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Log Sobolev inequality (Stam, Federbush, Gross)
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Let ¢ = —log(du/dx). The Shannon entropy of 1
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The inequality
C(u)

n
< -7, 7
H( | 9n) < =52+ 7

is equivalent to
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A1) is the Laplace operator of v



If the measure p is log-concave, then a reverse log Sobolev
inequality holds

Theorem 1 (Artstein, Klartag, Schiitt, W)

If 1p = —log(du/dx) is a convex function that is C2-smooth and
strictly convex on its domain, then

/n log (det(Hessy)) dp < 2(=5(p) + S(7n))-



If the measure p is log-concave, then a reverse log Sobolev
inequality holds

Theorem 1 (Artstein, Klartag, Schiitt, W)

If 1p = —log(du/dx) is a convex function that is C2-smooth and
strictly convex on its domain, then

/n log (det(Hessy)) dp < 2(=5(p) + S(7n))-

Equality (Caglar, Fradelizi, Guedon, Lehec, Schiitt, W)

Equality holds if and only if i is a Gaussian (with any mean and
any positive definite covariant matrix).



If the measure p is log-concave, then a reverse log Sobolev
inequality holds

Theorem 1 (Artstein, Klartag, Schiitt, W)

If 1p = —log(du/dx) is a convex function that is C2-smooth and
strictly convex on its domain, then

/n log (det(Hessy)) dp < 2(=5(p) + S(7n))-

Equality (Caglar, Fradelizi, Guedon, Lehec, Schiitt, W)

Equality holds if and only if i is a Gaussian (with any mean and
any positive definite covariant matrix).

The left hand side and the right hand side of the inequality are
invariant under affine transformations



Functional Blaschke Santalé inequality
(Artstein+Klartag+Milman, Ball, Fradelizi+Meyer, Lehec)

f and g non-negative functions on R"” such that for all x, y

f(x) gly) < e

If [ xf(x)dx =0, then

() () <

with equality off there is a positive definite matrix A and ¢ > 0
such that

(Ax,x) 1 by
2

fx)=ce 2" gly)=_e
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Proof of Theorem 1
Y = —log(dpu/dx) or du=e Vdx

Put
f(x)=e ) g(y)=e ¥

Legendre transform  ¢*(y) = sup, ({x,y) — ¥(x))

Then
f(x) g(y) < e &

Invariance of u under translations =—> we can assume that

/xd,u: /xe_¢dx = /dex =0
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(2m)" > < / e—w(x)dx> ( / e—w*(y)dy> = / eV Wy

Definition of Legendre transform = 1 (x) + ¥*(y) > (x,y)
with equality iff y = Vi (x)
Change of variable  y = V(x)

(2m)" > /ed’*(y)dy_ /ew*(vw()‘)) det(Hessy))dx
P (Vi(x)) = (x, Vio(x)) — (x)
:/ew(x)—<x,v¢(x)> det(Hessy))dx
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/Iog (det(Hess)) du(x) < log(2m)" +n—2 S(u) =

2 (log(2re)? — S(u)) = 2(S(7n) — (1))
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Generalizations: Starting point is transformation formula

/ed’*(y) dy = / V) =(VU0) det(Hessip) dx

Let F1, F2: RU {400} — Ry, such that Fi(+o0) = Fp(+00) = 0.
Let ¢ : R" — RU {400} convex, A € R.
Generalized affine surface areas
as\(F1, F2, %) =
/R (FL( () (Fa(x, Vip(x)) — (x)))* (det(Hessip))* dx

e Fi(t) = Fx(t) =e * and A = 1: RHS of transformation formula
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o AN=0: asp(F1, F2,¢) = [gn F1o 9 dx
e For any linear invertible map A on R":

as\(F1, 2,9 0 A) = | det A**tasy(F1, F2, 1))

e Duality formula

Theorem 2 Let f;, F>, A\, as above. Then

asy(F1, F2,%) = asi_x(F2, F1, ")

Theorem 2 = affine isoperimetric inequalities for asy(F1, F2, )
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as) <”2”2> = (2n)?
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Duality
as\(¢) = as1-A(¥")

Theorem 3 (affine isoperimetric inequalities)

Let ¢ : R™ — RU {+00} be a C? strictly convex function such
that e™¥ is integrable and [ xe ¥(*)dx = 0.

(i) Let A € [0,1]. Then

asy (1) < (2m)™ </ e¢> 1-2)

f " 1-2)

asx(v) e”

)
2

(ii) Let \ € (—00,0]. Then
asy(y) > (2m)™ </ e‘¢> 1-2)

or




Equality holds in (i) and (ii) for A # 0, iff there exists ¢ € R and a
positive definite matrix A such that

P(x) = (Ax,x) + ¢



Equality holds in (i) and (ii) for A # 0, iff there exists ¢ € R and a
positive definite matrix A such that

P(x) = (Ax,x) + ¢

(iii) Let A > 1. Then, there is a constant ¢ > 0 such that

asy(¢) > ™ (/ e‘¢>1_2A
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1
v = 5 Il
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asy simplifies (Vih,x) = 29

as)(v) = /" (det Hess ¥(x))* e ¥(*)dx

K is a convex body in R" with 0 in the interior

L, affine surface area of K p # —n

n+P

K
aSP(K) :/ K n(p—1) dlu’K
K (x, Nk (x)) e

(Blaschke, Leichtweiss, Lutwak, Meyer-Werner, Schiitt-Werner . ..



Theorem 4 p+# —n, A= Fpp

a5, (1F)

NI==| N
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XN

asy (%) asp(B3)

> asy(K) = asz2 (K°)

P

(Hug (p > 1), Werner+Ye (all p))
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