [KMRT9S,
(13.2)]). Proper similarities define an algebraic subgroup GO™(q) in GO(q),
and we let PGO™(¢) = GO (q)/ G,,, a subgroup of PGO(q). The groups
GO™(¢q) and PGO™(g) are the connected components of the identity in GO(q)
and PGO(q) respectively, see [KMRT98, §23.B].

The F-rational points of the F-algebraic group Spin(g) are given by
Spin(q)(F) = Spin(q) = {c € Co(V,q)* | Ve ' cV and co(c) =1},

see for example [KMRT98, §35.C]. For any element ¢ € Spin(q) the linear
map z +— cxc !, x € V, is a proper similitude of (V,q). Thus there exists a
morphism of algebraic groups 7: Spin(q) — PGO™(q).

PROPOSITION 4.2. Let (V,q) be a quadratic space and let dim(V) = 2n with
n=0 (mod 2).
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(i) The algebraic group Spin(q) is simple, simply connected of type D,, and
its center is isomorphic to pu3 = py X po, with py(F) = {£1}.
(ii) The algebraic group PGO™ (q) is simple, adjoint of type D,,.
(iii) The sequence of algebraic groups
1 — pu3 — Spin(q) = PGO™(q) — 1
s exact.

Following [KMRT98, §35.B] or [CKT12, §4] we next recall how trialitarian
automorphisms can be generated with the help of symmetric compositions,
which we define next, following [KMRT98, §34] or® [CKT12, §3].

DEFINITION 4.3. A symmetric composition on a nonsingular quadratic space
(S,n) is a bilinear map *: S x S — S such that for all z, y, z € S

(i) n(z*y) =n(z)n(y),
(ii) bp(zxy,2) = bp(z,y * 2),
(iii) zx (yxz) =n(z)y = (x xy) *x z.
If x is a symmetric composition on (S,n), the triple (S,*,n) is called a sym-
metric composition algebra. The composition « is its multiplication.

Symmetric composition algebras exist in dimension 2, 4, and 8. Their norms
are Pfister forms. From now on, we restrict to dimension 8.

THEOREM 4.4. Let (S,*,n) be a 8-dimensional symmetric composition algebra.
Let f be a similitude of n with multiplier u(f).

(i) If f is proper there exist proper similitudes f1, fo of n such that for all
x,yes

w() " f@xy) = fa(@)x fi(y)
u(f) P hlexy) = flx)* f2(y)
p(f2) Mol xy) = filz)* fy).

(ii) If f is improper there exist improper similitudes f1, fo of n such that
forallxz, ye S

w(f) " f(zxy) fa(y) * fr(z)
p(f) hlzxy) = f(y)* fa(x)
p(fo) M a(zxy) = fily) = f(z).

The pair (f1, f2) is determined by f up to a factor (u,u=1), p € F*, and we
have u(f u(f1)pu(f2) = 1. Furthermore any of the three formulas in (i) (resp.
(i) ) implies the two others.

For a proof, see [KMRT98, (35.4)] or [CKT12, Th. 4.5].

6The symmetric compositions considered in [CKT12] are slightly more general; the ones
we use here are referred to as normalized in [CKT12].
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In view of Theorem 4.4, the elements [f1], [f2] in PGO™ (n)(F) are uniquely
determined by [f]. Thus they give rise to well-defined maps

pe: PGOT(n)(F) - PGO™ (n)(F), Lf] = [f],
px: PGOT(n)(F) = PGO™(n)(F), [f] — [f1]

THEOREM 4.5. The mappings px and p, are outer automorphisms over F of
order 3 of PGO™(n), and p, = p2.

Proof. See [KMRT98, (35.6)]. O

The algebraic group Spin(n) can be described with the help of a symmetric
composition x on (S, n):

PROPOSITION 4.6. Let (S,x,n) be a symmetric composition algebra with
norm n. Then

Spin(n)(F) = {(f, f1. f2) | fi € SOT (n)(F), f(axy) = fa(2)*xf1(y), z,y € S}.

Moreover any of the three relations

flaxy) = fo(x)x f1(y)
filzxy) = f(z)* fa(y)
falzxy) = fi(z)*xf(y)

implies the two others.

Proof. See [KMRT98, (35.2)] for a proof in characteristic different from 2 and
[KT13] for a proof in any characteristic. O

We have an obvious trialitarian automorphism p, of Spin(n):

Pt (f?flaf2) = (f27f7fl)
and properties similar to those for PGO™(n) hold.

Viewing p3 as kernel of the multiplication map
P: 3 = Mo, P(E1,€2,63) = E1€2€3,
we get a natural 2Az-action on the center u2 of Spin(n), compatible with the
trialitarian action on Spin(n) and the sequence
1 — p2 — Spin(n) - PGO™(n) — 1

is Az-equivariant (see [KMRT9S8, (35.13)]). Here A3 C &3 is the subgroup of
even permutations. In particular the trialitarian action on Spin(n) is a lift of
the trialitarian action on PGO™ (n).

Isomorphisms of symmetric compositions are defined in the obvious way. The
trialitarian automorphisms associated to isomorphic symmetric compositions
are conjugate; more precisely, we have:

LEMMA 4.7. Let ¢: (S,0,n) = (S,%,n) be an isomorphism of symmetric com-
position algebras. Then

pe =Int(6) 0 po o Int(¢) L.
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Proof. See [CKT12, Proposition 6.1]. O
The main result of [CKT12] is the following:

THEOREM 4.8. Let (S,n) be a 3-Pfister quadratic space over a field F. The
assignment x — p, defines a one-to-one correspondence between isomorphism
classes of symmetric compositions on (S,n) and conjugacy classes over F of
trialitarian automorphisms of PGO™ (n) defined over F.

Proof. This follows from Theorems 5.8 and 6.4 of [CKT12]. O
Automorphisms of order 3 of a given symmetric composition lead to new sym-
metric compositions by “twisting”:

PROPOSITION 4.9. Let (S,*,n) be a symmetric composition algebra and let ¢

be an automorphism of order 3 of (S,*,n).
(i) The multiplication

(&n) = Expn =) x (1), for& nes
defines a symmetric composition on the quadratic space (S,n).
(i) v, = Int(6™1) 0 pu.

Proof. See [Pet69] for the first claim and [CKT12, Lemma 5.2] for the second.
O

The symmetric composition x4 is called the (Petersson) twist of .

5. ZORN MATRICES

In this section we use Zorn’s nice description of the split octonion algebra in
[Zor30] to give two examples of 8-dimensional symmetric compositions. The
associated trialitarian automorphisms play a fundamental role in this work.
The Zorn matrixz algebra is defined as follows. Let e be the usual scalar product
on the 3-dimensional space F® and let x the vector product: for vectors @ =
(a1,a2,a3) and b= (b1,ba,b3) € F3, we have G e b= a1b1 + asby + azbs and
axb= (agbs — asba, azby — a1bs, arbs — agzby). The Zorn algebra is the set of

matrices
a a
b 8
with the product

(5.1) a a\ (v ¢\ _ ay+aed af+6ad—bxd
' b 8) \d 6) \yb+pBd+axé Bs+bec |’

the norm

C

a,B€F, d,geF?’}

and the conjugation
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which is such that £ - € = £ - & = n(&) for all £ € C (see” [Zor30, p. 144]). The

element 1 = (é. 9 is an identity element for the product. One checks that

the norm is multiplicative:

(5.2) n(€-n) =n(&n(n) for all & n in C.

Thus (C, -, n) is an 8-dimensional composition algebra with identity. Since the
norm n is obviously a hyperbolic form, (C,-,n) is a split octonion algebra.

Let {@1,d2,d3} be the standard basis of F'3. The elements
(5.3)

(10 (0D (0 —a (0 0\ .
61—((—)» (;>afl_<(—)’ ;>7U7,—((—)» 0)31}1_<C—L’i 071_17273a

form a hyperbolic basis, called the canonical basis of the Zorn algebra (C, -, n).
We have

e1=fi1, and u; =-—wu, v;=-—v; fori=1,2, 3.

Next we associate to (C,-,n) a symmetric composition. More generally, let
(H,-,n) be a Hurwitz algebra (i.e., a quadratic algebra, a quaternion algebra
or an octonion algebra) with conjugation x — T, x € H.

LEMMA 5.4. Setting xoy =7 -§ we get a symmetric composition (H,o,n).
Proof. See for example [KMRT98, §34A]. |

We call (H,o,n) the para-Hurwitz algebra (resp. para-quadratic, para-
quaternion or para-octonion algebra) associated with H. Applying the same
construction to the Zorn algebra, we obtain the para-Zorn algebra with multi-
plication

(55) a a o7 € _ ﬁé—i—é’ocf —65—vd—gxd
' b B d § —db—ad+adaxé ay+bec '
As we shall see in Remark 8.5 the trialitarian automorphism associated to the

para-Zorn algebra is conjugate to the graph automorphism described in the
introduction.

The group GL3 acts on the vector space C' of Zorn matrices by

o D )

where g € GL3(F) and ¢f = (g7 )"
PROPOSITION 5.7. (i) The mappings sq for g € SLg(F) are automor-
phisms of the para-Zorn algebra (C,o,n).
(ii) The mappings sy for g € GL3(F) are isometries of (C,n).

"Zorn’s definition is different, but isomorphic under the map (% Z) — ( _B )

SR
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Proof. Let g € GL3(F). For &, § € F® we have g(%) e f = T e g'(3), hence

(5.8) g(Z) e g*(f) = T e .

This readily implies (ii). To prove (i), observe that & x ¥ is characterized by
the condition that for all z € F3

[(Zx§)eZ)@ Ndy ANds =ZAGAZ in \*F3.
For all Z, ¥/, Z € F'* we have
(detg) EAGNAZ = g(&) A g(H) A g(2),
hence
(det g) (& x ) @ 2= (9(Z) x g(7)) ® 9(2) = g' (9(Z) x g(7)) ® Z.
Since these equations hold for all z € F? it follows that

(detg) T x § = g"(9(Z) x g(§)) for all &, § € F?,

hence
(5.9) (det g) ¢*(Z x ) = g(Z) x g(§) for all &, 7 € F3.
A straightforward computation then yields (i). |

Let 7 be the cyclic permutation of the standard basis vectors 7: d; +— do —
s — @1, extended by linearity to F?, i.e.,

(5.10) T

I
O = O
_ o O

1
0] € SL3(F).
0

The symmetric composition algebra (C,¢s_,n) obtained by twisting the para-
Zorn algebra (C, o, n) with the automorphism s is called the split Okubo alge-
bra®. We let A denote its multiplication. Thus

a a v oc\
(i 5)= (7 %)

86+ (@) o 7(d) (@) — (@) — m(B) x 7 >> .

-,

(@) x 72(@) oy + (b) o 72(0)

The multiplication table of A with respect to the canonical basis (5.3) is

80kubo ([Oku78]) gave a different description of this algebra, valid over fields of charac-
teristic not 3, see also Section 11.



16 CHERNOUSOV, ELDUQUE, KNus, TIGNOL

A e1 f U U1 U2 Vg U3 U3
€1 f1 0 0 —v3 0 —U1 0 —V2
f1 0 €1 —us 0 —U 0 —U2 0

Ul —U2 0 (%1 0 —U3 0 0 —€1
(511) U1 0 —V3 0 uy 0 —Uus —f1 0
(5] —Uus 0 0 —e1 V2 0 —U1 0
V2 0 —Us —f1 0 0 (5 0 —U1
us | —up 0 —V2 0 0 —e1 V3 0

V3 0 —U1 0 —U2 —f1 0 0 us

If the field F' contains a primitive cube root w of 1 (so that in particu-
lar F' has characteristic different from 3), there is another way to twist the
multiplication of the para-Zorn algebra to get the split Okubo algebra: let
@ = Diag(1l,w,w?) € SL3(F) and let sz be the corresponding automorphism
of (C,o,n), see Proposition 5.7. We may then consider the Petersson twist
V¥ = o,_. The next lemma shows that the symmetric composition V¥ is isomor-
phic to A.

LEMMA 5.12. Let
9 1 1 1

YY1l e —w? € SL3(F).

1 w? w

The isometry sq of (C,n) is an isomorphism of symmetric compositions AS V.

Proof. The matrix g satisfies @Wg = g, hence also Whg? = ¢fn? = giw. The
lemma is then verified by straightforward computations, using the identities
(5.8), (5.9). O

By contrast, the para-Zorn multiplication ¢ and the split Okubo multiplica-
tion A are not isomorphic, even if the base field F' is algebraically closed. This
can be seen directly because the para-Zorn algebra contains a para-unit (see
Definition 9.1 below), whereas the split Okubo algebra does not.

6. A MAXIMAL TORUS FOR PGOZ AND Sping

Let G denote one of the algebraic groups PGOjg or Sping. In view of Theo-
rem 3.6, to classify trialitarian automorphisms over a separably closed field, we
may fix a maximal torus T and consider only trialitarian automorphisms of G
which leave T invariant. We now describe a special maximal split torus which
is invariant under the trialitarian automorphisms associated to the para-Zorn
algebra (C, ¢,n) and the split Okubo algebra (C, A, n).

