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Isotropy.

A convex body K ⊆ Rn is isotropic if it has volume 1 and∫
K xdx = 0 (centered at 0)∫
K 〈x , θ〉

2dx = L2
K ∀θ ∈ Sn−1.

Given K we consider a random vector X uniformly distributed in K and,
for every θ ∈ Sn−1, the real random variable 〈X , θ〉 with density
fθ(t) = |K ∩ θ⊥ + tθ|.

θ1

K is isotropic if all the 〈X , θ〉 are centered and have the same variance.
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Isotropy.

LK ≥ LBn
2

=
Γ(1+ n

2 )
1
n

π
√
n+2

≥ c .

Hyperplane conjecture

Does there exist an absolute constant C such that for every K ⊆ Rn

LK ≤ C?

LK ≤ Cn
1
4 log n. (Bourgain 1990)

LK ≤ Cn
1
4 . (Klartag 2005)
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Random polytopes.

Theorem (Milman, Pajor 1989)

Let K ⊆ Rn be an isotropic body and X1, . . . ,Xn independent random
vectors uniformly distributed in K . Then

L2n
K = n!E|conv{0,X1, . . . ,Xn}|2.
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Random polytopes.

K ⊆ Rn symmetric isotropic body.
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Quermaßintegrals.

Let L be a convex body,

|L + tBn
2 | =

n∑
k=0

(
n

k

)
Wk(L)tk . (Steiner’s formula)

Qk(L) =

(
Wn−k(L)

|Bn
2 |

) 1
k

=

(
1

|Bk
2 |

∫
Gn,k

|PF (L)|dν(F )

) 1
k

.

Qn(L) ≤ · · · ≤ Q1(L).

Qn(L) =
(
|L|
|Bn

2 |

) 1
n

= v.rad(L).

Q1(L) = w(L). w(KN) =

∫
Sn−1

max
1≤i≤N

|〈Xi , θ〉|dµ(θ).
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Random polytopes.

Theorem (Dafnis, Giannopoulos, Tsolomitis)

Let K be an isotropic body and KN a random polytope in K . If
cn ≤ N ≤ e

√
n

c1

√
log

N

n
LK ≤ EQn(KN) ≤ EQ1(KN) ≤ c2

√
logNLK .

Corollary

Let K be an isotropic body and KN a random polytope in K . If
n2 ≤ N ≤ e

√
n

EQk(KN) ∼
√

logNLK

for every 1 ≤ k ≤ n.
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Random polytopes.

What happens if n ≤ N ≤ n2?

If cn ≤ N ≤ e
√
n

EQn(KN) ∼
√

log
N

n
LK . (Dafnis, Giannopoulos, Tsolomitis)

EQk(KN)?

Ew(KN)?

Ew(KN) ≥ c
√

logN. (Hartzoulaki, Paouris)

Ew(KN) ≥ c
√

logNLK?
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Expectation of the support function.

Theorem (A., Prochno)

Let K be a symmetric isotropic body and KN (n ≤ N ≤ nδ) a random
polytope in K . Then, there exists a set Θ ⊆ Sn−1, with
µ(Θ) ≥ 1− Ce−

√
n, such that for every θ ∈ Θ

EhKN
(θ) = E max

1≤i≤N
|〈Xi , θ〉| ≥

c√
δ

√
logNLK

Ew(KN) = E
∫
Sn−1

max
1≤i≤N

|〈Xi , θ〉|dµ(θ)

=

∫
Sn−1

E max
1≤i≤N

|〈Xi , θ〉|dµ(θ)

≥ µ(Θ)
c√
δ

√
logNLK ≥

c ′√
δ

√
logNLK
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Expectation of the support function and Orlicz norms.

Theorem (Gordon, Litvak, Schütt, Werner)

Let X1, . . . ,XN be independent, identically distributed random variables
with finite first moment. Let

M(s) =

∫ s

0

∫
{ 1
t
≤|X1|}

|X1|dPdt.

Then, for every x ∈ RN ,

E max
1≤i≤N

|xiXi | ∼ ‖x‖M = inf

{
s :

N∑
i=1

M

(
|xi |
s

)
≤ 1

}
.



Expectation of the support function and Orlicz norms.

