Indeterminate forms ? and % (Section 7.7)

0 0
Problem: find
o flw) . (0)
lim ——=, if lim f(z)=0, limg(x)=0 —
T—a g(m) m%af( ) zﬂag( ) 0
lim ——, if lim f(z) =00, limg(x)= o ()
T—a 9(13) T—a ( ) a:—»ag( ) 00

This information is insufficient to find the answer:

2?41 a1 Coa?+1
lim =00, lim =1, lim T =
500 T T—00 T—00

0.

General idea, finite a. Let be f(x), g(x) differentiable near a. For x close to a, f(z) is close to linear

function:

flx)  fla)(x—a)+h(z)(x—a) f'(a)+ hi(z)

9(z)  gla)(z—a)+ha(z)(x—a) g(a)+ho(z)’
@) @)tk _ f@) @
v=a g(x)  e=ag(a) +hy(z)  g'(a)  =ag(x)

This is I'Hospital’s rule.

If f(x), g(z) differentiable at a and ¢'(z) # 0 near a (except possibly at a). If

lim f(z) =0, limg(z)=0,

r—a r—a

or

lim f(z) = o0, lim g(z) = +o0,

r—a r—a

and there exists finite or infinite lim,_., f:g; then

tim L) _ o S

Q
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e why does it work for z — oco: Lett = 1/z, t — 0, f(z) = f(1/t), g(x) = g (1/t),

e why does it work for f, g — 4o00. Suppose both limits L = lim,_., oL lim, ., g:((g exist, L # 0.

1/fand 1/g — 0,

1_ 9@ 1/ f()
L w=afz) — vmal/g(x)
o — WS @) @) g>2f’(:c)
=t —(1/g(x) g'(x) e\ Sf) g@)
LzlimM 1 f'(x)

(this is not a proof, just explanation).

e what if lim,_,, g:gi)) again is an indeterminate form? Apply I'Hospital’s rule again, lim,_,, 5123
. f///(x)
limgq Gy -

Example, 0/0, finite limit

T L, (sin:f)’ i S92 _ cos0 1
z—0 x—0 ([B) r—0 1 1
Example, 0/0, infinite limit
1 Inz)’ 1
lim&?:lim (Inz) ; = lim [z =00

=1+ (x — 1)

Example, 0/0, apply the rule twice

Example, co/o00
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Example, co/oc0, apply the rule n times

i & g P g DI
T00 e T=o0  eT 500 et T—00 T
Exponent grows faster than any power of x
Example, co/oc0, a > 0
iy 27—y (0 Ly o
Logarithm grows slower than any power.
When the I'Hospital's rule may not work?
When differentiation does not simplify things...
lim -’

T—00 eT + e~z

or makes things even worse...

d ( 1 ) B 1 1
dr \lnz/) (Inz)’z’
In such cases — transform the expression.

Other types of indeterminate forms:

0-o00, 0% 1%, 0o, co — oo.

They should be transformed to 0/0 or co/o0o, then I'Hospital's rule applied.

type 0 - oo

let f -0, g—o00casx—a. Thenl/f —ocorl/g—0

, o fl) L g()
lim f(z)g(x) = lim = lim
T—a ( ( Tz—a 1/g($) r—a 1/f($)
Example: oo/oco works, 0/0 does not
lim e *Inz = lim I = lim 1z =0.
T—00 em T—00 em

T—00
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T—00 T—00 1/ Inz
. —e " . 2 _
= lim ———=— = lim (:z: (Inx)“e x) =7
Inz T

Example: 0/0 works, co/oco does not

. : . sinhxz
lim (sinh z cot ) = lim =
z—0 z—0 tanx
. /
(sinh ) . coshz 1
=lm-—=3 =lim——=-=1
=0 (tanz)  +—0sec’z 1
. . . cot x
lim (sinh z cot x) = lim ————— =
z—0 @—01/sinhx
. —csctx sinh® 2
= llm " coshz = 111 . 5 :?
x—0 — LT -0 coshzsin®x

type 1, 00, oo f(x)90) = eo(@)Inf(z),

g(x)In f(z) is of 0 - 0o type

Example: 0°

lin% 2% = lim ¢*1"?,
1 1
limzIna = lim —— = lim [z = lim (—x) =0,
z—0 z—0 1/1‘ z—0 —1/;[2 z—0
lim 2% = lim e:cln:c — elimz_ﬂ)xlnx — eO -1
z—0 z—0
Example: 1%
liH(l) (1+ x)% =e
lir% (1+ x)i — lir% 6%1n(1+x)’
In (1 1/(1
limM — hmu =1,
z—0 T z—0 1
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. 1 .1 ~ 1
lim (14 z)* = lime= In(l+2) — plime—o 3 In(1+2) — ¢
z—0 z—0

Example: oo
: 1 : linngz
lim (Inz)z = lim e= ,
T—00 rT—00
Inlnz 1/Inz)(1/x 1
im = lim M = lim =0,
r—00 T—00 z—oo rlnax
. 1 . 1 ; 1
lim (ln Qf)z — lim e= Inlnx — ehmzﬂoo < Inlnz — 60 -1
rT—00 TrT—00

type oo — oo

Example. Bring to common denominator

- = lm —_— =
z—0 gsinx z—0sSINXx + X CosSx

lim

z—0

1 1 . —sinx . 1 —cosz
(. %m1
sinx =z

sinx

= lim - =0
z—02cosx — xrsinx

Example. Multiply and divide by simplifying factor

lim (\/x2—|—x—\/x2+1) =

. (Va?+z - Va2 +1) (Va? + 2+ Va2 +1) _

700 (\/x2+x—l—\/x2—|—1)

~ bm (2?2 +z—22-1) ~ bm (x —1) _
oo (VaZr e+ Ve +1) e (Valt o+ VaZ 4 1)

~ lim (x—1)/x o 1—z7!

i (Y ) T e (ka4 /1t a)

1 —lim, ozt 1

B (\/1 +limy oo 271 + V1 + lim, oo :10—2) 2

Example. Factor and change variable

lim (a;el/m — x) = lim x (el/x — 1)

r—00 r—00

Lett=1/z, t — 0 as  — oo. Substitute z = 1/¢,
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Simplifying idea: factor out a part which has a finite limit

limh(x) = H, lim f(z) =0, limg(z)=0 (or o0, 00),

Tr—a r—a r—a

H # 0, H # oco. Assume that lim,_., f(mg , exists, then we can use the properties of limits:

g(z
M@ f@) @) e F@) e f(2)
limy 9(x = lim A( )g oy = Lim h{z) lim () H;Hag )
f(z) 1 f@) _ P CONNNE S C)

w=ah(z)g(x) ==eh(z) g(x) @—eh(z) - g(z)  He—ag(x)

No need to differentiate 1 (z) in this case!

Example.
tanz —x .. sec’zr—1 . 1—cos’zx
Ilm—mM=lm—— =lim —— =
z—0 3 z—0 32 -0 cos? x 32
1 sin? x . 1 . sin’zx
=lim ————— == lim im =
=0 3cos?x  x2 z—0 3 cos? x z—0 2
1. 2sinxcoszx 1 .. . sinz 1
= —lim —— = —limcosz lim = —.
3 z—0 2x 3 z—0 z—0 g 3
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