Consider the following torus

(6.1) T, =G>

m

2 .
= G;, x Diag,
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where Diags is the torus of diagonal matrices in GL3. The torus Ty acts by
similitudes on the quadratic space (C,n) of Zorn matrices as follows:

a a Ao Apt~la
2 Ayt - =, .
02 s (5 5) = (5 )
The group Ty is a maximal torus of GOZ (= GO (n)), and G,, diagonally
embedded into Tj is the center of GO;. Thus Ty/ G, is a maximal torus of
PGO{, which we denote by T. For (\,u,t) € To(F), we write [\, u,t] for

[(A, u,t)] € T(F). We compute the action on T of the trialitarian automor-
phism p, associated to the para-Zorn algebra (C, o, n):

LEMMA 6.3. Let (A, pu,t) € To(F). If X, o/, X', u” € F* are such that
(6.4) W' =X NN =p, and Np' = (dett)(\u)"?,
then for &, n € C, we have
A\ t) ® (Eon) = (V. 1"ty ®E) o (W, 1 N7 "t) @)
hence
polh i t] = N,/ " ") and p2[A i t] = [N 0 N .
The lemma is verified by a straightforward computation. It shows that the

torus T is invariant under p,, provided a solution to (6.4) exists for all (A, i, t) €
To(F). This is indeed the case:

PROPOSITION 6.5. For (A, p,t) € To(F),

Pol A 11, t] = [det t, A2, At] = [(Ap) ~! det t, A, t]
and

palh i t] = [p(dett) ™", (Ap) ", (det £)7'¢] = [, (Ap) ~" dett, t].
Proof. Check that the equations (6.4) have the following solution:

N =dett, /' =Xp, N =p(dett)™, p’' =Mt
O

We next show that the torus T is also stable under the trialitarian automor-
phism p, associated to the split Okubo algebra (C,A). We recall that the

multiplication A is the Petersson twist ¢, of the multiplication ¢ by the auto-
morphism s, of the para-Zorn algebra.

PROPOSITION 6.6. For (A, p,t) € To(F) we have
syto (N pt)osy = (A p, i),
and
palh o t] = [(Ap) " Hdet t, N, 7 M), pA N, t] = [, (Ap) "t det t, w2t 2.

Proof. The first equation is easily checked by direct computation. The others
follow from Proposition 4.9 and Proposition 6.5. (|



18 CHERNOUSOV, ELDUQUE, KNus, TIGNOL

For the algebraic group Sping we consider the torus
T, = G}, = G,, x Diag,

as a subtorus of the torus Ty defined in (6.1) through the embedding (A, t) —
(A\,A71,t). The torus T} is a maximal torus of OF through the action ®
defined in (6.2). The spinorial norm of the element (A, t) is the class of Adett

in FX/FXZ. Thus (A, t) lifts to an element in Sping(F') if and only if the
product Adett is a square in F'. By Lemma 6.3, the equation

(L)@ (€om) = (W, t) ®€) o (V) © 1)
holds for all £, n € C if
(6.7) AN =1, ¢/ =Xt t'=XN""t, and NN''=dett.
These equations imply
(6.8) N2 =X"tdett and N2 = (\dett) L

Thus the set of triples (()\,t)7 (N, t), (N, t”)) satisfying the above conditions

is a maximal torus 7' in Sping.

For the twisted composition A we have

(6.9) AWXN' =1, t/=Xraltr, t/=XN"'7r"2t72, and NN’ ' =dett
instead of (6.7).

The natural coverings T — T, and T} — T give natural embeddings of the

character groups X (T) — X(T}) — X(T). Letting t = Diag(t1,t2,t3), we
define characters €1, ..., g4 of T{ generating X (7}) by

g1 (Nt) =ty ear (N t) =ty h, ez (AL t) =t and  egr (M t) = A

View each ¢; as a character of T’ through the embedding X (T7) < X (T)). Using
additive notation, it follows from (6.8) that

po(é"l) %(614-624—63—64)
= I(e1+eg—e3te
(6.10) Po(€2) %( 1+e2—e3+¢e4)
pole3) = 5(e1—e2+e3+eq)
po(€4) %(61 — &3 — €3 — £4).

Formulas (6.10) imply that the action of p, on the vector space R* = X (T) @,
R =X(T}) @R = X(T) ®z R is given by the matrix

1 1 1 1
11T 1 -1 -1
211 -1 1 -1

-1 1 1 -1
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In view of (6.9) the action of p, is given by
-1 -1 1 1
1f1 -1 1 -1
21-1 -1 -1 -1
-1 1 1 -1

RA:

Recall from [Bou81] that the simple roots of Sping are
o] = €1 — €3, Qg =¢E9—¢€3, (3 =F¢E3— E4, and o4 = g3+ &4.

Let also a@ = ay + 2as + as + a4 be the highest root.

COROLLARY 6.11. The action of po on X(T') permutes the simple roots as
follows:
Po: Q1 = A3, Q3> 0y, 04+ Q1, Q3+ Q9.
The action of p, is given by
a1 ozt ag, g agt+ ey, g o)+ Qe Qo —Q.

Proof. This is readily verified by computation using the matrices R, and R, .
|

REMARK 6.12. Viewing the Weyl group W of Sping as the subgroup of the
real orthogonal group O4(R) generated by the reflections with respect to the
roots ai, aso, ag, ag, we conclude from the above discussion that the triali-
tarian automorphism pg (resp. pa) of W induced by ps (resp. p,) is given by
conjugation in O4(R) by the matrix R, (resp. R,). In particular the action p
induced by the graph automorphism p (see the introduction) is the same as ps.

7. TRIALITARIAN AUTOMORPHISMS OF PGOZ

In this section we show that every trialitarian automorphism of? PGO;Sr over
an algebraically closed field is conjugate to either p, or p,, which we call the
standard trialitarian automorphisms.

We denote by Aut(PGOZ OT) the subgroup of Aut(PGOg) consisting of
automorphisms which map the maximal split torus 7" introduced in Section 6
to itself. It follows from Theorem 3.6 that every trialitarian automorphism
of PGO‘S" is conjugate over a separable closure to an automorphism which
belongs to Aut(PGOgZ DT). Let Ny C GOZ be the normalizer of the torus Ty
(see (6.1)) and let N = Ny/ G,,, C PGOg . Let further

W = No/Ty = N/T

be the Weyl group of PGO4 . For a € Aut(PGOZ OT)(F), we have obviously
a(N) = N, hence « induces an automorphism @ € Aut(W) defined by

a(lg] - T)=a(lg]) - T for g € Np.
In particular, for g € No(F'), we have Int ([g]) € Aut(PGOZ DT)(F), and

Int ([g]) = Int(gTp).

9We could as well have discussed the case of Sping.
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By Proposition 3.9, g, and p, are outer automorphisms of order 3 of W.

PROPOSITION 7.1. Every outer automorphism of order 3 of W is conjugate in
Aut(W) to exactly one of ps or pay € Aut(W).

Proof. This is well-known; see for instance [KT10, Proposition 5.8] or [KT12,
Theorem 5.11]. O

PROPOSITION 7.2. Let F be an arbitrary field and ¢ € Aut(PGOg)(F) be
a trialitarian automorphism which admits an invariant maximal split torus
over F. Then ¢ is conjugate in Aut(PGOQ‘) to an automorphism [ €
Aut(PGOJ OT)(F) such that B = ps or pa.

Proof. Two maximal split tori in PGOS+ are conjugate over F'. Thus ¢ is
conjugate to a trialitarian automorphism 8 € Aut(PGOg DT)(F). Its image
B € Aut(W) is well defined and is also trialitarian. Note that N(F) — W is
surjective (because T is split) and therefore so is N(F) x &3 — Aut(W). By
Proposition 7.1, one can find g € N(F) x &3 C Aut(PGOY) such that

B =1Int(gT) o po oInt(gT)™"  or B =Int(¢7T) o psoInt(¢T)".

Let 5y = Int ([g])_1 o Bolnt([g]). Then f is conjugate to 3, and By = po
Or Pp. |

From now on we only consider automorphisms 3 € Aut(PGO{ OT)(F) such
that 8 = ps or pa.

PROPOSITION 7.3. Let 3 € Aut(PGOg OT)(F) be a trialitarian automor-
phism such that B = py. There exists an extension F = F(&,n) of F, with
&€ F* and n® € F*, such that 3 and p, are conjugate in Aut(PGOZ)(F).

Proof. Since B = 75, we have Bp,' = 1y, thus by Proposition 3.9 we have
B = Int ([\, p,t]) o ps for some (A, p,t) € To(F). Let t = Diag(ty, ta,t3).
In an algebraic closure of F, choose & such that ¢ = dett and 7 such that
n® = A"1utt3, and let F= F(&,n). Let also

u = Diag(ts, &%t;1,¢) € Diag3(ﬁ).
Consider [n, p=1én,u] € T(ﬁ) By Proposition 6.6 we have

1

paln, p~ e, u) = [(n'én*) P detu,n, 7 tun.

On the other hand,
[, 1 €n, ) - [, i, t] = [M, €n, ut],
and computation shows that
Epten ) Pdetu= My and &(n lur) = ut.
Therefore, we have

[, 1 en, ] - [\ t] - paln, p”én,u Tt =1 in PGOZ (F),
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hence, letting 7 = Int ([n, utem, u])7

7o (Int (A, i, t]) 0 pa) 077" = pa.
Since f = Int ([)\,,u,t]) o pa, this shows that S and p, are conjugate. |

We next consider the case where 3 = ps.

PROPOSITION 7.4. Let 8 € Aut(PGOZ DOT)(F) be such that B = ps and
B3 = 1. If F does not contain any w # 1 such that w3 = 1 (in particular if
F has characteristic 3), then f3 is conjugate in Aut(PGOY)(F) to p,. If F
contains an element w # 1 such that w3 = 1, then B is conjugate to p, or to p,.

Proof. As in Proposition 7.3, we may assume that 8 = Int ([A, s, t]) o po for
some (\, u,t) € T(F). Since 32 = 1, we must have

Int ([)\, 1 t] - pol A, s t] - /0<2>[)"M7t]) =

|
—

hence
I\, s t] - po N, i, t] - 2N, 1, t) = 1 in PGO{(F).
By Proposition 6.5, we have
[N\, 15 t] - pol X, i, t] - 2N, 11, t] = [det t, det t, t2].
Therefore, letting t = Diag(t1,t2,13), we see that the condition 3% = 1 implies
13 =13 =13 = tytots.
Let w = tgtfl. We then have w3 = 1 and t3 = w?#;, hence t = t;w where
w = Diag(1,w,w?). For u = Diag(\, i, 1), computations using Proposition 6.5
show that
[/’L7 tla u] ) [)\7 My t1W] : Po[lb t17 u]_l = [tla t17 th] = [17 17 W]
Therefore, letting o = Int ([11,¢1,u]) we have
(7.5) oo (Int ([, p, taw]) 0 po) oo™ ' =Int ([1,1,w]) o po.

If w =1, then w = 1, and (7.5) shows that § is conjugate to ps. If w # 1,
observe that (1,1, w) € Tp(F) acts on the quadratic space of Zorn matrices as
the automorphism st of (5.6): we have

1,1, w]®&=s,(€) foralléeC.

Therefore, for the Petersson twist ¥ = o, we have Int ([1,1,w]) o p, = py by
Proposition 4.9(ii), and (7.5) shows that § is conjugate to py. But we saw in
Lemma 5.12 that ¥ is isomorphic to A, hence by Lemma 4.7 the trialitarian
automorphisms py and p, are conjugate. Therefore, g is conjugate to p,. O

We get to the main result:

THEOREM 7.6. Let n be a 3-Pfister form over a field I, let G be either
PGO™(n) or Spin(n) and let ¢ € Aut(G)(F) be any trialitarian automor-

phism. There is a finite field extension F' of F splitting G and such that ¢

is conjugate over F to one of the two standard trialitarian automorphisms of
PGOj or Sping.
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Proof. After enlarging F to split G, the claim follows from Proposi-
tions 7.2, 7.3, 7.4 and Theorem 3.6. O

Thus there are two types of trialitarian automorphisms of PGO™(n) or
Spin(n). We call those conjugate over a field extension of F to p, of octo-
nion type and the others of Okubo type. Using the correspondence between
trialitarian automorphisms and symmetric compositions in Theorem 4.8, we
readily derive the classification of 8-dimensional symmetric composition alge-
bras, first established by Petersson [Pet69, Satz 2.7] over fields of characteristic
different from 2 and 3, and by Elduque-Pérez [EP96] over arbitrary fields:

THEOREM 7.7. (i) Let F be an algebraically closed field. The para-Zorn al-
gebra (C,o,n) and the split Okubo algebra (C, A,n) are non-isomorphic
symmetric composition algebras.

(ii) For every 8-dimensional symmetric composition algebra (S,*,n) over
an arbitrary field F there is a finite field extension F of F such that
(S, %,m) @p F is either isomorphic to the para-Zorn algebra or to the
split Okubo algebra over F.

It follows from Theorem 7.7 that symmetric composition algebras of dimen-
sion 8 over an arbitrary base field can be divided into two types, according
to their isomorphism class over an algebraic closure. Those that after scalar
extension are isomorphic to the para-Zorn algebra are the para-octonion alge-
bras defined after Lemma 5.4, as shown in [KMRT98, (34.7)]. Those that after
scalar extension are isomorphic to the split Okubo algebra are called Okubo
algebras.

COROLLARY 7.8. Symmetric composition algebras of dimension 8 are either
para-octonion algebras or Okubo algebras.

8. AUTOMORPHISMS OF SYMMETRIC COMPOSITIONS

Let (S, *,n) be a symmetric composition algebra of dimension 8 with associated
trialitarian automorphism p,. We let Aut(x) or Aut(S,*,n) denote the F-
algebraic group of automorphisms of *, whose group of F-rational points Aut(x)
consists of the automorphisms f: x — x. This group is related to p, as follows:

PROPOSITION 8.1. The canonical map GO™(n) — PGO™(n) induces an iso-
morphism from Aut(x) to the subgroup PGO™ (n)?* of PGO™ (n) fized under
the trialitarian automorphism py.

Proof. See [CKT12, Theorem 6.6]. O

In view of Theorem 7.6 we have two types of subgroups fixed under trialitar-
ian automorphisms, those which are automorphism groups of para-octonions
algebras and those which are automorphism groups of Okubo algebras.

We next determine the type of the algebraic group Aut(x), and show that this
group determines the composition x up to isomorphism or anti-isomorphism.
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TYPE I: PARA-OCTONION ALGEBRAS. Let (C,-,n) be an octonion algebra over
an arbitrary field F', and let ¢ be the corresponding para-octonion multiplica-
tion on (C,n) (see Lemma 5.4).