Corollary

Let X1, . . . ,XN be independent random vectors uniformly distributed in K
and KN = conv{±X1, . . . ,±XN}. Given θ ∈ Sn−1 let

Mθ(s) =

∫ s

0

∫
{ 1
t
≤|〈X1,θ〉|}

|〈X1, θ〉|dPdt.

Then

EhKN
(θ) = E max

i=1,...,N
|〈Xi , θ〉| ∼ ‖(1, . . . , 1)‖Mθ

= inf

{
s : Mθ

(
1

s

)
≤ 1

N

}
.



Expectation of the support function and Orlicz norms.

Corollary

Let X1, . . . ,XN be independent random vectors uniformly distributed in K ,
y ∈ RN , and KN,y = conv{±y1X1, . . . ,±yNXN}. Given θ ∈ Sn−1 let

Mθ(s) =

∫ s

0

∫
{ 1
t
≤|〈X1,θ〉|}

|〈X1, θ〉|dPdt.

Then

EhKN,y
(θ) = E max

i=1,...,N
|〈yiXi , θ〉| ∼ ‖(y1, . . . , yN)‖Mθ

= inf

{
s :

N∑
i=1

Mθ

(
|yi |
s

)
≤ 1

}
.



Expectation of the support function of random polytopes.

For any θ ∈ Sn−1

Mθ

(
1
s

)
≥ 1

2 |{x ∈ K : |〈x , θ〉| ≥ 2s}|.
EhKN

(θ) ∼ inf{s : Mθ

(
1
s

)
≤ 1

N }.

|{x ∈ K : |〈x , θ〉| ≥ 2s0}| >
2

N
⇒ EhKN

(θ) ≥ cs0.

2
N
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Central limit theorem

Theorem (Klartag, 2007)

Let K ⊆ Rn be an isotropic body and Y a random vector uniformly
distributed in K

LK
. There exists a set Θ ⊆ Sn−1 with µ(Θ) ≥ 1− Ce−

√
n

such that if θ ∈ Θ∫∞
−∞ |fθ(t)− γ(t)|dt ≤ 1

nκ

For every |t| ≤ nκ
∣∣∣ fθ(t)
γ(t) − 1

∣∣∣ ≤ 1
nκ

fθ is the density of 〈Y , θ〉 and γ(t) = e−
t2

2√
2π

the density of N (0, 1).

nκnκ



Expectation of the support function of random polytopes.

If n ≤ N ≤ nδ, for any θ ∈ Θ,

|{x ∈ K : |〈x , θ〉| ≥ α
√

logNLK}| ≥
c

αN
α2

2
√

logN
,

provided α2

2 < κ
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Expectation of the mean width of perturbations of random
polytopes

What can we say about Ew(KN,y )?

Theorem (A., Prochno)

Let X1, . . . ,XN be independent random vectors in an isotropic convex
body K , y ∈ RN , if we define

I (y) :=

k ∈ {1, . . . , n} :
1

|y∗k |
√

1
k

∑k
i=1

1
|y∗

i |2

(
≤ |y

∗
1 |
|y∗k |

)
≤ nc1

 ,

where y∗ denotes the decreasing rearrangement of y , then

Ew(KN,y ) ≥ sup
k∈I (y)

c2

√
log(k + 1)√

1
k

∑k
i=1

1
|y∗

k |2
LK .
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Expectation of the mean width of perturbations of random
polytopes

What can we say about Ew(KN,y )? For a random y?

Theorem (A., Prochno)

Let X1, . . . ,XN be independent random vectors in an isotropic convex
body K (n ≤ N ≤ e

√
n) and let G be a Gaussian random vector in RN

independent of X1, . . . ,XN . Then there exist absolute constants c , c1, c2

such that for every t > 0

PG

(
c1(1− t) ≤

EX1,...,XN
w(KN,G )

(logN)LK
≤ c2(1 + t)

)
≥ 1− 1

Nct2 .
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Expectation of the mean width of random perturbations of
random polytopes

Sketch of the proof:
Ew(KN,G ). For any θ ∈ Sn−1, EhKN,G

(θ) = Emax1≤i≤N |〈GiXi , θ〉|
Ew(KN,G ) ≤

CLK logN

EhKN,G
(θ) ≤ EG max1≤i≤N |Gi |Emax1≤i≤N |〈Xi , θ〉| ∼

√
logNEhKN

(θ)

