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Isoperimetric inequalities:
Vi(K) = Vi(Bx),

Bk ball such that |K| = |Bk].
> | =n— 1: the isop. ineq.

» ;i = 1: Urysohn's inequality
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Randomized isoperimetric inequalities

X1y, Xy~ ﬂﬁg)l() dx independent random points, N € N,

Kn := conv{Xq, ..., Xn}

Empirical inequalities:
EVi(Kn) = EVi((Bk)n),

X4 IE{O,,H}
» Groemer '74

X » Hartzoulaki, Paouris '03
2
X » Paouris, Pivovarov '17



Randomized isoperimetric inequalities

X1y, Xy~ ﬂﬁg)'() dx independent random points, N € N,

Ky = conv{Xy,..., Xn}

Empirical inequalities:
EVi(Kn) = EVi((Bk)n),

X4 IE{O,,”}
» Groemer '74

» Hartzoulaki, Paouris '03
X X2 o
! » Paouris, Pivovarov '17

Ky — Kas. as N — o0
empirical = deterministic
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Spherical convex geometry

K € K(S") = {K C S"| K compact, proper, convex, int K # 0}:

U,-(K):/n xX(KNS)dS, ie{0,...,n}

Isoperimetric inequalities:
» Lévy '19, Schmidt '48:
Un-1(K) > Up—1(Ck)
» Gao, Hug, Schneider '03:

Ui(K) = U:(Ck)

Ck caps. t. o(K) = 0(Ck)



Polarity on S”

» KeK(S"), K =={ueS"|u-v<O0forallveK}

K




Polarity on S”

» KeK(S"), K =={ueS"|u-v<O0forallveK}

K

1= Uh(K) = 2 o(K?)

Wnp

on S": Urysohn's inequality
=

Blaschke—Santalé inequality



Randomized inequalities on S”

Theorem (Cordero—E., Fradelizi, Paouris, Pivovarov '15)

Let K € K(R"), N € N, and pu be a measure on R" with radially
symmetric, decreasing density. If X1,..., Xy ~ ]L’E%) dx
independent, then

En(Ky,s) < Ep((Bi)n,s):

where Ky s := conv{£Xj,...,=Xy}.



Randomized inequalities on S”

Theorem (Cordero—E., Fradelizi, Paouris, Pivovarov '15)

Let K € K(R"), N € N, and pu be a measure on R" with radially
symmetric, decreasing density. If X1, ..., Xy ~ £ gx

w(K)
independent, then
Eu(Ky,s) < Eu((Bk)n,s):
where Ky s := conv{£Xj,...,=Xy}.
e g(v)
. — . R"
Gnomonic projection g: intS — R” sn u

> L= g#0o = symmetric empirical
Blaschke—Santalé inequality on S” ' /



Main result

Theorem (H., Pivovarov)

Let K € K(S"), N €N, and Xi,... Xy ~ %) do(x) independent
random points, then

EUi(Kn) > EUL((Ck)n)
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Main result

Theorem (H., Pivovarov)

Let K € K(S"), N €N, and Xi,... Xy ~ %) do(x) independent
random points, then

EUi(Kn) > EUL((Ck)n)

where Ky = conv{Xi,..., Xy} and Ck cap, s. t. 0(Ck) = o(K).
» More generally: Xi,..., Xy ~ f(x)do(x), f € LX(S"), f
bOUI’ldEd, HfHLl(S”) =1.
» As N — oo, we recover U (K) > Ui (Ck).
» Empirical Blaschke-Santalé: Eo(K,) < Eo((Ck)y)
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Two-point symmetrization

(H,p, T), KCS™

TK = (KNpK)U[(KNHY)\ K Up [(KNHT)\ K™
————

Ksym Kfix Kmov
e, pK
me"vV,v,}' K "
7
,,,,,,,,,,,,,,,,,,,,,,,,,,,,, H
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o o



Two-point symmetrization

(H,p, T), KCS™

TK = (KNpK)U[(KNHY)\ K Up [(KNHT)\ K™
~——

Ksym K fix K mov

H+ » o(TK) = o(K)

» similarly in Euclidean or

7777777777777 Ksym H hyperbolic space
TK > J sequence (TH,)meN,
THm”-THlK—)CK
.
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