THEOREM 8.2. We have Aut(c) = Aut(-) in GO(n). The group of automor-
phisms of any para-octonion algebra is an algebraic group of type Gs.

Proof. The equality Aut(¢) = Aut(-) is proved in [KMRT98, (34.4)]. Since
algebraic groups of type Gg are the automorphism groups of octonion algebras
(see [SV0O, §2.3]), the theorem follows. O

We next collect related known results in the next propositions. Sketches of
proofs are given for completeness.

PROPOSITION 8.3. Let (C,-,n) and (C',”,n’) be octonion algebras, and let ©
resp. ' be the corresponding para-octonion multiplications. The following prop-
erties are equivalent:

(i) (C,-,n) and (C',',n’) are isomorphic.
(ii) (C,o,n) and (C',o',n') are isomorphic.
(iii) The norms n and n’ are isometric.
(v
(vi) The algebraic groups PGO™(n) and PGO™ (n') are isomorphic.

)
)
)

(iv) The algebraic groups Aut(-) and Aut(-") are isomorphic.
) The algebraic groups Aut(o) and Aut(o’) are isomorphic.
)

Proof. The equivalence of (i) and (ii) is proved in [KMRT98, (34.4)] and the
equivalence of (i) and (iii) is for example in [KMRT98, (33.19)] or [SV00, §1.7].
Claims (i) = (iv), (ii) = (v), and (iii) = (vi) are clear, and the equivalence
of (iv) and (v) is Theorem 8.2. If Aut(-) — Aut(), then Aut(-)(F) =
Aut()(F) and (i) follows by [vdBS59, (2.3)]. The implication (iv) = (i)
can also be obtained by a cohomological argument. Let G = Aut(-) and let
G' = Aut(-'). Forms of (C,-,n) are classified by H'(F,G) and forms of G by
H'(F, Aut(G)), for étale or fppf-cohomology. The algebra (C’,',n’), being a
form of (C,-,n), gives a cohomology class [(] € H!(F,G) and G’ is the twisted
group ¢G. If G’ =5 G, then the image of ¢ in H'(F, Aut(G)) under the map
H'(F,G) — H'(F,Aut(G)) induced by inner conjugation ¢: G — Aut(G) is
trivial. However the map ¢ is an isomorphism for groups of type Gz. Thus [¢]
is trivial and (C,-,n) = (C’,-,n’). The implication (vi) = (iii) can also be
obtained by a similar cohomological argument. Namely, let [¢] € H!(F, Aut(-))
correspond to (C’,-',n’) and assume that its image in H'(F, Aut(PGO™(n)))
is trivial. First we recall that Aut(-) is a subgroup of GO™(n) and that similar
Pfister forms are isomorphic. Thus it suffices to consider the norm forms n
and n' up to similarity and we are reduced to show that the image of [¢] in
HY(F,GO"(n)) is trivial. We next remark that the map H'(F,GO™(n)) —

H'(F,PGO™(n)) induced by the projection has trivial kernel. This follows
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from the fact that in the exact sequence
HY(F,Gy) —» H'(F,GO™(n)) - H'(F,PGO™(n))

induced by

1—- G, — GO (n) - PGO'(n) =1,
the set H'(F,G,,) is trivial by Hilbert 90. Let H = PGO™'(n). It re-
mains to verify that H'(F,H) — H'(F,Aut(H)) has trivial kernel. Since
Aut(H)(F) = (H x 63)(F) — 63(F) = &3 is surjective this follows from the
cohomology sequence

(H x 83)(F) = &3(F) - H'(F,H) — H'(F, Aut(H))
induced by the exact sequence
1 —-PGO"(n) - PGOT(n) x 63 — &3 — 1.
Thus, the composition
H'(F,Aut(-)) - H'(F,GO"(n)) » H'(F, PGO™(n))
— H'(F,Aut (PGO*(n)))
has trivial kernel and we are done. |

TypPE II: OKUBO ALGEBRAS. Here we have to treat separately fields of char-
acteristic not 3 and fields of characteristic 3.

TYPE IIA: OKUBO ALGEBRAS IN CHARACTERISTIC DIFFERENT FROM 3.

PROPOSITION 8.4. Let F be a field of characteristic different from 3.

(i) The group of automorphisms of an Okubo algebra over a field F of
characteristic different from 3 is an algebraic group of inner type 'Aq
if F contains a primitive cube root of unity w and of outer type A, if
F does not contain w. In the latter case it becomes a group of inner
type over F(w).

(ii) Two Okubo algebras (S,*,n) and (S’,x",n’) over a field F of character-
istic not 3 are isomorphic or anti-isomorphic if and only if their groups
of automorphisms Aut(x) and Aut(x’') are isomorphic.

Proof. (i) Okubo algebras over a field F' of characteristic not 3 are in functorial
bijective correspondence with central simple algebras over F' of degree 3 if F’
contains a primitive cube root of unity w and with central simple algebras of
degree 3 with unitary involution over F'(w)/F if F' does not contain w (see
[EM93] or [KMRT98, (34.23), (34.35)]). In particular they have isomorphic
groups of automorphisms.

(ii) In view of (i), the claim follows from the corresponding fact for central
simple algebras, which is certainly known. However, since the only reference
we could find was at the level of Lie algebras ( [Jac79, Chap. X, §4]), we give
here a cohomological proof in the spirit of the proof of Proposition 8.3.
Assume that F' contains a cube root of unity. Let A and A’ be central simple
F-algebras of degree 3 and let G = Aut(4), G’ = Aut(A’). First assume that
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A is split, so that G = PGL3 and Aut(G) = G x &,. Let [¢] € HY(F,G) be a
cocycle defining (S’,%',n’) or equivalently A’. If G’ = G, the image of [¢] in
H'(F, Aut(G)) is trivial. From the exact sequence

G(F) — Aut(G)(F) 3 &, % H'(F,G) — H'(F, Aut(G))

we conclude that [£] lies in the image of v. But A is surjective because we are
in the split case, hence [(] = 1 and A’ = A. If A is not split, A is not surjective
and the kernel of H!(F,G) — H*(F, Aut(G)) consists of two elements. Thus
we have exactly two choices for [¢], resp. for the algebra A’. On the other
hand we have two candidates, the algebra A and the opposite algebra A°P.
Obviously A and A°P have the same group of automorphisms and they are not
isomorphic: if A = A°P, the class of A in the Brauer group of F would have
order smaller than or equal to 2. But since A is of degree 3 and is not split,
its Brauer class has order 3. A similar argument can be given if F' does not
contain a cube root of unity. O

TypPE IIB: OKUBO ALGEBRAS IN CHARACTERISTIC 3. The algebraic group of
automorphisms of the split Okubo algebra in characteristic 3 is more intricate
than in characteristic different from 3. In particular the group is not smooth.
Its set of F-points was computed in [Eld99, Theorem 7], see also [Tit59, §10]
and [GL83, (9.1)] for the computation of fixed F-points under triality. The
next sections are devoted to the computation of this algebraic group of auto-
morphisms.

REMARK 8.5. We conclude this section by verifying that the graph automor-
phism p and the trialitarian automorphism p, defined through the para-Zorn
algebra (C,o,n) are conjugate in Aut(PGO4 )(F). We know already that the
induced actions on the Weyl group are conjugate (see Remark 6.12). Thus,
by Proposition 7.4 p is conjugate to p, or to p,, the automorphism associ-
ated to the split Okubo algebra. Since the subgroup fixed by p is of type Go,
while the fixed subgroup of p, is a simple group of type A, if characteristic
# 3 (Proposition 8.4), or not smooth if the characteristic is 3 (Section 10), we
obtain that p is conjugate to ps.

9. IDEMPOTENTS IN COMPOSITION ALGEBRAS OF CHARACTERISTIC 3

For simplicity we assume throughout this section that the base field F' has char-
acteristic 3, even if some of the results hold for arbitrary fields. Let (H,-,n)
be a Hurwitz algebra and let (H, ¢, n) be the associated para-Hurwitz symmet-
ric composition (see Lemma 5.4). The identity element of (H,-) also plays a
special role for the associated para-Hurwitz algebra. It is an idempotent (i.e.,
101 =1) and satisfies 1 oz =z o1 = —x for x € H such that b,(1,z) = 0.

DEFINITION 9.1. An idempotent e of a symmetric composition (S, *,n) is called
a para-unit if exx = x xe = —x for € S such that b, (e,x) = 0.

We recall that a symmetric composition is para-Hurwitz if and only if it admits
a para-unit (see [KMRT98, (34.8)]).
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Let now (S, *,n) be an Okubo algebra.

DEFINITION 9.2. We say that an idempotent e of (S,*,n) is quaternionic if e
is the para-unit of a para-quaternion subalgebra of (S,*,n). We say that an
idempotent e of (S,*,n) is quadratic if e is not quaternionic, and e is the
para-unit of a para-quadratic subalgebra of (.S, *,n).

We give examples of such elements in the split Okubo algebra (C,A,n), as
described in (5.5) using Zorn matrices:

LEMMA 9.3. (i) The Zorn matriz e = (% (1) is a quadratic idempotent.
(i) The Zorn matriz é = ((1 } 1) _(1’11’ 1)) is a quaternionic idempo-

tent.

Proof. (i) The element e is the para-unit of the para-quadratic subalgebra

Q_{(% 2>|0¢,56F}.

Moreover e cannot be the para-unit of any para-quaternion subalgebra, as
this would imply that this subalgebra (with nondegenerate norm!) would be
contained in the centralizer of e. But the centralizer Cent (¢, ) (e) = {z € C |
x Ae=e Az} of eis the set of Zorn matrices

({5 ©5) mseser)

and the restriction of the norm to this centralizer is degenerate.
(ii) In the same vein, é is an idempotent and the set of Zorn matrices

{07 10mzer]

is a para-quaternion subalgebra with para-unit é. O

We next give another construction of an Okubo algebra with a quaternionic
idempotent:

EXAMPLE 9.4. Let @Q = Mato(F') be the split quaternion algebra (multiplica-
tion denoted by juxtaposition) with conjugation:

a by [(d -=b
¢c d) \—-c¢ a)’
The split octonion algebra can be constructed through the Cayley-Dickson

doubling process as C' = @ @ Qu, with multiplication, conjugation and norm
given by

(@ +bv) - (c+ dv) = (ac + db) + (da + be)v,
(9.5) a+bv=a-— b,
n(a + bv) = det(a) — det(b).
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The element w = (} }) satisfies (w —1)? =0, ww =1, w = w? = -1 — w, and
the map
(9.6) Y:a+bv—a+ (wbv, a,beqQ

is an order 3 automorphism of (C,-). Let x = -y be the associated Petersson
twist, i.e.,

(9.7) rxy =9(T) - 9*(7) for z, y € C.

Obviously, e = 1 is an idempotent of the symmetric composition (C,*,n), and
(Q,*,n) is a para-quaternion subalgebra, since the restriction of ¥ to @ is the
identity, with para-unit e. Thus e is also quaternionic.

LEMMA 9.8. The symmetric composition algebra (C,*,mn) is an Okubo algebra.

Proof. In view of Corollary 7.8 it suffices to show that (C,*,n) is not a para-
octonion algebra. The decomposition C' = Q@ Qu is a Zy-grading of both (C, )
and (C,x). Hence the commutative center

KCx)={zeClaxy=yx*z, YyecC}

is graded: K(C,x) = (K(C,x) N Q) @ (K(C,*) N Qu). If (C,*,n) were a
para-octonion algebra, its commutative center would be one-dimensional and
spanned by a nonzero idempotent. Hence we would have K (C,x) = K(C,x)NQ,
and this is contained in the commutative center of the para-quaternion algebra
(Q,*), which is Fe. But e xv = —w?v while v x e = —ww. |

PROPOSITION 9.9. If an Okubo algebra (S, *,ng) admits a quaternionic idem-
potent f, there is an isomorphism ¢: (S, *,ng) — (C,x,n) such that p(f) = e.
In particular (C,*,m) is isomorphic to the split Okubo algebra and the unique
Okubo algebra that contains a quaternionic idempotent is, up to isomorphism,
the split Okubo algebra.

Proof. For the new multiplication

zoy=(frx)*(yxf),
(S,-,ng) is a Cayley algebra with unity f, the map
Os(x) = (f*(f*x) =ns(fra)f —x* f

is an automorphism of (.5,-) and of (5, %), of order 3, such that * = -y is the
twist with respect to g (see [KMRT98, (34.9)]). Let P be a para-quaternion
subalgebra of (5, *) with para-unit f. Then the restriction of ¥g to P is the
identity. Let z € P+ with ng(z) #0,s0 P* = P-z. Then S = P® P - z and
VYs(z) = u - 2z for some u € P. But then u3 =1, s0 (u—1)% =0 # u — 1.
We conclude that (P,-) is the split quaternion algebra. Then z can be taken
with ng(z) = —1. Moreover, there is an isomorphism (P,-) — Maty(F') that
takes u to the element w in Example 9.4, and this isomorphism extends to a
unique isomorphism ¢: (S,-) = (C, ) such that ¢(z) = v. Obviously p(f) =e
and ¢ivg = Yp. This last condition implies that ¢ is also an isomorphism
(S,%,ng) — (C,*,n). Moreover, since the split Okubo algebra contains a
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quaternionic idempotent (see Lemma 9.3), there is a unique Okubo algebra up
to isomorphism containing quaternionic idempotents. (]

Our aim now is to prove that the quaternionic idempotent in the split Okubo
algebra is unique. The Okubo algebra (C,*,n) in Example 9.4 is isomorphic to
the split Okubo algebra, since it contains a quaternionic idempotent. Thus we
may use it as a model of the split Okubo algebra. We keep the notation used
in Example 9.4. The subalgebra of (C,x) of elements fixed under the order 3
automorphism 9 is Q @ [v, where = {a € Q |wa=a}={a € Q| (w—1)a =
0} = (w — 1)Q, because (w —1)? = 0. (Note that it is clear that (w — 1)@ is
contained in the subspace of elements of @) annihilated by (w — 1), the equality
holds since both subspaces are proper right ideals of (), and hence both of them
have dimension 2.) Therefore, the centralizer of e in (C,,n) is

Cent(cyny(e) ={r € Clexz=xxe}

={z e C|9*(@) =9@)}

={zreC|Id(x) =2}

=Q® v,
and it is a six-dimensional subalgebra of both (C,-) and (C,«). Note also that
Iv = {z € Cent(cun)(€) | by(z, Cent(c . n)(e)) = 0} is precisely the radical of
Cent (¢ 4,n)(€) relative to the polar form of the norm, and (Iv) * (Iv) = I =
Q(w —1)?Q = 0, so Iv is a nilpotent ideal of (Centc 4 ,)(€),*). Since (Q,*)
is simple, v is the largest nilpotent ideal of (Cent(c . n)(e),*).
Let Z = Cent (¢, n)(e) and let K(Z,%) ={z € Z |rxy=y*z, Yy € Z}.
LEmMMA 9.11. (i) K(Z,x) = Fe.