Ew(KN,G ) ≥

If n2 ≤ N ≤ e
√
n P(KN,G ⊇ c

√
logNZlog N(K ))→ 1

Ew(KN,G ) ≥ cLK logN
If n ≤ N ≤ nδ, for every θ ∈ Sn−1

‖(1, . . . , 1)‖Nθ ∼

EhKN,G
(θ) ∼ EG‖(G1, . . . ,GN)‖Mθ

Nθ (s) = 2

∫ s

0

∫ ∞
−∞

∫ ∞
1

|a|t

|a||K ∩ {〈x , θ〉 = a}|b e
− b2

2

√
2π

db da dt.
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logNLK}|

By CLT there exists Θ ⊆ Sn−1 with µ(Θ) ≥ 1− Ce−
√
n such that
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α2 logN
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N
5
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α2
α2 logN

>
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N

for all θ ∈ Θ if α small enough.

If θ ∈ Θ EhKN,G
(θ) ≥ c(δ)LK logN

If n ≤ N ≤ nδ Ew(KN,G ) ≥ c(δ)LK logN



Expectation of the mean width of random perturbations of
random polytopes

Nθ

(
1

α2 log N

)
≥ 1

N2α2
√

2πα2 log N
|{x ∈ K : |〈X , θ〉| ≥ α

√
logNLK}|

By CLT there exists Θ ⊆ Sn−1 with µ(Θ) ≥ 1− Ce−
√
n such that

Nθ

(
1

α2 logN

)
≥ c

N
5
2
α2
α2 logN

>
1

N

for all θ ∈ Θ if α small enough.

If θ ∈ Θ EhKN,G
(θ) ≥ c(δ)LK logN

If n ≤ N ≤ nδ Ew(KN,G ) ≥ c(δ)LK logN



Expectation of the mean width of random perturbations of
random polytopes

Nθ

(
1

α2 log N

)
≥ 1

N2α2
√

2πα2 log N
|{x ∈ K : |〈X , θ〉| ≥ α

√
logNLK}|

By CLT there exists Θ ⊆ Sn−1 with µ(Θ) ≥ 1− Ce−
√
n such that

Nθ

(
1

α2 logN

)
≥ c

N
5
2
α2
α2 logN

>
1

N

for all θ ∈ Θ if α small enough.

If θ ∈ Θ EhKN,G
(θ) ≥ c(δ)LK logN

If n ≤ N ≤ nδ Ew(KN,G ) ≥ c(δ)LK logN



Expectation of the mean width of random perturbations of
random polytopes

Nθ

(
1

α2 log N

)
≥ 1

N2α2
√

2πα2 log N
|{x ∈ K : |〈X , θ〉| ≥ α

√
logNLK}|

By CLT there exists Θ ⊆ Sn−1 with µ(Θ) ≥ 1− Ce−
√
n such that

Nθ

(
1

α2 logN

)
≥ c

N
5
2
α2
α2 logN

>
1

N

for all θ ∈ Θ if α small enough.

If θ ∈ Θ EhKN,G
(θ) ≥ c(δ)LK logN

If n ≤ N ≤ nδ Ew(KN,G ) ≥ c(δ)LK logN



Concentration of measure

Theorem (Concentration of measure)

Let f : RN → R be a Lipschitz function with constant L. Then

PG

(∣∣∣∣ f (G )

Ef (G )
− 1

∣∣∣∣ ≥ t

)
≤ e−

ct2(Ef (G))2

L2 .

If f (y) = EX1,...,XN
w(KN,y )

|f (y1)− f (y2)| ≤ C
√

logNLK |y1 − y2|
EG f (G ) ∼ LK logN

PG

(
c1(1− t) ≤

EX1,...,XN
w(KN,G )

(logN)LK
≤ c2(1 + t)

)
≥ 1− 1

Nct2 .
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Expectation of the mean width of perturbations of random
polytopes

Theorem (A., Prochno)

Let X1, . . . ,XN be independent random vectors in an isotropic convex
body K (n ≤ N ≤ e

√
n) and let u be a random vector uniformly

distributed on SN−1 independent of X1, . . . ,XN . Then there exist absolute
constants c , c1, c2 such that for every t > 0

σ

u ∈ SN−1 : c1(1− t) ≤
EX1,...,XN

w(KN,u)
log N√

N
LK

≤ c2(1 + t)

 ≥ 1− 1

Nct2 .



