Trigonometric integrals

Previous lecture

1 1
/sinwcosx: §/sin2xdac = ——cos2z + C,

4
1 1
/siandx: 5/(1—C082$)dl‘:g—181n2$+0

1 1
/coszxdx: 5/(1+cos2x)dx:§+isin2x+0

Integrals of the form

/ sin ax cos bx dx, / sin ax sin bx dz, / cos ax cos bx dx, a#b
Two basic identities:
sin (z +y) = sinz cosy + cos T siny
cos (x 4+ y) = cosx cosy — sinzsiny

(for small x, y sin is increasing, ”+”, cos is decreasing, ”—")
Change y to —y

sin(ac —y) =sinxzcosy — cosxsiny

cos (x —y) = cosx cosy + sinzsiny
2sinx cosy = sin (z + y) + sin (z — y)
2cosxcosy = cos (x +y) + cos (x — y)
2sinzsiny = cos (x — y) — cos (z + y)

Application to integrals.

Example

1
/sin 2z cos3zdr = 3 / (sin (2x 4 3z) + sin (22 — 3z)) dx =

1 1
:i/sin&cdm—i/sinxdaj:

1 1
= —Ecosf)a:—i—gcosx—i-a
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Example

1
/coschosE):cdx: 5/(cos (3x 4 5x) 4 cos (3z — bz)) dx =
1 1
= §/cos8a:dx+§/cos2xdx:

1 1
= Esin8x+zsin2x+0

Example

1
/sin3xsin5wd:1::§/(cos(Sx—5x)—Cos(3w+5a:))da::
=5 [eosrede— 3 [ cossede=
=5 [ cos2zdr — 5 [ cos8rdr =

1
= ZSian_ EsinSm—i—C’.

Integrals of the form
/ sin™ x cos™ x dx, / tan™ x sec” x dx, / cot™ xcsc” x dx.

Idea — use substitution to transform to integral of polynomial

/Pk(u)du or /Pk(u)ds.

US
Actual substitution depends on m, n, and the type of the integral.

Typical substitutions: v = sinz, cosz, tanx, secx, cot x, cscx.

Task: find, which substitution integral can be transformed [ P(u)du without v/1 4+ u? or similar.
Even or odd powers in [ cos™ xsin" z dx

-1

cos™ xsin”™ x dx = cos™ " zsin" x coszdx

coszdx = d (sinz), u = sinz, but have to express cos™ ! z through sin z.
If m =2k + 1 (odd) — we can: cos®* z = (cos? :L')k = (1 — sin? {L‘)k =(1- uz)k
If m = 2k (even) — we can not without /1 — sin? .
Similarly
cos™ zsin™ x dx = cos™ xsin” ! x sin zdx
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If n =2k + 1 (odd) we can use u = cosz, if n = 2k (even) — cannot.

sin—cos rule: if one has odd power, use other for substitution.

2 2

1) Odd power at cosz, u =sinz, du = cosxzdzx, cos*x =1 —u

k
/(3052'€+1 zsin" zdx = /cos% zsin” z cosxdr = / (1 - u2> u"du

Example: no sinz, but still u = sinx

/cos5xdx:/<c032x>2 cosxda:z/(l—uz)Qdu:

2 1
:/(1—2u2—|—u4)du:u—§u3+5u5+C’:

2 1
:sinx—gsin3x+gsin5x+a

2 2

2) Odd power at sinz, u = cosz, du = —sinzdz, sinz =1 —u

k
/cosm rsin?* Tl g dy = /Cosm zsin?* 2 sinzdr = — /um (1 — u2> du

3) Odd powers at both: use for v one with bigger power:

Example: a) u = cosx
3.9 38 3 2\4
/cos T sin mdm:/cos  sin acsma:dx:—/u (l—u) du =
:—/u3(1—4u2+6u4—4u6+u8)du:

1 4 6
= —1005417—1—600561:— §C088$+EC081033—EC0812.%'+C

b) u =sinx

/0083 zsin’ zdr = /0052 zsin® z cos zdr = / (1 — u2> wdu =

1 1 1 1
:/<u97u11) du = Eulof Eu12+C: Tosinloxf Esin12x+0

which is simpler?

