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The descriptive vector graphics languagy npt ot e provides for the typesetting of mathematical figures a cidipahnal-
ogous to what gX provides for typesetting equations. Labels are typesét WgX, for professional quality and overall
document consistency, and the simplex linear programmiathod is used to solve overall size constraint issues betwee
fixed-sized and scalable objects. Asymptote’s three-daioeal generalization of the spline interpolation aldoris of
Hobby Qiscrete and Computational Geometry 1, 1986) is shape invariant under three-dimensional affiaesformations
and reduces in the planar case to Hobby’s prescription. Byguscursive refinement to add additional Bézier contmhts,
one can then efficiently approximate a perspective-inaananuniform rational B-spline.
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The descriptive graphics languagey npt ot e’ generates native Postscript and PDF output, the portaoieatd format
used for professional printingAsynpt ot e was inspired by Hobby’'8et aPost (a modified version ofvet aFont , the
program that Knuth wrote to produce thgXTfonts), but features a more elegditt ™-like syntax, high-order functions, and
robust floating-point numerics.

Asymptote also generalizes to three dimensions Hobby'sdinensional algorithms for drawing an aesthetically pieg,
numerically efficient interpolating spline, given a set ofles and optional tangent directions [1]. UnfortunatetstBeript
and PDF support only Bézier splines, which are invariamtanrorthographic (affine) but not perspective projectiomc&
non-uniform rational B-splines, whidre invariant under perspective projection, cannot be redte®&ézier splines without
loss, the error introduced by using three-dimensionalacBezier splines for perspective drawings must be examined

In any dimension, applying an affine transformatign= A;;x; + C; to a cubic Bézier curve(t) = Zizo By (t) Py, for
t € [0, 1], whereBy(t) is thekth cubic Bernstein polynomial yields the Bézier curve
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2j(t) =Y Bi(t)Ay(Pr); + Ci = Y Bi(t)Py,
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in terms of the transforme&™ control point P}, noting thatZiZO By (t) = 1. Thus if the projection from three to two
dimensions is orthographic, the only issue is how to deteeminspecified three-dimensional control points.

In two dimensions, Asymptote fills in unspecified Bézier ttohpoints using the algorithms of Hobby and Knuth [1, 2].
First, a tridiagonal system of linear equations is solvedti@rmine any unspecified directiohsandgy, through each node,:

Ok—1— 20k Gry1 — 20k

Uy, lra

/ZA'—l
The resulting shape may be adjusted by modifying optiterslon parameters ancurl boundary conditions.
Having prescribed outgoing and incoming path directigfisat nodez, ande'® at nodez; relative to the vectog; — zo,
the control points are then determined as:

u=2z+e?(z — 20)f(0,-9),
v =21 —e(z1 - 20) f(—9,0),
where the relative distance functigi(d, ¢) is given by Hobby [1986]:
160.6) = 24 V2 (sinf — & sin ¢)(sin ¢ — % sin ) (cos 6 — cos ¢)'
’ 3(1+3(VB5—1)cosf+ (3 —V5)cos9)
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1 Three-dimensional generalization of Hobby’s algorithms

We require that the 3D generalization of Hobby’s algoritreduces to the 2D algorithm in the planar case. Any unknown
incoming or outgoing tangency directions are first deteadiny applying Hobby’s direction algorithm in the plane @ning
Zk—1, 2k, @andzi41. The only ambiguity that can arise is in the overall sign ef éimgles, which relates to viewing each local
2D plane from opposing normal directions. A reference veotmistructed from the mean unit normal of successive setgmen
can be used to resolve such ambiguities.

An algorithm for determining the control pointsandwv follows on expressing Hobby’s algorithm in terms of the dbto
incoming and outgoing unit direction vectass andw, respectively:
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U = 2Zo+wo |Z1 - ZO| f(97 _¢)7

V= 21—w1 |21 - 20| f(—¢7 9)7

where we interpret and¢ as the dngle between the corresponding path directionnauatt:; — 2. In this case there is an
unambiguous reference vector for determining the relaiiye of the angleg and¢.

2 Perspective projection

In Asynpt ot e, a unit circle in theX-Y plane can be expressed with the three-dimensional patbsynt
(1,0,0)..(0,2,0)..(-2,0,0)..(0,-1,0)..cycle
and then distorted into a saddle:
(1,0,0)..(0,12,1)..(-2,0,0)..(0,-1,1)..cycle.
If these paths are visualized with a perspective projectiomresult of simply projecting the nodes and control mooftthe
three-dimensional Bézier curves to two dimensional 8ézurves is indicated below by the dashed path. Fortunashyill
be discussed in future work, the exact projection of theedent nonuniform rational B-spline, indicated by the dgath,
can be efficiently approximated as a two-dimensional Bézieve with additional nodes and control points.
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