(ii) Any subalgebra of (Z,%) of dimension > 4 contains e.
Proof. Clearly e belongs to K(Z,x). Also (Z,*) is Za-graded, so
K(Z,*) = (K(Z,*)NQ)® (K(Z,%)NIv).

Since (Q,*) is a para-quaternion algebra, its commutative center is spanned
by e, which is its para-unit. On the other hand, for any a € @ and b € I,
a* (bv) = —a- (bv) = —(ba)v, while (bv) xa = —(bv) - @ = —(ba)v. Hence, if bv
is in K(Z,*), then ba = ba for any a € @, so b(a — @) = 0 for any a € @, and
b = 0 since we may find elements a € Q with n(a —a) # 0.
For the second part, let Zy = {x € Z | by(e,z) =0},80 Z = Fe® Zy. f T'is a

subalgebra of (Z,x) and e ¢ T, then the projection 7: T' — Z; is one-to-one,

and hence for any x € 7(T) there is a unique « € F such that ce+z € T. But
(ae +2)*? = (e — 2)% = e — 2azx + 2% = aae + z) — n(z)e, so n(z)e € T
for any « € w(T). Since we are assuming e ¢ T, 7(T) consists of isotropic
vectors and hence dim 7" = dim7(7") < 3, because dim Zy = 5 and the rank of

the restriction of n to Zj is 3. O

(9.10)

COROLLARY 9.12. If f is a quaternionic idempotent of the split Okubo algebra
(C,*,m), then [ € Z.
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Proof. We know by Proposition 9.9 and by formulas (9.10) that Z =
Cent (¢ n)(e) and Cent(c . n)(f) are six-dimensional subalgebras. Hence
Cent (¢, n)(f) N Z has dimension at least 4, so it contains e by Lemma 9.11.
Hence e lies in Cent(c . n)(f), ex f = fxe, and this is equivalent to f € Z. O

THEOREM 9.13. The split Okubo algebra contains a unique quaternionic idem-
potent.

Proof. By Corollary 9.12 it suffices to study the nonzero idempotents in the
subalgebra Z of the split Okubo algebra (C,x,n). For a € Q and b € I =
(w—1)Q, we have

(a+b0)*? = (@—bv)? = by(a,1)(@—bv) —n(@—bw)l = b,(a,1)(@—bv) —n(a)l,

and this is an idempotent if and only if

(9.14) a=by(a,1)a—n(a)l, b= —by(a,l)b.
Hence a = by,(a,1)(by(a,1)1 — a) — n(a)l, or
(9.15) (14 bn(a,1))a = (by(a,1)* — n(a))1l.

Now, if b,(a,1) # —1 we conclude from (9.14) that « € F1 and b = 0, so
a=1=e.

On the other hand, if by, (a, 1) = —1, then we conclude from (9.15) that n(a) =1
and hence (@ — 1)? = 0. Then we assume from now on that (a — 1)? = 0.

If b =0, then either a = 1 = e, or a is conjugate in @ to w = (}1). In this last
case, for z,y € @), x + yv is in the centralizer of ¢ if and only if so are z and
yv, but £ xa = a*z if and only if Ta = @, if and only if ax = xa, if and only
if z € F1+ Fa. And (yv)-a = a- (yv) if and only if —((wy)v)a = —a((w?y)v),
if and only if wya = w?ya. Since @ = a® = @', this is equivalent to ya? = wy.
But this equation does not hold for all ¥y € @, and hence the dimension of
Cent(c’*yn)(a) is not 6, and a is not a quaternionic idempotent.

If b # 0, we compute again Cent (¢, »)(a + bv). For z, y € Q,

(z 4+ yv) * (a+bv) = (T — (wy)v) - (@— bv)
= ((za+ bwy) — (bT + wya)v,
(a4 bv)* (z +yv) = (@— ) - (T — (wy)v)
= (@7 + w2yb) — (ba + wya)v.
Hence, x + yv is in Cent(c . »)(a + bv) if and only if
Ta+bwy =azx + ywb and bT 4+ wya = bz + w?ya.
But wb = b, because a + bv € Z, so bw = w2b = b. Thus, this is equivalent to
(9.16) Ta+by=az+7yb and  bT + wya = bz + w ya.

If a = 1, this gives by = b, so by € F1. But n(b) = 0, so by = 0, or y € bQ.
Note that I is a minimal right ideal of @, so bQ = I and y € I. Hence the
centralizer of a + bv is contained in @ + Iv. But then wy = y and we obtain
bT = bx, or b(x —T) = 0. We conclude that @ is not contained in the centralizer
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of a + bv, so dim Cent ¢, ,,)(a + bv) is not 6 and a + bv is not a quaternionic
idempotent.

Finally, if @ # 1 and we take y € bQ = I, we have as before by = 0 = yb, soTa =
az, and hence x € F1+Fa. If a+bv were a quaternionic element, the dimension
of Cent (¢ 4 n)(a+ bv) would be 6, and hence the dimension of Cent( ,(a + bv)
would be at least 4. Therefore we would have Cent,z ,)(a+bv) = (F14+Fa)+1v.
But for y € I, yv € Cent(z ,)(a+bv) if and only if ya = ya because of (9.16), if
and only if y(a—1) = 0. We conclude that I(a—1) =0, or (w—1)Q(a—1) =0,
and this is impossible since @ is simple (and hence prime). O

For any Okubo algebra (S, *,n), the cube form g(z) = b, (z, z x ) plays a key
role (see [EP96, §5], [KMRT98, (36.11)]).

LEMMA 9.17 (see [E1d97]). Let (S,*,n) be an Okubo algebra. Then:
(i) The cubic form g is semilinear, i.e. glax +y) = ag(x) + g(y) for any
a€F andz,yeS.

(ii) For any x € S, we have g(z*?) = g(z)? + n(z)3.

(ili) The set F3+g(S) is a subfield of F (a purely inseparable field extension

of F3 of exponent 1).

(iv) The quadratic form n is isotropic (and hence its Witt index is 4).
THEOREM 9.18. Let (C,A,n) be the split Okubo algebra represented by Zorn
matrices (see §5), over an algebraically closed field F. Consider the subset

O={zeC|n(x)=0,g(x)=1}.
Then:
(i) The set O is an irreducible closed subset of C in the Zariski topology.

(ii) For any x € O, e = x + a A x is an idempotent of (C,A,n) which is

either quadratic or quaternionic.

(iii) The subset Og = {x € O | x +x A x is a quadratic idempotent} coin-

cides with the orbit of e; under the automorphism group of (C,A,n).

(iv) For any x € Og and any y € C such that x Ay =0, by(z,y) =0 and

g(y) =1, there is an automorphism ¢ of (C, A,n) such that p(e1) =
and p(u1) = y.
(v) The subset Og is a nonempty open subset of O, and the subset O =

{z € O|z+ 2z A xis a quaternionic idempotent} is a closed subset of

0.

Proof. (i) Let e; and f; be as in (5.3). Note first that e; belongs to O, as
e1 Aep = f1 and g(er) = by(e1, f1) = 1. Since the cubic form g is semilinear
(Lemma 9.17), the subset {x € C' | g(x) = 1} coincides with the set e; + {z €
C'| g(x) = 0}, which is isomorphic to an affine space of dimension 7. It follows
that O is a quadric in this affine space, and one easily checks that this quadric
is irreducible.
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(ii) For any 2 € O, z A (z A x) = n(z)x = 0, while
(xorz)A(zarx)+(zhrx)rz)dhe=by(z,z Ax)x

(see 4.3), 80 (x A ) A (x A x) =x. Hence e = . +x A x is an idempotent, the
para-unit of the para-quadratic subalgebra spanned by z and « A x. Thus e is
either quadratic or quaternionic.

(iii) Note that e; € Op as e = e; +e1 A e; = e1 + f1 is a quadratic idempotent
(Lemma 9.3). Recall that the Hurwitz product - is recovered as

z-y=(ebz)A(yAe).
For any z € Op, let f =z + 2z A z, and consider the new multiplication on C:

wzoy=(faz)s(yasf)

Then (C,o,n) is a Cayley algebra with identity element f and the map J(x) =
fa(faozx)=>b(f,x)f —x A fis an automorphism of (C,o,n) of order 3.
Besides, # A y = 9(Z) o ¥23(y), where T = b,(f,z) — x for any x, so the
Okubo algebra (C, A, n) is the twist (C,o,n)y of (C,0,n) by ¢ (see [KMRT9S8,
(34.9)]). The automorphism o fixes the elements z and z A z of (C,0,n), and
hence the subalgebra K = span{z,z A z} of (C,o,n). Moreover, ¥(z) = x if
and only if b,(f,z)f —x A f = x, and this implies f A = = b,(f,2) — f A
(x A f) = by(f,x)f —ax = x A f. Conversely, if f Az = x A f, then
dx)=fo(fox)=fA(xd f)=n(f)x ==z, so the subalgebra of (C,0,n)
of the elements fixed by ¥ coincides with the centralizer of f in (C,A,n).
Besides, 9% = 1d, so (¥ —1d)® = 0. If (¢ — Id)? were 0, then there would exist
an element x orthogonal to K such that ¥(z) = x and n(z) # 0, but then the
subalgebra K & K oz would be a para-quaternion subalgebra with para-unit f,
a contradiction with f being quadratic. Hence the restriction of ¥ to K* has
minimal polynomial (X —1)? and the arguments in [EP96, proof of Proposition
1.1] show that there exists an isomorphism ¢: (C,-,n) — (C,o,n) such that
w(e1) = z, (f1) = z A z and such that ps, = J¢ (recall that (C, A,n) is the
twist (C,o,n)s, ). Therefore ¢ is an automorphism of (C, A,n) and ¢(e1) = z.
(iv) Note that 0 =y A (z A y) = n(y)z, so n(y) = 0. Also,

bp(z A xyy) = =bp(z,x Ay) =0, bylz,ydy)=by(zAy,y =0
and

bn(z 8@,y B y) =bn(y,y & (x4 ) =bn(y, —bu(z,y)z+2 4 (xAy)) =0.

Therefore the subalgebras span{z,x A z} and span{y,y A y} are orthogonal
and the result follows now from [E1d09, Theorem 3.12].

(v) As Cent(c,a,ny(e1 +e1 A e1) = span {e1, f1,u1 + ug + uz, v1 + vo + v}, we
have that Cent(c ) (2 +2 A z) has dimension 4 for any 2 € Op. On the other
hand, for any x € O1, x + = A x is the unique quaternionic idempotent, whose
centralizer has dimension 6. Since for any z, Cent(c, s n)(7) = ker(ly — 74),
where [, and r, denote the left and right multiplication by z in (C, A,n), we
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obtain:
OO = {l‘ € 0 | rank<la:+wAw - Ta:+zAz) - 4}

={z € O|rank(lysznz — Totanz) > 2},
and this is open in O. g

COROLLARY 9.19. Let (C,A,n) be the Okubo algebra with the multiplication
table (5.11) over an algebraically closed field F', and let A € F' be nonzero. The
subset

O*={zxeC|n(x)=0, g(z) = \}
is an irreducible closed subset of C, and its subset O = {x € O | A3z € O}
is a nonempty open subset of OX.

Given an Okubo algebra (S,*,n) over a field F and a field extension K/F,
denote by O(K) the subset {z € S®p K | n(z) =0, g(z) = 1} (the extensions
of n and g to S ®F K are denoted by the same letters). The same applies to
OMNK). For any field F, let F denote an algebraic closure of F.

COROLLARY 9.20. Let (S, %,n) be an Okubo algebra over an infinite field F' and
let 0 # X € F. If the set ONF) is not empty, then it is a closed irreducible
subset of S and its subset Oy (F) := O F)NO} (F) is a nonempty open subset.

10. AUTOMORPHISMS OF THE SPLIT OKUBO ALGEBRA

The rational points of the groups of automorphisms of Okubo algebras over
fields of characteristic 3 have been computed in [E1d99], by relating the Okubo
algebras with some noncommutative Jordan algebras. In this section the exis-
tence of a unique quaternionic idempotent in the split Okubo algebra will be
used to compute its group of automorphisms inside the group of automorphisms
of the split Cayley algebra. We systematically assume that the base field F' has
characteristic 3. As in Example 9.4, consider the split Cayley algebra (C, -, n),
with C' = Q ® Qu, and the order 3 automorphism ¥ in (9.6) such that its re-
striction to @ is the identity and ¥(v) = wv with 1 # w € @ such that w3 = 1.
The Petersson twist x = -y is the split Okubo algebra multiplication.

PROPOSITION 10.1. Aut(C,x,n)(F) = {¢ € Aut(C,-,n)(F) | Y9 = 9¢}.

