Some estimates for Random polytopes and their

perturbations

David Alonso Gutiérrez.
Joint work with N. Dafnis, J. Prochno and M.A. Herndndez-Cifre

Universidad de Murcia

June 2013



A convex body K C R" is isotropic if it has volume 1 and
o [, xdx =0 (centered at 0)
o [ (x,0)%dx=1L% VOe S L



A convex body K C R" is isotropic if it has volume 1 and
o [, xdx =0 (centered at 0)
o [ (x,0)%dx=1L% VOe S L

Given K we consider a random vector X uniformly distributed in K and,
for every @ € S"~1, the real random variable (X, 6) with density
fo(t) = |K N6+ + t4).



A convex body K C R" is isotropic if it has volume 1 and
o [, xdx =0 (centered at 0)
o [ (x,0)%dx=1L% VOe S L

Given K we consider a random vector X uniformly distributed in K and,
for every @ € S"~1, the real random variable (X, 6) with density
fo(t) = |K N6+ + t4).




A convex body K C R" is isotropic if it has volume 1 and
o [, xdx =0 (centered at 0)
o [ (x,0)%dx=1L% VOe S L

Given K we consider a random vector X uniformly distributed in K and,
for every @ € S"~1, the real random variable (X, 6) with density
fo(t) = |K N6+ + t4).

— fa(2)

01

Nl




A convex body K C R” is isotropic if it has volume 1 and
o [, xdx =0 (centered at 0)
o [ (x,0)%dx=1L% VOe S

Given K we consider a random vector X uniformly distributed in K and,
for every § € S"~1, the real random variable (X, ) with density
fo(t) = |K N oL + t6].




A convex body K C R” is isotropic if it has volume 1 and
o [, xdx =0 (centered at 0)
o [ (x,0)%dx=1L% VOe S

Given K we consider a random vector X uniformly distributed in K and,
for every § € S"~1, the real random variable (X, ) with density
fo(t) = |K N oL + t6].

i92(1")
_;1 = i
NG N

K is isotropic if all the (X, ) are centered and have the same variance.
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QuermaBintegrals.

@ Let L be a convex body,
L+ tB]| = Z <n> Wi (L)t". (Steiner’s formula)

k
k=0

_(Wa(D\F _ (1 :
o Qut) = () —(wﬂ /Gnyk|PF(L)|du(F)> .

o Qu(L) <+ < Qu(L).

o Q1(L) = w(L). w(Kn) = /n max [(Xi, 0)|du(0).

1 1<i<N
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Theorem (Dafnis, Giannopoulos, Tsolomitis)

Let K be an isotropic body and Ky a random polytope in K. If
cn < N < evn

[ N
log — LK < EQ,,(KN) < EQl(KN < o/ log NLk.

Theorem (Dafnis, Giannopoulos, Tsolomitis)

Let K be an isotropic body and Ky a random polytope in K. If
n? < N < eV", then with probability greater than 1 — %,

KN) \/|Og NLK

for every 1 < k < n.
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Random polytopes.

e What happens if n < N < n??

e lfecn<N< eVn
EQn(Kn) ~ \/@ Lk. (Dafnis, Giannopoulos, Tsolomitis)
o EQk(Kn)?
o Ew(Kny)?
o Ew(Ky) > cy/log N. (Hartzoulaki, Paouris)

Ew(Kn) > cv/log NLk?
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Theorem (A., Prochno)

Let K be a symmetric isotropic body and Ky (n < N < n’) a random
polytope in K. Then, there exists a set © C S"~1, with
1(©) > 1 — Ce= V™, such that for every § € ©

c
Ehk,(0) = Elgagx,v |(Xi,0)| > %\/Iog NLk

Ew(Ky) = E/S max |(X;, 0)|du(0)

n—1 1<i<N

- E X, 0)|du(0
LB [06.0) (o)

/
> u(@)%wog NLy > %\/Iog NLk



Expectation of the support function and Orlicz norms.

Theorem (Gordon, Litvak, Schiitt, Werner)

Let Xi,..., Xy be independent, identically distributed random variables
with finite first moment. Let

S
M(s):// | X1|dPdt.
0 J{i<ix|}

Then, for every x € RV,

N
. |X,'|
A = B — < .
]Elmgl_anN|x,X,| || x| p1 |nf{s ; ;1 I\/I( < 1




Expectation of the support function and Orlicz norms.

Corollary

Let Xi,..., Xy be independent random vectors uniformly distributed in K
and Ky = conv{#£Xj, ..., =Xy}. Given € S"1 let

My(s) = / / (X4, 8)|dPdt.
o Jr<ixon

Then

. 1 1
Ehy(0) = & max, 106,001 ~ 3. Dllg =it {5+ w1 (3) < 1

v




Expectation of the support function and Orlicz norms.

