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Main result
Theorem. Let H be a subspace of Rn. Then the function

FH(t1, . . . , tn) = volH
(
diag(et1 , . . . , etn )Bn

1 ∩ H
)

is log-concave on Rn.

b



Motivation 1

Theorem. FH(t) = volH (diag(et1 , . . . , etn )Bn
1 ∩ H) is log-concave.

Strong B-property: t 7→ µ(diag(et1 , . . . , etn )K ) is log-concave.

E.g.

? dµ(x)
dx =

∏
e−|xi |2 , K convex, symmetric (C-EFM’04)

? dµ(x)
dx =

∏
e−|xi |pi , pi ∈ (0, 1], K convex, symmetric

? dµ(x)
dx = e−(

∑
|xi |2)p/2 , p ∈ (0, 1], K convex, symmetric (ENT’18)

? µ = volH , K = Bn
1



Strong B-property – log-concave negative examples

? µ = centred Gaussian measure, K = box (C-ER’18)

? µ = uniform on a parallelogram K ,

f (t) = logµ(diag(1, et)K ) is not concave



Motivation 2
Conjecture (BLYZ’12). For every n ≥ 1, every symmetric convex

bodies K , L in Rn and λ ∈ [0, 1],

voln(KλL1−λ) ≥ voln(K )λ voln(L)1−λ.

KλL1−λ =geometric mean (defined via support functions)

Fix n ≥ 1. This conjecture is equivalent to (S’15’16)

Conjecture’. For every N ≥ n, every n-dim subspace H of RN ,

FH(t1, . . . , tN) = volH
(
diag(et1 , . . . , etN )BN

∞ ∩ H
)

is log-concave on RN .



Proof

Theorem. FH(t) = volH (diag(et1 , . . . , etn )Bn
1 ∩ H) is log-concave.

Key Lemma.

FH(t) = c · exp
(∑

ti
)
E

 1√
det

(∑
e2tj Yjvjv>j

)
 ,

Yj are i.i.d. Exp(1), vj are vectors given by H.

To finish, is E

 1√
det(
∑

e2tj Yj vj v>
j )

 log-concave?



Proof

E
[

1√
det

(∑
e2tj Yjvjv>j

)
]

is log-concave?

=
∫

(0,∞)n

1√
det

(∑
e2tj yjvjv>j

)e−
∑

yj dy

yi =esi
=

∫
Rn

1√
det

(∑
e2tj +sj vjv>j

)e−
∑

esj e
∑

sj ds

By Prékopa-Leindler, enough to show that the integrand is

log-concave.

Is (s, t) 7→ det
(∑

e2tj +sj vjv>j
)

log-convex?



Proof

Is (s, t) 7→ det
(∑

e2tj +sj vjv>j
)

log-convex?

Fact. For k × k PSD matrices A1, . . . ,An,

det
(∑

xjAj
)

=
∑

j=(j1,...,jk)
D(Aj1 , . . . ,Ajk )︸ ︷︷ ︸

≥0

xj1 . . . xjk .

Fact. For aj ≥ 0,

t 7→
∑

ajetj

is log-convex.

Proof. Hölder:
∑

ajeλtj +(1−λ)uj ≤ (
∑

ajetj )λ (
∑

ajeuj )1−λ.



Proof of key lemma

Key lemma. volH(Bn
1 ∩ H) = c · E

[
1√

det(
∑

Yj vj v>
j )

]
.

H = span(u1, . . . , uk)⊥ = {x ∈ Rn, ∀j ≤ k 〈x , uj〉= 0}

H(ε) = {x ∈ Rn, ∀j ≤ k |〈x , uj〉| ≤ ε/2}

volH(Bn
1 ∩ H) = c · lim

ε→0
ε−k

∫
H(ε)

e−
∑
|xi |dx

= c ′ · lim
ε→0

ε−kP (X ∈ H(ε))

b

X = (X1, . . . ,Xn) i.i.d. SymExp(1)

Key fact. Xi
d=
√

2YiGi , Yi ∼ Exp(1), Gi ∼ N(0, 1)

〈X , v〉=
∑

Xivi =
∑

Gi
√

2Yivi =〈G , ṽ〉, ṽi =
√

2Yivi



Proof of key lemma

volH(Bn
1 ∩ H) = c ′ · lim

ε→0
ε−kP (X ∈ H(ε))

Key fact. Xi
d=
√

2YiGi , Yi ∼ Exp(1), Gi ∼ N(0, 1)

〈X , v〉=
∑

Xivi =
∑

Gi
√

2Yivi =〈G , ṽ〉, ṽi =
√

2Yivi

P (X ∈ H(ε)) = P (∀j |〈X , uj〉| ≤ ε/2)

= P (∀j |〈G , ũj〉| ≤ ε/2)

= EYPG(ProjŨG ∈ εK ),

Ũ = span{ũj}, K = {x ∈ Ũ, ∀j ≤ k |〈x , ũj〉| ≤ 1/2}



Proof of key lemma

volH(Bn
1 ∩ H) = c ′ · lim

ε→0
ε−kEYPG(ProjŨG ∈ εK )

= c ′′ · lim
ε→0

ε−kEY
[
εk vol(K ) + o(εk)

]
= c ′′ · EY

[
vol(K )

]

= c ′′′ · EY

 1√
det

(∑
Yjvjv>j

)
 ,

where 
u1
...

uk

 =


| |

v1 · · · vn

| |

 . �



Thanks!