Proof. Obviously, any automorphism of (C,-,n) commuting with ¢ is an au-
tomorphism of (C,x,n). Conversely, if ¥ is an automorphism of (C,x,n),
then 1¢(e) = e, because e is the unique quaternionic idempotent, and since
Y(z) = ex (e xx) for any x € C, we conclude that ¢ commutes with 9. O

It is no longer true that the quaternionic idempotent e of (C,,n) is fixed by
all automorphisms of the extension (C ® g R, *,n), for any unital commutative
associative algebra R. However, the automorphisms that fix e®1g coincide with
the automorphisms of (C ®r R, -,n) that commute with ¢ (more precisely with
the automorphism ¢ ® Id). Denote by H the centralizer of the automorphism
¥ in the group scheme of automorphisms Aut(C,-,n). Alternatively, H is the
stabilizer of e (or of Fe). By (9.10) any ¢ € H(R) leaves v ® ¢ R invariant,
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since Iv is the radical of the restriction of the norm to the subalgebra of fixed
elements by 1. Therefore there is a morphism

(10.2) ¢: H— GL(I),

that takes any automorphism ¢ € Aut ((C@FR, *, n)) commuting with Y®Id to
the linear automorphism ®(p) = f of I®F R defined by ¢(av) = f(z)v, for any
x € I @p R. Given any element a € SLy(R) there is a unique automorphism
Yo of (C ®p R,-) such that 1, (z) = aza™! and ,(zv) = (ra™1)v for = €
Q ®r R = Mats(R). This automorphism commutes with ¢. Thus we get a
closed embedding of SLy into H. Denote by S its image. Moreover, GL(I)
will be identified with GLg3, with a € GLy(R) = (Q ®F R)* being identified
with the map zv — (ra~!)v. With these identifications we get the following
result:

THEOREM 10.3. (i) ®(H) = SLo,
(ii) H is the semidirect product of ker ® and S.

Proof. As in the proof of Theorem 9.13, we may assume w = (}1). Hence
I = (w—1)Q is the right ideal of 2 x 2 matrices with trivial second row. Let
J be the right ideal of 2 x 2 matrices with trivial first row, so Q@ = I & J.
For simplicity, given a unital commutative associative algebra R, we write
Qr = Q ®r R and similarly I, Jr. Take ¢ € H(R) and let a € GLy(R)
be its image under ®, so p(xv) = (ra~!)v for any x € I. For z € Qpg,
o(x) = wo(z) + o(x)v for R-linear maps ¢o: Qr — Qg and o: Qr — Ig.
Then, for x € Qr and y € Iy,

- (yv)) = SO((y:L')v) = (yza=')v,
o(z-(yv)) {So(m) “o(yv) = (po(@) + o(@)v) - (ya=)0) = (ya~po(x))v,

s (Iv)> = 0. Thus y(za™' —atpe(z)) = 0 for any = € Qg, y € Ig, so
vo(z) = aza=!. Now, for x € Jg, p(zv) = u(z)v + v(z) + §(z)v for some
R-linear maps pu: Jg — Jr, v: Jg — Qr and §: Jg — Ir. Hence, with 9 as
n (9.6), we have

= p((wz)v) = p(zv) + o(((w - ) )
= p(@)o +v(r) + ( () +(
=9 (pu(z)v + v(z) + 6(z)v)
= (wp(z ))U+V( ) +6(x)v
= p(@)v +v(z) + ((w = Dp(z) + §(z))v.

We get (w—1)za™! = (w—1)u(z), so u(z)—ra=! lies in Jp and it is annihilated
by (w — 1), and hence lies in I. Thus p(z) = za=?! for any x € Jg.
But ¢ is an isometry of the norm too, so for any x € Jg and y € Ig,

bn(2,y) = =bn(zv, yv) = —by (0(2v), p(yv))
= —bn((za™ v, (ya™ ) = bu(za™" ya™) = n(a™ )b (2, y),

w — 1)1},
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and we conclude that det(a) = n(a) = 1. This proves (i). Finally, the assign-
ment a — 1, gives a section of the epimorphism ®¢: H — SLs. (]

We next compute the group ker ®.

LEMMA 10.4. Let (C,-,n) be the Zorn algebra as in §5. Let R be a unital com-
mutative associative algebra over F' and let W be a free R-submodule of CRp R
of rank 3 with n(W) = 0 = b,(W,1) and 1 € b,(W,W2). Let {wy,ws, w3}
be a basis of W with b, (wy,ws - w3) = 1. Let {e1, f1,u1,us, us, v1,v2,v3}
be the canonical basis of C. Then there is a unique automorphism ¢ €
Aut(C ®F R, -,n) such that p(u;) = w;, fori=1, 2, 3.

Proof. The uniqueness follows from the fact that uy, ug, us generate (C, -). Con-
sider the trilinear form given by A(z,y,2) = by(z,y - z). For any =z € W,
n(xz) = 0 = b,(z,1), so 22 = 0, and hence v -y = —y - x for any x, y € W.
Moreover, for all z, y € W,

Az, z,y) = bp(x,2 - y) = n(x)by(1,y) =0,
A(if,y,y) = bn(xay2) = Oa

so A is alternating on W. In particular, we have A(z,y,z) = Ay, z,z) =
A(z,z,y) for any z,y,z € W.

Let W be the linear span (over R) of wy - w3, ws-w; and wy -wsy. Taking indices
modulo 3 we get n(w; - w;4+1) = 0 and

b (Wi - Wig1, Wit - Wiya) = —bp(Wig1 - Wi, Wig1 - Wig2)
= —n(Wi1)bn (Wi, wiv2) =0,
so W is isotropic. Also, b (w; - wit1,1) = —bp (w;, wiy1) = 0. Moreover
b (Wi, Wit - wite) = Aw;, Wiy, wire) = 1,
while
by (Wi, w; - wir1) = n(w;)bn (1, wit1) = 0 = by (w4, Wiga - w;).

Therefore, W and W are paired by the polar form of the norm.
Now, since we have - (y - 2) +y-(x-2)=(x-y+y-x)- 2z, we get

wl'(w2‘w3) :*wz'(wl’ws) :wz‘(’w3'w1) :w3~(w1ow3),

and also
(wl °’LU2) W3z = (U}Q 'wg) W = (w3 'U)l) - Wa.

But

wy - (we - ws) + (we - w3) - w1 = —by (w1, ws - w3)l = —1.
As n(w1 (wy - wg)) =0 and bn(wl - (wg - w3), 1) = —b, (w2 ~w3,Aw1) =—1,1it
turns out that é; = —wy - (we - w3) is an idempotent, and so is f1 =1 —¢é; =

—(’LUQ . w3) Wi Then

w;i - 61 = w; - (i - (i1 - wig1)) = w;* - (i1 - wiya) =0,
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and we get fl -w; = 0 in a similar vein. Also é; - (w; - w;41) = 0= (w; 'wi+1)'f17
and it follows easily that {é1, f1, w1, wa, w3, wq - w3, ws - w1, wy -we} is a basis of
C®p R with the same multiplication table as for the canonical basis over F'. [

Consider now an automorphism ¢ € Aut(C ®p R,-,n) that commutes with o
and which belongs to ker @, that is, ¢ fixes the elements in Irv. Then for
any « € Qg, x is fixed by ¥, and hence so is ¢(z). Thus, as in the proof of
Theorem 10.3 (with a = 1), we obtain ¢(z) = z + o(x)v for any = € @, for an
R-linear map o: Qr — Ig.
We may take a canonical basis {e1, f1,u1, us, us, v1,v2,v3} of C such that Q =
span{ey, f1,u1,v1}, w = 1 —wu; and v = uzg —v3. Then I = (w — 1)Q =
span{e1,u1}, Tv = span{us,va}. Also, (uz) = d(v1v) = (wvy)v = ((1 —
uy)vy)v = (v — e1) - (ug — v3) = uz + us. In particular, ¢(us) = ug, since we
are assuming that ¢ leaves fixed the elements in Igv, and @(u1) = u; + qus +
Buy for some o, € R, since p(u1) — uy € Igv. Besides, for any x € Igv,
bn(go(ug),x) = bn(go(uQ),go(x)) = by (u2,2), 0 p(uz) —uz € (Igv)* = Qr @
Irv. As b, (gz)(ug), 1) = by (ug2,1) = 0, we conclude that ¢(ug) = uz + y(e; —
f1) + dur + pw1 + vus + puy for some v, 9, 1, v, p € R. Hence

p(u1) = w1 + aus + oz,
(10.5) @(ug) = ug +y(ex — fi) + dur + pv1 + vug + pva,

p(uz) = us,

and this determines completely ¢ because the elements wuq, us, us3 generate C.
Conversely, Lemma 10.4 shows that for any «, ,7,d, u, v, p € R, there is a
unique automorphism ¢ satisfying (10.5) if and only if the elements w1 + cug +
Bua, us + y(ex — f1) + dus + pv1 + vug + pva and ug span an isotropic space
and
by (uy + oug + Bua, (ug +y(ex — f1) + duy + po1 + vug + pva) - ug) = 1.

But

n(uy + aug + Bvg) = 0 = n(usz),

n(u +7y(e1 — f1) + duy + pr + vus + pv2) = —7* + p+ oy,
while
bn(u1 + cuz + Bug,uz) = 0 = by (uz +y(e1 — f1) + dur + pv1 + vug + pv, u3)
bn(u1 + aug + Buz,us +y(e1 — f1) + 0ur + po1 + vuz + pv2) = p+ B,

and
b (u1 + aus + Bug, (uz + y(er — f1) + dur + pvr + vug + pva) - uz) =
bp(u1 + aus + Bug, v1 + yug — dve) = 1.

Hence the only restrictions on the scalars ..., p so that equation (10.5) de-
termines an automorphism are

B=—p,  p=7"-dp
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If these conditions are satisfied, then ¥ (u1) = Yp(u1) and P (uz) = Fp(us)
since uy,us, p(u1), p(us) are fixed by ¢. Also, ¢d(uz) = (us + uz) =
@(uz)+ ug, while 9(p(uz) —uz) = @(uz) —uz, so 9p(uz) = @(uz) —uz+J(uz) =
©(ug) + uz = p(ug). Hence ¢ = Jp.

Since u1, ug2, ug generate the Cayley algebra (C,-), we can easily compute the
images of any basic element. It turns out that the coordinate matrix in the
basis {usg, vs, e1, f1,u1,v1,us,v2} of an arbitrary element in ker ®(R) is of the
form

1 0 o 0 o0 o]0 o0

0 1 0O 0 0 0|0 0

% — 1 0 0 0 0 O

oy 1 0o 1 0 o]0 o0

(10.6) 5 . 0O 0 1 0l0 0
" —a 0 0 0 1,0 0

v W —ary —u W a v 1 0

V=dp ad—py-v|y —y —p =6|0 1

ProrosiTION 10.7. The algebraic group ker @ is smooth unipotent of dimen-
sion 5. It is represented by the Hopf algebra which, as an algebra, is the polyno-
mial ring in 5 variables Fla, 7y, d, p, v], with comultiplication given by a7y, 0,
being primitive and A(v) =v @1+ 1 Qv+ u@v+vQu+a®Jd.

Proof. Everything follows from the coordinate expression in equation (10.6).
]

COROLLARY 10.8. H s a smooth group scheme.

Proof. Both ker ® and SLy are smooth group schemes, so H is smooth
([KMRT98, (22.12)].) |

ProprosiTiION 10.9. The scheme H is a closed subgroup of the group
scheme of automorphisms Aut(C,x,n) of the split Okubo algebra and H =
Aut(C’,*,n)red.

Proof. The scheme H is the stabilizer in Aut(C,x,n) of the quaternionic idem-
potent e. Let A be the Hopf algebra representing Aut(C, x,n), and let Z be the
Hopf ideal such that A/Z represent H. Since H is smooth, Z is a radical ideal.
But H(F) = Aut(C ®fp F,*,n) = Aut(C,x,n)(F) by Proposition 10.1. By
Hilbert’s Nullstellensatz Z coincides with the radical of A. Hence the radical
of A is a Hopf ideal, and H = Aut(C, *, 1) ed- O

11. THE GROUP SCHEME OF AUTOMORPHISMS OF THE SPLIT OKUBO
ALGEBRA

We continue assuming that the characteristic of the ground field F' is 3.
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Given any Okubo algebra (S, *,n), the arguments in [Eld97] and [Eld99] show
that the vector space A = F'1 @ S, with the multiplication given by
l.x=x=x-1,

11.1
(L) a-b:%(a*b—&—b*a—i—%n(a,b)l):—(a*b+b*a)+bn(a,b)1,

forz € Aand a, b € S, is a 9-dimensional commutative and associative algebra.
We give a proof for completeness. We start with

LEMMA 11.2. Every Okubo algebra (S,x,n) is Lie admissible, i.e., S becomes
a Lie algebra with bracket [x,y]* =z xy —y* x.

Proof. This can be proved using the multiplication table in (5.11), but we can
proceed in a different way, which has its own independent interest. The result
is clear for the unique (split) Okubo algebra over the complex numbers, since
it can be defined as the space of zero trace 3 x 3 matrices with the product

1
xxy = pry + (1 — pyx — 3 trace(zy)1,

where p satisfies 3u(1 — ) = 1 and 2y denotes the usual matrix multiplication
(see [KMRT98, Equation (34.18)]). In this case [z, y]* = (2u — 1)(zy — yx), so
the Jacobi identity holds, hence the Okubo algebra is Lie admissible. But it
has a basis {e1, f1,u1,v1, ua, v, us, v3} with the same multiplication table as
in (5.11). Consider the subalgebra E over Z spanned by the elements of this
basis. Then (F,*) is a Lie algebra over Z with the bracket [z, y|* = zxy—y*x,
and so is (E®z F,x) over F. But (F®gz F,*) is the split Okubo algebra over F.
Hence the split Okubo algebra is Lie-admissible, and the result follows since
any Okubo algebra splits after a scalar extension. |

PROPOSITION 11.3. The algebra (A,-), with multiplication (11.1), is a com-
mutative and associative algebra. Moreover, if (S,*,n) is split, then (A,-) is
isomorphic to the algebra of truncated polynomials F[X,Y]/(X3,Y3).