Corollary

Let Xi,..., Xy be independent random vectors uniformly distributed in K,
y € RV, and Ky, = conv{=£y:1 X1, ..., EynyXn}. Given 6 € S"1 let

S
My(s) = / / Xy, 6)|dPat.
o Jii<iamn

Then

Ehigy,(0) = E_max (X, 00l ~ |0, yw)lw,

= inf{s : éMo(’yT') gl}.
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X




Central limit theorem

Theorem (Klartag, 2007)

Let K C R" be an isotropic body and Y a random vector uniformly
distributed in L— There exists a set © C §"~1 with (@) >1— Ce V"
such that if § € ©

o [ Ifo(t) —~(t)ldt < &

o For every [t| < n®

fy is the density of (Y, 0) and ~(t) = €




Expectation of the support function of random polytopes.

o If n< N <nd forany 6 €O,

c
{x € K« |(x,0)| > av/log NLy}| > —— <,
aN7z /log N

H a2 K
provided % < .
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aN7

provided %2 <5
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2
ceK: Y —/log NL > >
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Expectation of the support function of random polytopes.

o If n< N <nd forany 6 €O,

c
{x € K« |(x,0)| > av/log NLy}| > —— <,
aN7z /log N

provided %2 <5
e Taking a = \/?

_ G ) 2
{x €K : |(x,0)] > %\/IogNLKH > 1E i T N

e If n< N <n’and@e®, then Ehk, (0) > %\/Iog NLg.
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Expectation of the mean width of perturbations of random

polytopes

e What can we say about Ew(Kj,,)?

Theorem (A., Prochno)

Let Xi,..., Xy be independent random vectors in an isotropic convex

body K, y € RV, if we define

Iy) = kel ——— (glﬁDgnq ’
il & 2i=1 e k

where y* denotes the decreasing rearrangement of y, then

v/log(k +1

1 k 1
KEIO) V% im T
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@ What can we say about Ew(Ky,,)? For a random y?

Theorem (A., Prochno)

Let Xi,..., Xy be independent random vectors in an isotropic convex
body K (n < N < eV") and let G be a Gaussian random vector in RV
independent of Xi, ..., Xy. Then there exist absolute constants c, ¢1, ¢
such that for every t > 0

1
Net?”

E w(K,
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Sketch of the proof:
EW(KN,G). For any 0 e 5"71, EhKN,G(G) = Emaxlg,-g,v ‘(G,X,,(9>|
o ]EW(KMG) S CLK |Og/V
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Sketch of the proof:
Ew(Kn,g). For any 6 € 5", Ehg, (0) = Emaxi<i<n [(GiX;, 0)]
4 ]EW(KMG) < CLK |Og/V
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o lf P <N<evn P(Ky.g 2 cv/log NZiog n(K)) — 1
Ew(Kn,c) > cLk log N
o Ifn< N < n? for every § € S"1

1L, Dl ~ Bhiy 6 (0) ~ Egll(G1, -, G )HMe

_2/ / /i lal|K N {{x, 9)—a}|bfdbdadt
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1 1 .
o Mo (o) = g (X € K ¢ 10X.0)] = alog L)

@ By CLT there exists © C S"~! with u(©) > 1 — Ce~V" such that

N, L) < > 1
"\ a2logN ) = N3 a2logN N
for all 8 € © if & small enough.
0o lfdec© Ehky c(0) > c(6)Lk log N
olfn<N<R Ew(Kn,g) > c(0)Lk log N
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Concentration of measure

Theorem (Concentration of measure)

Let £ : RN — R be a Lipschitz function with constant L. Then

_ ct?(EF(6))?
Pol||l==—-1 <e =,

If f(y) = ]EX1,...,XN W(KN7y)
o |f(y1) — f(y2)| < CVlog NLk|y1 — yo|
o ng(G) ~ LK IogN

1
Net?

Ex, . xyW(Kn,G)
(log N)Lk

Pe <c1(1 8 < <o+ t)> >



Expectation of the mean width of perturbations of random
polytopes

Theorem (A., Prochno)

Let Xi,..., Xy be independent random vectors in an isotropic convex
body K (n < N < eﬁ) and let u be a random vector uniformly
distributed on SNV=1 independent of Xi,..., Xy. Then there exist absolute
constants c, c¢1, ¢ such that for every t > 0

EXI"'I"X’VW(KN’") <o(l+t)] >1- : :
logN ;. Nt
v Lk

olueshV1t. a(l—t) <




Expectation of the mean width of perturbations of random

polytopes

Theorem (A., Prochno)

Let Xi,..., Xy be independent random vectors in an isotropic convex
body K (n < N < eﬁ) and let y be a random vector uniformly
distributed in BF’,V independent of Xi,...,Xy. Then there exist absolute
constants, c1, ¢, ¢, ¢’ such that for every t > 0

EXl,...,XNW(KN,y) S C2(1 + t) Z 1 _ (];t)p .