4) Even powers at both. No good substitution. Transform with double angle formulas (x — 2z) to smaller

powers:
.9 1 — cos2zx 9 1+ cos2x . sin 2z
sm-r=--—-————, CoOsS"r = ———, SINT COST =
2 2 2
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Example:

/ sin 2 cos® xdr = / (sinz cos z)! cos? x =

1 2z 1
—/—sm4 +C20S $fd(2x) [z = 2z]

1 1
=1 /sin4 zdz [doubleangle] + a/sirﬁzcos zdz [u=sinz] =

1 1—cos2z 1 4
=5/ (5 ) dzt g | wdu=

1
/ 1—2cos2z+cos 22>dz+—u +C =

:ﬁ 320
z 1 1
%—%s z—i—m (1—|—cos4z)dz—|—%sm 2+ C =
i—i %———l—L 4z+—sm 2r+C =
128 256 256 2048 320
3 1 1
= 5567 —%Sn2x+204851n8m+%sm 22+ C.

Even or odd powers in [tan™ xsec” x dx

e If m =2k + 1 is odd, you can rewrite and use the substitution u = cosz

- 2k+1 0k
sin T 1—u
tan? 1z sec™ x dx = T dr = — 7( ) du.
cos +1+n T u2k+1+n

Example:

i d
/tanxdx:/81n$dx [u=cosz] =— —u:—ln\cosx\—i—(}’
coS T U

Example:

.3 2
/tan3md$:/sm % dr = [u = cos x] :—/1 Yy =

cos3 x
-3 -1 L 9 L oo
=—[uPdu+ [u du= U +Injul+C = 5 sec x+In|cosz|+ C
e Other possibility — to use substitutions
a) w=tanz, du=sec?zdr, sec?z=1+u?
so the power at secx must be even, power at tan x may be any;

b) uw=secx, du=tanzseczdr, tan’z=u?—1

So the power at tanz must be odd, power at secx may be any;
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1) Even power at secz, n = 2k + 2, u = tanz,
k
/tanmgl?sec%“r2 rdr = /um (1 + u2) du.

Example:

/tan4x Sec4:cdx:/u4 <1+u2)du:/(u4+u6>du:

1 1 1 1
:5u5+§u7+C’:gtan5az+?tan7x—|—0

Example: no tanx, but still v = tanz

/sec4xd:)::/sec2x sechdx:/(1+u2) du =

1 1
:u+§u3+C’:tanx+§tan3x+C.

2) Odd power at tanz, m = 2k + 1, u = secx,
2k+1 n 2 k n—1 2 k n—1
tan rsec" xdr = (tan x) sec T tanx sec xdr = (u — 1) u" T du.

Example:

/tanxdm = /tanlxseco xdx = /(secaz)f1 tan z sec xdx = /u_ldu =

=Inju|+ C =1Inlsecx| + C = —In|cosz| + C

Other types: [tan?**2zdx

Reduction formula

/tan%H rdr = /tan% rsin® rsec? x do =
= /taan x (1 — cos? a:) sec? x dx = /tamm€ rsec’ xdr [u = tanx]+

+/tan2kaﬁda: = /u%du + /tan%*2 T (1 — cos? x) sec?xdr = ...
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Other types: [sec*zdx, k=1, 3, 5, ...

Denote for brevity Jj, = [ sec® x dx

o k=1

le/secxdx:/ d :/COSSL'dl‘ = [u=sinz]

cos x cos? x

[ du _1/(1+1)d_
S22 Uxe T

1 1 1+u 1 1+sinz
1 (14 sinz)? 1. [(1+sinz)? ‘(1+Sinx)
g (1 —sinz) (1 4+ sinz) 2 n‘(l—sin%v) * M ese | T

=In|secx + tanz| + C
e k > 3: reduction formula
Jr = /seck rdr = /se(:k*2 rsec’ xdr = /seck*2 z (tanz) dr =
=sec" 2 rtanx — /tanm (k — 2) sec* =3 z tan x sec zdx =
=sec" 2ztanz — (k — 2) /tan2 zsect 2 pdx =
=sec" 2 ztanx — (k — 2)/ (sec2 x — 1) seck =2 gdx =
=sect 2z tanz — (k — 2) (Jp — Jr_2)

e Reduction formula

1
Jip = sec* 2 ztanz + Jr_o

k—1 k—1
e Application:

1 1 1 1
J3 = §secxtanx+ §J1 = §secxtanx+ §ln]secx+tana:| +C

e Integrals of I, = [ csck x dx can be evaluated in a similar way..
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