Proof. By its own definition (A, -) is commutative. To prove the associativity,
it is enough to check that any associator (a,b,¢) = (a-b)-c—a-(b-c) is trivial.
This is clear if one of the elements is 1, and hence we may assume that a, b, ¢
are in S. Then we get, using Lemma 11.2

0 = [[a,b]*,c]* + Hb,c]*,az'g]* + [[e, a*, b]
= (axc—cxa)xb—bx(axc—c*a)+ (cxb—b*xc)xa
—ax(bxc—cxb)+ (bxa—axb)xc—cx(bxa—ax*b)
= —(b*xc)*a+by(a,b)c+ (bxa)xc—by(b,c)a+ c* (a*b)
—bp(b,c)a—a* (cxb) +by(a,b)c+ (cxb—bxc)xa
—ax(bxc—c*xb)+ (bxa—a*xb)xc—cx(bxa—axb)
= (exbt+bxc)xat+ax(cxb+bxc)+by(b,cla
—(bxa+axb)xc—c*(bxa+axb)—b,(a,b)c
= a~(b~c)f(a~b)~c:7(a,b,c)',

*
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where we have used that b, (a,bxc) = b,(ax b, c) and b, (a,cxb) = b,(b*a,c).
Therefore (A4, -) is associative. Take now a canonical basis of the split Okubo
algebra (C, A,n) as in (5.11). The elements

(11.4) r=e—1 and y=u —1
satisfy 23 = 0 = ¢, and the algebra (A4, -) is isomorphic to the truncated poly-

nomial algebra F[X,Y]/(X?3,Y3), with z and y corresponding to the classes of
X and Y modulo (X3,Y3). O

REMARK 11.5. For any a € S, the third power a3 in A is
a®=(a-a)-a=(axa—n(a)l)-a
=(axa)*xa+by(axa,a)l —n(a)a = g(a)l,

where g(x) = by, (z, z * ) is the cubic form considered in Lemma 9.17.

Consider now the split Okubo algebra (C, A, n) and the associated commutative
and associative algebra (A,-), A = F1& C, as above. With the notation used
in the previous proof, the ideal N generated by the elements z and y in (A, -)
is the radical of (4,-) and N4 = F(22 - y2). A straightforward computation
gives

(11.6) 2 y? =1+ (e1+ fi+u +vi +us+vo+uz+uvs)=1+e,
where e is the quaternionic idempotent of (C, A,n) (Lemma 9.3).

Any automorphism ¢ of (C, A,n) extends to a unique automorphism of (4, -)
by means of ¢(1) = 1. This is also valid if we extend scalars to a unital
commutative associative algebra over F'. As usual, given a unital commutative
associative algebra R over F', Ni will denote N ® pr R. Recall that the algebraic
group H is the stabilizer in Aut(C,A,n) of the quaternionic idempotent e.
(Initially, H was defined in terms of the model (C,,n) in Example 9.4 of the
split Okubo algebra, but this should cause no confusion.)

LEMMA 11.7. Let (C,A,n) be the split Okubo algebra. Given any unital com-
mutative associative algebra R over F, an element ¢ in Aut(C, A,n)(R) lies in
H(R) if and only if, when extended to an automorphism of (Ag, ), it satisfies
¢((Nr)™*) = (Ng)™*.

Proof. If an automorphism ¢ of (Cg, A, n) fixes e, then its extension to (Ag,-)
fixes 1 + e and hence ¢ preserves (Ngz)*. Conversely, if ¢ preserves (Ng)4,
then there is an element o € R such that p(1+e¢e) = a(l+e€). But (1) =1

and ¢(e) € Cg. Hence a = 1 and o fixes e. O

The elements e; and w; generate the algebra (C,A), and the assignment
deg(e1) = (1,0), deg(u1) = (0,1), endows (C, A) with a grading by Z3 X Zs.
This gives a morphism of group schemes

K3 X g — AUt(Oa A,TL),
such that for any a, 8 € ps(R) x p3(R), i.e., a® = 33 = 1, the image of (o, 3) is
the automorphism ¢, g of (C ®p R, A) with the property that ¢, g(e1) = aer
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and ¥q,g(u1) = Pug. The image D of this morphism is isomorphic to pg X pg.
Moreover, since b,(e1,e1 A e1) = 1 and b, (ui,u; A wy) = 1, it turns out
that D is the group scheme of diagonal automorphisms relative to the basis of
(C,A,n) in Table (5.11).

THEOREM 11.8. Let (C, A,n) be the split Okubo algebra. For any unital commu-
tative associative algebra R over F, Aut(C, A,n)(R) = H(R)D(R). Moreover
H(R)ND(R) =1.

Proof. Since the quaternionic idempotent is e = e+ f1 +u1 +v1 +us+vo+usz+vs
(the sum of the elements in the basis, see Lemma 9.3), an automorphism fixes e
and is diagonal relative to this basis if and only if it is the identity. Hence we
have H(R) ND(R) = 1.

Let ¢ be an element in Aut(C,A,n)(R). Extend it to an automorphism of
(AR, ). Then, with z and y as in (11.4), there are elements u, v € R such that
o(x)—pl € Nr and ¢(y)—v1 € Ng. Since 3 = 0 = y3 and N, is an ideal, we
have ;3 = v® = 0. Consider the element (a, 8) := (u+1,v+1) € pz(R)x ps(R)
and the automorphism 14,3 € D(R). Then we have

P, () = Qa2 g2 (x)

= a2 g2(e1 — 1)

=p(a’e; — 1) = p(a’z + (@® — 1)1)
= (a® — 1)1 +a?u1 modulo Ny
(*—1+0*(a—1))1=0 modulo Ng, as a® =1,

S0 pr;,lﬁ(x) € Ng. In a similar vein we get gmb;}B (y) € Ng, and this proves
gpzﬁ;’lﬁ(NR) = Npg, and hence gmb;’lﬁ((NR)“l) = (Ng)*. By Lemma 11.7 we

conclude that w//;lﬁ lies in H(R), and hence ¢ = (@1/);}3)1%,/3 € H(R)D(R).
]

PROPOSITION 11.9. Neither of the subgroups H and D of Aut(C, A, n) is nor-
mal.

Proof. Consider the automorphism ¢ of the split Cayley algebra (C,-,n) in
(5.1) defined on the canonical basis as

pler) =e1, o(f1) = fi and  o(u;) = —(u; + uit1), ©(vi) = Vi +Vig1 — Vigo,
for i = 1, 2, 3 (indices modulo 3). It is straightforward to check that ¢ is
indeed an automorphism, and that it commutes with the automorphism s,
that permutes cyclically the u;’s and the v;’s. Therefore ¢ is an automorphism
of the split Okubo algebra (C, A, n), where A= -5_ is the Petersson twist. And
© preserves the quaternionic idempotent, so ¢ is in H(F'). Its inverse fixes e;
and f1 and satisfies

7 (wi) = wi — wip +uin2, @7 (V) = —v; = Vigo

for i = 1, 2, 3. For any unital commutative and associative algebra R over
F containing an element 1 # o € p4(R), consider the automorphism ¢, 1 €
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D(R). Then the commutator [, s 1] = ¢_1¢;,1180¢a,1 fixes e; and takes u;
to
o W et (ur) = o7 oL o(ur)
=o' (—u1 — up)
= ¢ ' (~u1 — auy)
= —(u; —uz +u3) — alus — uz + uy)
=—(14a)u; + (1 —a)uz — (1 — a)us.
In particular ® = [p, 14 1] is not in D(R), as it does not act diagonally in our
basis. But it neither belongs to H because it does not fix the quaternionic
idempotent e = e + f1 + uy + v1 + us + v2 + uz + vs. To check this note that
D(ug) = —P(ug A er) = —(1+ @us + (1 — a)uz — (1 — a)uy and P(uz) =
—®(uz A er) = —(1+a)us + (1 — a)u; — (1 — a)ug. In the same vein @(v;)
belongs to the linear span of vy, v, v3. Then
D(e) = er + f1) + @(uy +ug + uz) + P(v1 + v + v3)
=e1 + f1 — (1 + a)(u1 + uz + ugz) + a linear combination of vivy, v3
£ e. O

REMARK 11.10. The subscheme H embeds in the simple group scheme
Aut(C,-,n) of type Gy (Proposition 10.1). However, there is no such em-
bedding for G = Aut(C,A,n). Actually, an embedding G — Aut(C,-,n)
would give a monomorphism of Lie algebras
¢: Lie(G) = Der(C, A,n) — Der(C, -, n).

But Der(C, A, n) contains a simple nonclassical ideal i of dimension 8 [E1d99],
while g is not simple (the characteristic is 3!) but contains a simple ideal j
of dimension 7 such that the quotient g/j is again simple and isomorphic, as
a Lie algebra, to j (see [ABEMGNMO02]). Then ¢ would induce a Lie algebra
homomorphism i — g/j, which must be 0 by dimension count, and this would
give that i embeds in j, a contradiction, again by dimension count.

12. THE CLASSIFICATION OF OKUBO ALGEBRAS REVISITED

The classification of the Okubo algebras in characteristic 3 was obtained in
[E1d97, §5], using previous classification results in [EP96, Theorems B and 5.1].
Here this classification will be revisited in light of the results in the preceding
sections.

Still the characteristic of F' is assumed to be 3 in this section.

ProPOSITION 12.1. The cohomology set Hflppf(F, H) is trivial.

Proof. The group H is the semidirect product of the split unipotent group
ker @ (see (10.2)) and of SLy. Hence we have an exact sequence

H}ppf(F, ker ®) — Hflppf(F, H) - Hflppf(F, SLy).

The left and right terms are trivial, so is the central term. |
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REMARK 12.2. Alternatively, one may proceed as follows. Let (C, A,n) be the
split Okubo algebra and let e be its (unique) quaternionic idempotent. The
group scheme H is the subscheme of Aut(C, A, n) consisting of those elements
fixing e:
H=Aut(C, A, n,e).
The twisted forms of (C, A,n,e) are the Okubo algebras with a quaternionic
idempotent. But Proposition 9.9 asserts that the only Okubo algebra contain-
ing a quaternionic idempotent is the split Okubo algebra. This shows that
H L (FH) is trivial.
Also, H is smooth and hence we have ([Wat79, (18.5) and (17.8)]):
Hflppf(F7 H) = Hélt(Fv H) =H" (Fa H(Fsep))
= H" (I, Aut(C ®F Fyep, £, 1)) = HY (F, Aut(C, A, n)),
where Fg, denotes the separable closure of F' in F and T the Galois group
of the extension Fip/F. (Note that over any field extension K of F, H(K)
exhausts Aut(C ®p K, A,n), since D(K) =1.)
Hence we conclude, without making any appeal to the classification in [Eld97],
that the only twisted Fyep/F-form of (C, A,n) is, up to isomorphism, (C, A, n)
itself:
COROLLARY 12.3. The cohomology set H}, (F, Aut(C, A, n)) is trivial. In par-
ticular, if F is perfect, there is up to isomorphism a unique Okubo algebra
over F.
Take now nonzero elements «, 8 € F, and let (Cy g, A,n) be the F-subalgebra
of (C ®p F,A,n) generated by the elements e; ® a® and u; ® B3. This is
a twisted form of (C,A,n). Denote by gap the cubic form on (Cy g, A,n)
given by ga.5(x) = bp(z,x A ). The image go,5(Ca,p) is a F3-subspace of F

spanned by the elements «, o2, 3, 52, afB, o?82, aB?, a?B. Moreover, under
the bijection

Hflppf (F, Aut(C, A,n)) = {Isomorphism classes of Okubo algebras},

the isomorphism class of (Cy g, A,n) corresponds to the class of the cocycle
(12.4) 0P € Aut(C, 0,n)(F@r F) = Aut(C @p F @p F)
determined by

e ®10l) =1 ®a i®al, TP (yelel)=u 5 3 85.
Note that a~3 ® a3 and ﬂ*% ® 5% are cube roots of unity, so ¥*# belongs to
the subscheme D.
REMARK 12.5. The scheme D is isomorphic to ps X p4, so

Hipe (F,D) = {[9°7], a,8 € F*},

where [UF] = [&*F'] if and only if o’a~!, 3/F~! € F3, see [Wat79, 18.2(a)].

In particular, over perfect fields, Hflppf(F D) is trivial.
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THEOREM 12.6. The mapping Hflppf(F7 B3 X ps) — Hflppf(F, Aut(C, 4,n)),
induced by the inclusion D — Aut(C, A,n), is surjective.

Proof. This is trivial if F' is perfect, in particular if F' is finite. Hence we will
assume that F is infinite. Let ¢ € Z (F, Aut(C, A,n)) be a cocycle and let
(C¢, A,n) be the Okubo algebra C¢ = {z € C®r F | ((z®1) = 0(z ® 1)},
where 0: CRr FRrF - CQRr FRrF,20a8—~2® ® a.

Since the norm of an Okubo algebra is isotropic (Lemma 9.17), C¢ has a basis
of isotropic elements and hence there are elements # € C¢ with n(z) = 0 and
g(z) = a # 0. Then, by Corollary 9.20, we may take

r€O0Y(F)CcC*CcC@pF=C®pF.