1,1

log N)p T2

( gN)— LK N »
P

Py C1(1 = t) <
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K CR" symmetric convex body

4 Rk fG PFK dV(F)

o Ri(K) <+ < Rq(K)

o ERk(Kn)?



Mean outer radii of random polytopes.

Theorem (A., Dafnis, Prochno, Hernandez-Cifre)

Let Xi,..., Xy be independent random vectors in an isotropic convex
body K (n < N < eV")

Eﬁk(KN) ~ max {\/E, \/M} Lk.




Mean outer radii of random polytopes.

Theorem (A., Dafnis, Prochno, Herndndez-Cifre)

Let Xi,..., Xy be independent random vectors in an isotropic convex
body K (n < N < eV")

Eﬁk(KN) ~ max {\/E, \/@} Lk.

Theorem (A., Dafnis, Prochno, Herndndez-Cifre)

Let Xi,..., Xy be independent random vectors in an isotropic convex
bodyK(nSNSeﬁ),s>O

c1(s) max {\/Z, \/Iog%} Lk < Ri(Kn) < ca(s) max {\/Z, \/log N} Lk

with probability greater than 1 — N—°.




Mean outer radii of random polytopes.

Sketch of the proof:
1/
o Ri(Kn) < ct (fG (K, F)d dl/(F)) 7 with probability greater than

1-t9, 1
F)— </ |P,:x|qu>q
K



Mean outer radii of random polytopes.

Sketch of the proof:

1/
o Ri(Kn) < ct (fG (K, F)d dl/(F)) 7 with probability greater than
1—t79.

1

I(K,F) = </K |P,:x|qu>q.

° (fGn,k Io(K, F)d dy(F))l/q ~ S (K).

1(K) = (/K |x|q>‘1’.




Mean outer radii of random polytopes.

Sketch of the proof:
1/
o Ri(Kn) < ct (fG (K, F)d du(F)) 7 with probability greater than

1-t9, 1
F)— </ \PFx|qu>q
K

° (fGn,k Io(K, F)d dy(F))l/q ~ S (K).

o g=logh, t=¢®°
Ri(Kn) < ca(s) max{\/E, V/ log N} Lk

with probability greater than 1 — -



Mean outer radii of random polytopes.
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Mean outer radii of random polytopes.

o Ri(Kn) > N
(Jo,, 1otk F)2du(F)) " (J,, 71*;;",@ au(F))

(fG I—q(K,F)~9dv(F )_/q \[I_

-1/q




Mean outer radii of random polytopes.

o Ri(Kn) > N
(fGn,k I-q(K, F)_qu(F)) ’ (fc;,,k ,/?_((:J(i(Kg) qu/(F))

o (Jo,, ok Y odu(F)) " 5 Ly(K

1/
(fc-;nk ;i(ZZKg) g an,k(F)) =¥ (%) Y% with probability

greater than 1 — t9.

-1/q
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o Ri(Kn) > N
(fGn,k I-q(K, F)_qu(F)) ’ (fc;,,k ,/?_((:J(i(Kg) qu/(F))

o (Jo,, ok Y odu(F)) " 5 Ly(K

-1/
(fc-;nk ﬁ(qFE?(Kg) g an,k(F)) =¥ (%) Y% with probability

greater than 1 — t9.
o g=logN, t =e°and I_4(K) ~ /nLg

kk(KN) Z C(S)\/ELK

-1/q

with probability greater than 1 — &5



Mean outer radii of random polytopes.

o Ri(Kn) > N
(fGn,k I-q(K, F)_qu(F)) ’ (fc;,,k ,/?_((:J(i(Kg) qu/(F))

o (Jo,, ok Y odu(F)) " 5 Ly(K

-1/
(fc-;nk TaRmes an,k(F)) =L (%) /9 with probability
greater than 1 — t9.

o g=logN, t =e°and I_4(K) ~ /nLg

-1/q

kk(KN) Z C(S)\/ELK

with probability greater than 1 — &5
° Rk(K) > Rl(K).



Mean outer radii of isotropic bodies.

Let K C R" be an isotropic convex body, then

w(K) < Cnily




Mean outer radii of isotropic bodies.

Let K C R" be an isotropic convex body, then

w(K) < Cnily

Pivovarov gave a proof using random polytopes in K.



Mean outer radii of isotropic bodies.

Let K C R" be an isotropic convex body, then

w(K) < Cnily

Pivovarov gave a proof using random polytopes in K.

Theorem (A., Dafnis, Prochno, Herndndez-Cifre)

Let K C R" be an isotropic convex body, then

Ri(K) < C max{Vk, n%}\/ﬁLK.




