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Milman’s problem

Problem
Does K + L = K◦ + L◦ implies K = L◦?

Problem
Does hk − 1/ρK unique determine a convex body K?
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Milman’s problem

Theorem (Florentin and Dan, 19+)
Let K and L be convex bodies in Rn containing a unit ball. If
K + L = K◦ + L◦, then K = L◦.
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Milman’s problem for polytopes

Theorem (Huang and Zh., 19+)
Let K and L be convex polytopes in Rn. If K + L◦ = K◦ + L, then
K = L.
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Idea of proof

I For the set {θ ∈ Sn : ρK(θ) > ρL(θ)}, consider the Gauss
map FL(θ), where

hK(FL(θ)) > hL(FL(θ)) > ρL(FL(θ)) > ρK(FL(θ))

I For the set {θ ∈ Sn : ρL(θ) > ρK(θ)}, consider the Gauss
map FK(θ), where

hL(FK(θ)) > hK(FK(θ)) > ρK(FK(θ)) > ρL(FK(θ))
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Idea of proof

I Pick one simple connected open set Θ0 of {ρK(θ) > ρL(θ)}
and set

Θi+1 = FK(FL(Θi)).

I It is not so hard to prove Θi ∩Θj = ∅.
I So {ρK(θ) > ρL(θ)} should have infinity seperate parts.
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Milman’s problem for convex body containing a
unit ball

Theorem (Huang and Zh., 19+)
Let K and L be convex bodies in Rn containing a unit ball. If
K + L◦ = K◦ + L, then K = L.
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Idea of proof

I Pick one point θ0 ∈ {ρK(θ) > ρL(θ)} and set

θi+1 = FK(FL(θi)).

This sequence convergences to point θ where

ρK(θ) = hK(θ) = ρL(θ) = hL(θ).

I At this point, it is clear D2(hK(θ)) = D2(hL(θ)), which
means FK and FL convergence to this point asymptoticly.

I Consider the projection of difference between supporting
points of K and L, which is never vanishing.
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Theorem (Huang and Zh., 19+)
There exist two distinct convex bodies K and L with
K + L◦ = K◦ + L.
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Idea of proof

I Take the elliptic E with x2

a2 + a2y2 = 1 (a > 1).
I Pick one point θ0 ∈ E and set θi+1 = FK(FL(θi)) and

Θi+1 = [θi, θi+1].
I Set ρK(θ) = ρE(θ) + εf1 in Θ1, where f ′1(θ0) = f ′1(θ1) = 0.
I When θi close to (0, 1

a), |ρK − ρL| ≤ c 1
ai and

|ρ′K − ρ′L| ≤ c 1
ai , hence

|(ρ2
K + 2(ρ′K)2 − ρKρ

′′
K)− (ρ2

L + 2(ρ′L)2 − ρLρ
′′
L)| ≤ c 1

a2i
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Thank You!