Then Theorem 9.18 shows that there is an automorphism ¢ € Aut(CRpF, A,n)
such that p(e; ® 1) = a~3z. Replacing ¢ by an equivalent cocycle we may
assume = e; ® . The subspace {z € C | ey A z =0, by(e1,2) = 0} is
spanned by w1, us, us, thus the subspace {y € C¢ | z A y = 0, b, (z,y) = 0}
has dimension 3 and it is not contained in the kernel of the semilinear map g.
Take an element y € C¢ with z A y = 0, b,(z,y) = 0 and g(y) = 3 # 0.
Theorem 9.18 shows that there is an automorphism ¢ € Aut(C ®@r F, A,n)
such that ¥(e; ®1)=e1 @1, Y(u1 @1 = B*%y Replacing ¢ by an equivalent
cocycle we may assume that x = e; ® a3 and y=1u ® 53 belong to C’C
Therefore ((e1 @ a3 @ 1) = ¢, ® 1 @ %, s0 C(61®1®1) —e®a"3Qas,
and similarly ((u; ® 1® 1) = u; ® $7% ® 3. Hence we get ¢ = 0P (see
(12.4)). O

This shows that any Okubo algebra is isomorphic to (Cqy g, 4,n) for some
0 # «, 8 € F. Moreover, the set of isomorphism classes of Okubo algebras is
a quotient set of Hg (F,py X p3) = F*/(F*)? x F*/(F*)3. It remains to
consider the isomorphism conditions:

THEOREM 12.7 (see [Eld97]). For o, B,a/, ' € F*, the algebras (Cy. 5, A,n)
and (Cyr g, A,m) are isomorphic if and only if

90,8(Ca,8) = g, (Car )
and if this common F3-subspace has dimension 8 (i.e., Ja,3 and gor g are
bijective), then the following restriction is required too:

Iap(@) & 95 5(B) =0
(this is a product of two elements in (Cq g, A,m)).

Proof. The result is trivial for perfect fields, and hence for finite fields.
Hence we will assume that the ground field F' is infinite. If the composi-
tions (Cy,g,A,n) and (Cy g, A, n) are isomorphic, any isomorphism ¢ sat-
isfies n(p(z)) = n(z) and go s (¢(2)) = ga,s(z) for any z, so go,s(Cap) =
9o 5 (Car g). Moreover, Lemma 9.17 shows that F3+g, 5(Ca.s) is a subfield of
F.Ifga3(Cop) = F3, then the elements x and y in the proof of Theorem 12.6
can be taken with g(x) = 1 = ¢(y), and hence C, g is isomorphic to C 1, which
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is the split Okubo algebra. If the semilinear map g, g is not bijective, then
dimps (F3+ga7g (Caﬁ)) equals 1 or 3, and the dimension of ker g, g is at least 5.
Hence the restriction of the norm to ker g, g is isotropic, so there exists a hyper-
bolic pair a, b in ker g g: n(a) = n(b) =0, b,(a,b) = 1. Take x € ker g, with
n(z) # 0. Then g, 5(z A z) = n(z)® (Lemma 9.17), so F3 C g, 5(Ca ). If
Y € 9o.3(Cap) \ F? and x € C, g satisfies g(z) = ~, then we may find y,v € F,
such that the element @’ = x+ pa+vb is isotropic (and satisfies g(z') = 7). The
three-dimensional subspace {z € Cp 5 | ' A z = 0, by(2/,2) = 0} intersects
nontrivially the six-dimensional subspace g;Iﬁ (F3), so we may take an element
y' satisfying ' A y' =0, by(2',y') = 0 and ga 5(y") = 1. The proof of Theo-
rem 12.6 shows that C,, g is isomorphic to C,, 1 for any 0 # v € ga,5(Ca.g) \ F>.
We are left with the case in which g, g is one-to-one, so F3Ng, 5(Cy. ) = 0 and
F3 4 ga.5(Cap) is a field extension of degree 9 of F3. Then, if g4 5(Ca, ) =
gor.p' (Cor pr), then both go 5 and g g are one-to-one, so there is a unique
linear map ¢: Cor g — Cq . such that gor g (z) = ga,p(¢(z)) for any = €
Corp (s0 ¢ = g;,%ga/”g/). Then, by the uniqueness of ¢, Cy 3 and Cy g are
isomorphic if and only if ¢ is an isomorphism. But Lemma 9.17 shows that

90,6 (9(2)*?) = g, (6(2))" + n(6(2))”
= gor (@) +n(6(a))’
= gor,pr (@*?) = n(2)* + n(6(2))”,
thus ga. 5(6(2)2%) — gar g/ (222) € ga5(Cap) N F? =0 and ¢(z Az) = ¢(z) A
@(x) for any x € Cyr g. This implies, using (zAz)Ax =z A (xAzx) = n(z)z,
that n(d)(m)) = n(z) for any x € Cy p. If ¢ is an isomorphism, then ¢(e; ®
(@)8) & ¢(ur ® (B)%) = 0, which is equivalent to g, 5(e/) & g, 5(8) = 0.

1

Conversely, if ¢(e1 @ (a')3) A ¢(uy @ (8)3) = 0, then since the subspaces

{61 ® (a)3),6(c1 ® (@')3)**} and  {d(w ® (8)%), 6w ® (8)3)"%}
are orthogonal subspaces of C, g, [E1d09, Theorem 3.12] shows that C, s and
Cy g are isomorphic. O

In the last part of this section we show that Okubo algebras with isomorphic
automorphisms groups (as algebraic groups) are isomorphic or anti-isomorphic
(compare with Proposition 8.4). We start with a definition:

DEFINITION 12.8. Let (S,*,ng) be an Okubo algebra and let K be a 2-
dimensional composition subalgebra (i.e., the restriction of ng to the subal-
gebra K is nondegenerate). Then K is said to be a reqular subalgebra if the
para unit of K @p F is a quadratic idempotent.

LEMMA 12.9. Let (C,A,n) be the (split) Okubo algebra over an algebraically
closed field F (as in Table (5.11)), and let K be a two-dimensional composition
subalgebra. Then the following conditions are equivalent:

(i) K is regular.
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(ii) There is an automorphism ¢ of (C, A, n) such that o(K) = Fe; + F f.

(iii) There is another two-dimensional composition subalgebra K' of (C, A

,n) orthogonal to K: b,(K,K') =0.

Proof. (i)=(ii) K is, up to isomorphism, the unique para-quadratic algebra
over the algebraically closed field F, so there is a basis {a,b} of K such that
abha=bbAab=a,arb=0=bAa,and n(a) =0 = n(d), by(a,b) = 1.
Since K is regular a +a A a = a + b is a quadratic idempotent, and by
Theorem 9.18 there is an automorphism ¢ of (C, A,n) such that ¢(a) = ej;
then ¢(K) = Fey; + Ffi.

(ii)=-(iii) This is clear since Fu; + Fv; is a two-dimensional composition
subalgebra of (C, A,n) orthogonal to Fe; + F f.

(iii)=(1) Both K and K’ are para-quadratic algebras. Take bases {z,z A z}
and {y,y A y} of K and K’ respectively, with n(z) = 0 = n(y) and b,(z,2 A
z) =1="0by(y,y A y). Then [E1d09, Theorem 3.12] shows that either z A y =0
oryAxz=0. Buty Axz=01impliessz A (y Ay =-yA(yAz)=0,so
replacing y by y A y we may assume £ A y = 0. Then by Theorem 9.18
there is an automorphism of (C,A,n) such that p(z) = e; and p(y) = us.
The para-unit x + = A x of K corresponds to e; 4+ fi, which is a quadratic
idempotent. ([l

LEMMA 12.10. Let K be a regular two-dimensional composition subalgebra of
an Okubo algebra (S,*,ng). Let 0 # z,y € K be two elements such that the
endomorphism ady, ady, is diagonalizable (where ady : 2z = [z, 2]* = Tx2z—2xx).
Then n(z) = 0, y is a scalar multiple of x x x, and the eigenvalues of (ad})3
are 0, with multiplicity 2, and +gs(x), each with multiplicity 3. (Recall that

gs(z) = bpg(z,x % 2).)

Proof. Extending scalars to F' we may assume by Lemma 12.9, that (S, *,ng)
is the algebra (C,A,n) in Table (5.11) and that K = Fe; + Ff;. Hence
= aey + Bf1 and y = o’e; + S f1. Without loss of generality we may assume
a # 0. The subspace U = Fuy; + Fus + Fug is invariant under adﬁ adﬁ7
and the coordinate matrix of the restriction of ad; and adﬁ to U in the basis
{u1,ug,u3} are aC — BC? and o’/C — B'C? where C = (g§ ) Hence the

coordinate matrix of the restriction of adf ad;, to U is

[l

(aC — BC*)(/C — B'C?) = —(af' + Ba/) + BB'C + ad/ C?,
because C3 = I (the identity matrix). Therefore we have
(ad ads [1)* = (—ap' = B’ + BB’ + aa/ )T = ((a = B)(o’ = B))"1,
and hence ady ady, v — (a — 8)(a’ — #')] is simultaneously diagonalizable and

nilpotent. It follows that adj ad; |y is a scalar multiple of the identity, so
BB =aa’ =0. But @ # 0, so o/ =0 and hence (as y #0) 8’ # 0 and 8 = 0.
Thus = = aey, y = (' f1, and the result follows, since (ad2)? acts trivially on
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K, by multiplication by a® = gs(x) on U, and by multiplication by —a? on
V:F’01+F’02—|—F’U3. U

Even if the group Aut(S,*,ng) is not smooth for an Okubo algebra over a
field of characteristic 3, a result corresponding to Proposition 8.4 holds:

THEOREM 12.11. Let (S,*,ng) and (S',*,ng/) be two Okubo algebras. The
following conditions are equivalent:

(i) The algebraic groups Aut(S,*,n) and Aut(S’,x,ng/) are isomorphic.
(ii) The Lie algebras (see 11.2) (S,*)™ and (S’,%)~ are isomorphic. (Here
(S,%)~ denotes the Lie algebra defined over S with bracket [x,y]* =
THEY—Yxx.)
(iii) The Okubo algebras (S,*,ng) and (S',*,ng:) are either isomorphic or
anti-isomorphic.

Proof. (i)=(ii) If the algebraic groups Aut(S,*,n) and Aut(S’,x,ng ) are
isomorphic, so are their Lie algebras Der(S,*,ng) and Der(S’,x,ng/). But
the simple Lie algebra (S,x)~ is isomorphic to the only minimal ideal of
Der (S, *,ng) [Eld99, Theorem 4], and the same holds for (S’,x)~, whence the
result.
(iii)=(i) This is straightforward.
(ii)=-(ili) There are nonzero elements «, 8 € F such that the Okubo alge-
bra (S, *,ng) is, up to isomorphism, the Okubo algebra (Cq, 3, A, 1) (see Theo-
rem 12.6), which is the F-subalgebra of (C®p F, A,n) generated by = = e; Qa3
and y = u; ® B3. Note that 2 A y = 0. Then, (S,*,ng) is graded by Z2, with
deg(x) = (1,0) and deg(y) = (0,1). Therefore S = D,.czz Su, with dim 5, =1
for any nonzero p1 € Z3, So = 0, and S, %S, C S,.+,. Moreover, for any nonzero
p € Z% and any nonzero z € S,,, we have

- ns(z) =0,

- S =Fzxz,

- S, ®85_, =kerad] (= {t € S| t*z=2zxt}), and this coincides with

the subalgebra alg(z) generated by z, and
- @D,0,+, Sv equals the subspace orthogonal to alg(z) relative to ng,
and coincides with the image of ad.

Let ¢: (S,%)” — (S’,x)~ be an isomorphism of Lie algebras. Then the Lie
algebra (S, %)~ inherits a grading by Z3: S’ = Gauezg S,,, with S}, = ¢(S,,) for
any p € Z3. Since ¢ is an isomorphism of Lie algebras, for any nonzero y € Z2
and any nonzero u € S;L, we have

- S5, @ SL, =kerady,

- @u;ﬁO,:ﬁ:,u Sl// = adZ(S’)
In particular we have (kerad}) Nad}(S’) = 0. Since ng is associative, we get
ng (kerady,ad;(5’)) = 0, and hence

- S, ® 5", is orthogonal to B, 4, S,
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Now, alg(u) = Fu + Fuxu is contained in kerad;, = 5, & S ,. If uxu were a
scalar multiple of u, we would have u x u = Au for some 0 # A € F. But

(ad?)® = (Ir —r2)3 (where X (v) = uxv =r7}(u))

= (I5)% — (rX)3 as Lirr =il =ng (u) Id.

u U u u-u

But for any v orthogonal to wu,
(I2)2(W) =ux (ux (uxv)) = —ux (v*(u*u)) = —Aux (v*u) = —Ang (u)v,

and also (r%)3(v) = —Ang/(u)v. Thus (ad})?(v) = 0 for any v orthogonal to u,
but this contradicts the fact that ker ad}, Nad},(S") = 0. We conclude that uxu
is not a scalar multiple of u and hence alg(u) = Fu+ Fuxu = S;, ®S" ,. This
shows that alg(u) is a regular subalgebra, as we may consider the subalgebra
S, & 8", for v # 0,+u and use the characterization of regular subalgebras
in item (iii) of Lemma 12.9. Finally, for 0 # u € S), and 0 # v € S’ ,
ady, ady(S)) € S, = S, for any v € Z3, and this implies that ad}, ad} is
diagonalizable. By Lemma 12.10 we conclude that ng/(u) = 0, v € Fu * u,
and the eigenvalues of (ad))® are 0, with multiplicity 2, and +gg(u), each
with multiplicity 3. Take now u = p(z) € SET,G) and v = p(y) € SE@,T)' Then
ng (u) =0 =ng (v), and

Then 0 # gg(u) = ng/(u, uxu) is an eigenvector of (ad})?, and hence also of
(ad})3, so gs:(u) is either gg(z) or —gs(z). Also gs/(v) = £gs(y). Changing
u by —u and v by —v if necessary, we get elements u € SET,G)’ v E SEﬁ,T)? with
gs(u) = gs(z) and gg/(v) = gs(y). Now, [Eld09, Theorem 3.12] shows that
either uxv = 0 or v*u = 0, and that (S’,x,ng ) and (S, *,ng) are isomorphic
if u*v =0, and anti-isomorphic if v x u = 0. ]

REMARK 12.12. With the notation in Section 12, if dimps go,g(Ca,5) equals
1 or 3, then (Cy g, A,n) and its opposite algebra (Cp o, A,n) are isomorphic
(see Theorem 12.7). However, if dimps g4 g(Cy,g) is 8, then (Cy g, A, n) is not
isomorphic to its opposite algebra.