Expectation of the mean width of perturbations of random
polytopes

Theorem (A., Prochno)

Let X1, . . . ,XN be independent random vectors in an isotropic convex
body K (n ≤ N ≤ e

√
n) and let y be a random vector uniformly

distributed in BN
p independent of X1, . . . ,XN . Then there exist absolute

constants, c1, c2, c , c
′ such that for every t > 0

Py

c1(1− t) ≤
EX1,...,XN

w(KN,y )

(log N)
1
p + 1

2

N
1
p

LK

≤ c2(1 + t)

 ≥ 1− 1

N
(ct)p

p

.



Mean outer radii of a convex body

K ⊆ Rn symmetric convex body

w(K ) =
∫
Sn−1 hK (θ)dσ(θ) =

∫
Gn,1

R(PFK )dν(F ).

R̃k(K ) =
∫
Gn,k

R(PFK )dν(F )

R̃1(K ) ≤ · · · ≤ R̃n(K )

ER̃k(KN)?
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Mean outer radii of random polytopes.

Theorem (A., Dafnis, Prochno, Hernández-Cifre)

Let X1, . . . ,XN be independent random vectors in an isotropic convex
body K (n ≤ N ≤ e

√
n)

ER̃k(KN) ∼ max
{√

k,
√

logN
}
LK .

Theorem (A., Dafnis, Prochno, Hernández-Cifre)

Let X1, . . . ,XN be independent random vectors in an isotropic convex
body K (n ≤ N ≤ e

√
n), s > 0

c1(s) max

{
√
k ,

√
log

N

n

}
LK ≤ R̃k(KN) ≤ c2(s) max

{√
k,
√

logN
}
LK

with probability greater than 1− N−s .
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Mean outer radii of random polytopes.

Sketch of the proof:

R̃k(KN) ≤ ct
(∫

Gn,k
Iq(K ,F )q dν(F )

)1/q
with probability greater than

1− t−q.

Iq(K ,F ) =

(∫
K
|PF x |qdx

) 1
q

.

(∫
Gn,k

Iq(K ,F )q dν(F )
)1/q

∼
√

k+q
n+q Iq(K ).

Iq(K ) =

(∫
K
|x |q

) 1
q

.

q = logN, t = es

R̃k(KN) ≤ c2(s) max
{√

k,
√

logN
}
LK

with probability greater than 1− 1
Ns .



Mean outer radii of random polytopes.

Sketch of the proof:

R̃k(KN) ≤ ct
(∫

Gn,k
Iq(K ,F )q dν(F )

)1/q
with probability greater than

1− t−q.

Iq(K ,F ) =

(∫
K
|PF x |qdx

) 1
q

.(∫
Gn,k

Iq(K ,F )q dν(F )
)1/q

∼
√

k+q
n+q Iq(K ).

Iq(K ) =

(∫
K
|x |q

) 1
q

.

q = logN, t = es

R̃k(KN) ≤ c2(s) max
{√

k,
√

logN
}
LK

with probability greater than 1− 1
Ns .



Mean outer radii of random polytopes.

Sketch of the proof:

R̃k(KN) ≤ ct
(∫

Gn,k
Iq(K ,F )q dν(F )

)1/q
with probability greater than

1− t−q.

Iq(K ,F ) =

(∫
K
|PF x |qdx

) 1
q

.(∫
Gn,k

Iq(K ,F )q dν(F )
)1/q

∼
√

k+q
n+q Iq(K ).

Iq(K ) =

(∫
K
|x |q

) 1
q

.

q = logN, t = es

R̃k(KN) ≤ c2(s) max
{√

k,
√

logN
}
LK

with probability greater than 1− 1
Ns .



Mean outer radii of random polytopes.

R̃k(KN) ≥(∫
Gn,k

I−q(K ,F )−qdν(F )
)−1/q (∫

Gn,k

R(PFKN)−q

I−q(K ,F )−q dν(F )
)−1/q

(∫
Gn,k

I−q(K ,F )−qdν(F )
)−1/q

∼
√

k
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≥ t
(
N−1
N

)1/q
with probability

greater than 1− tq.
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Mean outer radii of isotropic bodies.

Theorem

Let K ⊆ Rn be an isotropic convex body, then

w(K ) ≤ Cn
3
4LK

Pivovarov gave a proof using random polytopes in K .

Theorem (A., Dafnis, Prochno, Hernández-Cifre)
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R̃k(K ) ≤ C max{
√
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