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Theorem (Federer & Fleming and Maz'ya, 1960)
Let n>2. If f € WHL(R™), then
[ 19flacz Il
Rn
with equality if and only if f = Mg

» f € BV(R")
> equivalent to isoperimetric inequality

> euclidean inequality
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If f € WYL(R™), then

_1
(/ (/ walndx) du) > ] =
Sn—l Rn n—1

with equality if and only if f = X g

> f € BV(R")

» euclidean inequality



Interpretation as averages over Grassmannian

» ASZI: average over 1-dimensional subspaces:

_1
(/ (/ Hu-wudx) du) > ]«
Sn—l Rn n—1



Interpretation as averages over Grassmannian

» ASZI: average over 1-dimensional subspaces:

_1
/ (/ \|Vf|Fudx) dF ) > f] e
Gr,,,l Rr n=1



Interpretation as averages over Grassmannian

» ASZI: average over 1-dimensional subspaces:

_1
/ (/ \|Vf|Fudx) dF ) > f] e
Gr,,,l Rr n=1

» Haberl-Schuster inequality: average over (n — 1)-dimensional
subspaces:

_1
(/ ( ||w|uL||dx) du) GE
Snfl Rn n—1




Interpretation as averages over Grassmannian

» ASZI: average over 1-dimensional subspaces:

_1
/ (/ \|Vf|Fudx) dF ) > f] e
Gr,,,l Rr n=1

» Haberl-Schuster inequality: average over (n — 1)-dimensional
subspaces:

_1
/ ( IVIF| dx) dF ) =]
Grn,n—l Rn ot




Interpretation as averages over Grassmannian

» ASZI: average over 1-dimensional subspaces:

_1
/ (/ \|Vf|Fudx) dF ) > f] e
Gr,,,l Rr n=1

» Haberl-Schuster inequality: average over (n — 1)-dimensional
subspaces:

_1
/ ( IVIF| dx) dF ) =]
Grn,n—l Rn ot

» Sl: average over n—dimensional subspace:

G



Interpretation as averages over Grassmannian

» ASZI: average over 1-dimensional subspaces:

_1
/ (/ HVfIFde> dF ) > f] e
Gr,,,l Rr n=1

» Haberl-Schuster inequality: average over (n — 1)-dimensional
subspaces:

_1
/ ( IVIF| dx) dF ) =]
Grn,n—l Rn ot

» Sl: average over n—dimensional subspace:

_1
—n n
</ (/ HVfFHdX> dF> 2l 2,
Grn,n Rn




Interpretation as averages over Grassmannian

» ASZI: average over 1-dimensional subspaces:

_1
slf:(/ (/ wadx) dF) > Il o
Gr,,yl Rn =

» Haberl-Schuster inequality: average over (n — 1)-dimensional
subspaces:

_1
sm:(/ ([ 1wriFiox) dF) 2 1l e,
Gr,,’,-,_l Rn =

» Sl: average over n—dimensional subspace:
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euclidean inequality for / > 1
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Nested Sobolev-type Inequalities

A stronger result holds:
Theorem (K., Schuster, 20197)
Let1<i<n. Iff € WHL(R™), then

Eif > Eisf.

» This yields
Enf 2 Epaf 2+ 2 Ef Z &f 2 ||| 2

> the only affine inequality is stronger than the euclidean
inequalities in this family
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» Sl for f € WYP(R") (Aubin and Talenti, 1976)

» ASZI for f € WHP(R") (Lutwak, Yang, Zhang, J. Diff. Geom.
2002)

» Haberl-Schuster inequality for f € Wl,p(Rn)

> &pif = (f(;r,,y,- (Jan [IVFF[|P dx) > dF)
» For f € WLP(R™) it holds

3=
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where p* =