13. GROUPS ADMITTING TRIALITY OVER ARBITRARY FIELDS

In this section we classify all simple adjoint groups G of classical type 2Dy
which admit trialitarian automorphisms over an arbitrary field F. The first
reduction is to groups of type PGO™(n) and Spin(n), where n is a 3-Pfister
form. More precisely:

THEOREM 13.1. Let F be an arbitrary field. Let G be an adjoint (resp. simply
connected) simple group of type 12Dy which admits a trialitarian automorphism
¢. There exists a symmetric composition (S,*,n) such that the pair (G, ) is
isomorphic to a pair (PGO™(n), ps) (resp. (Spin (n), p,)).
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Proof. It suffices to consider the adjoint case. The group G is a twisted form
of Gy = PGOQ’, i.e., there exists a finite field extension L/F and a cocycle
€€ (Gyx7/2)(L®L) such that

G(F) = {l’ c Go(L) | €I1 = 5626}

where Z/2 — &3 is a fixed embedding and 7, o are images of x under
two natural mappings m;: Go(L) — Go(L ® L). The isomorphism class of
G is given by the image of the cohomology class [¢] € Hy, (F,Go x Z/2)
in Hflppf(F, Go 1 G3). We view ¢ as an element of (Go x &3)(L) (as in the
proof of Lemma 3.2). The fact that ¢ is F-defined implies that {1 = ¢a&.
Replacing if necessary L by a bigger field extension of F, we may assume in
view of Theorem 7.6 that ¢ is conjugate in (G x S3)(L) to one of the standard
trialitarian automorphisms 3 = p, or 8 = p,. Let 8 = vy~ !. Take the
cocycle & = ya€vyy ! which is cohomologous to £. We have

£'B1 = vl st = Yebdim = b

Thus replacing £ by £ we may assume that ¢ = 8. We now note that by
construction 8 € (Gy x &3)(F), hence f; = B2 = S and this implies that £
takes values in Cg,xes(8) = Cg,(8) ¥ (B). Furthermore, since G has type
12D, the image of the class [¢] under the projection

Hflppf(F7 GO A 63) - Hflppf(F363)

takes values in a subgroup of order 2 and on the other hand in the subgroup
(B) of order 3. Tt follows that [¢] € Hy (F, Hy) where Ho = Cg,(8) is the
subgroup of Gy fixed under 8. In view of Lemma 4.7 and Proposition 8.1
the cohomology set Hflppf(F7 Hj) classifies isomorphism classes of symmetric
compositions which over an algebraic closure of F' induce trialitarian automor-
phisms conjugate to 5. The map Hflppf(F, Hy) — Hflppf(F, Go % 63) induced
by the embedding Hy — Gy % 63 maps the class of the symmetric compo-
sition (S,%,7n) to the isomorphism class of the group PGO™(n). It follows
that G ~ PGO™(n) and that our automorphism ¢ is of the form p, for some
symmetric composition * on S. ]

Let n be a 3-Pfister form over F and let G be either PGO™ (n) or Spin(n).
The next aim is to describe the conjugacy classes of trialitarian automorphisms
of G. Let o € G(F) = (G » &3)(F) be a trialitarian automorphism of G
order 3. We proved above that o is of the form o = p, for a proper symmetric
composition algebra (S,%,n) which is either a para-octonion algebra or an
Okubo algebra. The fixed subgroup H = C¢({c)) in G is isomorphic to the
automorphism group Aut(S,x,n), by Proposition 8.1. The group G acts on
itself by conjugation and we denote by X = Clz(0) C G the orbit of . This is
a quasi-projective variety defined over F'. As we proved before an arbitrary F-
defined outer automorphism ¢ of G whose centralizer in G has the same type as
that of H is conjugate to o over an algebraic closure F of F and hence ¢ can be
viewed as an F-point of X. We denote by X (F')/~ the set of conjugacy classes
of F-defined outer automorphisms of GG of order 3 whose centralizers have the
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same type as that of H (equivalently, the set of G(F)-orbits in X (F)). Let now
H=Hx (o) = Cg(0). The group G acts in a natural way on the quotient
space G/H and by the general formalism of cohomology (see [DGT0, p. 372
373]) we have a natural bijection between the set of G(F)-orbits in (G/H)(F)
and the set Ker [Hy, (F, H) — Hi, o (F, G)]. Also, by the universal property
of the quotient G / H we have a natural é—equivariant morphism G / H— X

defined over F' which induces a bijection (G/H)(F) — X (F).
Consider the commutative diagram

T

(G/H)(F)— (G/H)(F) ——= (G/H)(F & F)

O R

X(F)— X(F)

Here 7y, mo (resp. 7}, m5) are maps induced by a - a® 1 and a - 1 ® a
respectively and the top and bottom lines are the diagrams appearing in the
descent theory. We want to show that A is a bijection. Let 2 € X (F'). Since ¢ is
a bijection there exists g € G(F) such that ¢(gH) = z. Let 8: (G/H)(F®F) —
(G/H)F &F) (resp. X(FOF) - X(F®F) and G(F®F) — G(F @ F))
be the bijection corresponding to a ® b — b ® a. This is the descent data for
the variety G/H (resp. X and G). Since z € X (F) we get (' (x)) = mh(x).

Then t(6(m (g.FNI))) = 1/)(7r2(gf~1)~) and hence @[J(Wg(g):lﬂ(m (g))H) = o. This
implies that 72(g) ~'0(m1(g)) € H(F ® F) or 6(m(9)H) = m2(gH). By descent
theory it follows that gH € (G/H)(F). Thus we have a natural bijection

between the set of G(F)-orbits in (G/H)(F) and the set X (F)/~. Combining
all these facts we obtain

THEOREM 13.2. There exists a natural bijection between the set of conjugacy
classes of F-defined outer automorphisms of G of order 3 whose centralizers
have the same type as that of H and the set Ker [Hflppf(F, H) — Hflppf(F, Q).

Before proceeding with consequences of the theorem we compute the kernel of
the last map in terms of the connected groups H and G.

PRrROPOSITION 13.3. The natural mapping
X: Ker [ HY o (FLH) — HY, o (F,G) ] — Ker [ HY o (F, H) — Hi, ((F,G) ]
induced by the embedding H — Hisa bijection.
Proof. The mapping X is induced by the embedding H < H = H x (o). Since
Hi, o (F H) — Hy o (F.H x (o))
is clearly injective so is A. As for surjectivity of A, let

(13.4) ¢ € Ker [HE ((F, H) — HE (F.G)].
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Since H = H x (o) we can write £ in the form £ = &;-& where & € Hflppf(R H)
and & € HE ¢(F,(0)). The composition H — G — &3 induces the map
Hflppf(FaH X <J>) - Hflppf(F’GB)
which can be factored through
Hflppf(Fv <U >) - Hflppf(F7 63)

and the last map has trivial kernel. But it follows from (13.4) that & is in its
kernel. Then & = 1 implies £ = &; € Hflppf(F, H). Tt remains to show that &
viewed as an element in Hflppf(F ,G) is trivial. To do this, we look at the exact
sequence

1 —-G—G—65—1

which induces
G(F) % &3(F) — HY o (F,G) 2 HE (1(F,G).

Surjectivity of pq implies that the kernel of uo is trivial. Since by our con-
struction the cocycle £ viewed as an element in Hflppf(F, G) is trivial, it
is also trivial as an element in Hflppf(F, G). Thus we proved that £ is in

Ker [Hy (F, H) = Hi, ((F,G)] and we are done. O

In the next three corollaries we describe explicitly the set
Ker [Hi, ¢ (F, H) — Hg, (F.G) |

where F' is an arbitrary field. In view of 13.2 and 13.3 this leads to a complete
list of conjugacy classes of trialitarian automorphisms of G. Clearly, the de-
scription depends on the structure of the algebraic group H in question. We
recall that this group is the automorphism group of the corresponding sym-
metric composition algebra of dimension 8.

COROLLARY 13.5. Let F' be an arbitrary field. Let n be a 3-Pfister form over F
and let G = PGO™ (n) or G = Spin(n). Then there is a unique conjugacy class
of trialitarian F-automorphisms of G whose centralizers in G have type Gso.

Proof. Let o be an F-defined trialitarian automorphism of G with the property
H = Cg(0) = Ga(n) where Gg(n) is the automorphism group of an octonion
algebra with norm n. By Proposition 8.3 the map Hg, ((F, H) — Hy, (F,G) is
injective. The result now follows from Theorem 13.2 and Proposition 13.3. O

COROLLARY 13.6. Let F' be an arbitrary field of characteristic # 3 and assume
that a primitive cube root of unity w is contained in F. Let G = PGO;.
Then the set of conjugacy classes of trialitarian F-automorphisms of G whose
centralizers in G have type Ag is in one-to-one correspondence with the set of
isomorphism classes of central simple algebras over F of degree 3.

Proof. Let o be a trialitarian automorphism of G whose centralizer H in G is
PGLs3, hence Hflppf(F, H) classifies central simple algebras over F' of degree 3.

Also, it is clear that H} .(F,H) — H}

fopf tppt (£, G) is a trivial mapping because
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on one side every element in Hflppf(F , H) is split by a cubic extension of F' and,
on the other side, no element in Hflppf(F , () is split by a cubic extension, in
view of Springer’s Theorem (see for instance [Sch85, Theorem 5.4]). The result
now follows from Theorem 13.2 and Proposition 13.3. (|

Now, suppose the field F' does not contain w, and char F' # 3. Let K = F(w),
which is a quadratic field extension of F. Before stating the next corollary
we recall that on a given central simple K-algebra B of degree 3, unitary
involutions 7 fixing F' are classified by a quadratic form invariant = (7), which
is a 3-Pfister form over F split by K, see [KMRT98, (19.6)]. This result is
proved in [KMRT98] under the hypothesis that char F' # 2, but the following
observations show that it also holds when char F' = 2.

If charF' # 2, the 3-fold Pfister form 7(7) is obtained by modifying the form
Q-(x) = Trd(z?) defined on the F-vector space Sym(r) of T-symmetric ele-
ments: see [KMRT98, (19.4)]. The arguments in the proof of the classification
theorem [KMRT98, (19.6)] can be used when charF = 2, substituting for Q.
the restriction to Sym(7) of the quadratic form Srd(x), which is the coefficient
of the indeterminate ¢ in the reduced characteristic polynomial of z. Let ¢, be
the restriction of Srd to the F-vector space Sym(7)? of 7-symmetric elements of
trace zero, and let [1, 1] denote the quadratic form X2+ XY +Y? over F. If B
is split and 7 is adjoint to a hermitian form h with diagonalization (d1, 2, d5) i,
computation shows that ¢, = [1,1] L (§1d2,0203,0301) - nx, where ng is the
norm form of K/F. Therefore, if 7’ is also a unitary involution on the split al-
gebra B, and 7’ is adjoint to a hermitian form A’ the arguments on [KMRT9S8,
p. 305] show that ¢, = ¢, implies A’ is similar to h, hence 7/ and 7 are
isomorphic. Therefore, the 3-fold Pfister form 7(7) = (1, 8102, d2d3,0301) - nx
determines the involution 7 up to isomorphism. The case where B is not split
reduces to the split case by an odd-degree scalar extension. The arguments
on p. 305 of [KMRT98] apply in characteristic 2, since [KMRT98, (6.17)] relies
on a result of Bayer-Lenstra that also holds in characteristic 2 (see [BFTO7,
Theorem 1.13] for a discussion of the Bayer-Lenstra result in characteristic 2).

COROLLARY 13.7. Let F' be an arbitrary field of characteristic # 3 and assume
that F does mot contain a primitive cube root of unity w. Let n be a 3-Pfister
form split by K = F(w) and let G be PGO™(n) or Spin(n). Then the set
of conjugacy classes of trialitarian F-automorphisms of G of order 3 whose
centralizers in G have type Ag is in one-to-one correspondence with the set of
F-isomorphism classes of pairs (B, T) where B is a central simple K-algebra
of degree 3 and T is a unitary involution on B fizing F such that w(T) = n.

Proof. Let o be an outer F-automorphism of G of order 3 whose centralizer H
in G is an outer form of type 2A,, of inner type over K. Its existence follows
from our previous results. Indeed, take the standard trialitarian automor-
phism p, of G over F' corresponding to the para-octonion algebra (C,,n) with
norm n. Its automorphism group has type Go and splits over K = F(w). Hence

it contains a subtorus of the form R\

K/F(Gm). Such a torus contains an element
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of order 3 over F', namely w. Twisting multiplication x by w we get an Okubo
algebra (C, *,,n). The corresponding automorphism p, _ of G is as required.

Let Hy be an adjoint quasi-split F-group of type 2Az, of inner type over K. It
is known that H is a twisted form of Hy, i.e. H = $Hy where & € Z'(F, Hy).
Also, we know that the pointed set Hy, (F, Hy) classifies pairs (B, 7) where
B is a central simple algebra over K of degree 3 and 7 is a unitary involu-
tion on B (see [KMRT98, (30.21)]) and that there exists a natural bijection
HY(F,Hy) — H'(F, H) which takes the class [¢] into the trivial class. Thus
the pointed set Hflppf(F7 H) also classifies the same pairs (B, 7). The mapping
H}, o (F, H) — Hy(F, G) takes a pair (B, 7) to the class in H ((F,G) corre-
sponding to the 3-Pfister form 7 (7) (see [KMRT98, §30.C]. So the result follows
from Theorem 13.2 and Proposition 13.3. (]

Finally, suppose char F' = 3. If the centralizer H of a trialitarian automorphism
¢ is not a form of type Go, this centralizer is the automorphism group of an
Okubo algebra, as computed in § 10.

COROLLARY 13.8. Let G = PGOY be defined over an arbitrary field F of char-
acteristic 3. The set of conjugacy classes of trialitarian F-automorphisms of G
of Okubo type in G is in one-to-one correspondence with the set of isomorphism
classes of Okubo algebras over F.

Proof. Taking Theorem 12.6 into account, the proof is along the same lines as
the proof of Corollary 13.6. ]
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