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Operator norm of a random matrix with i.i.d. entries

For a deterministic m x n matrix X = (x;j;), with columns C; and rows R;
we have

Xl 1= Xyt = (e Rl max Gl ).
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Operator norm of a random matrix with i.i.d. entries

For a deterministic m x n matrix X = (x;j;), with columns C; and rows R;
we have

Xl 1= Xyt = (e Rl max Gl ).
In the case of the operator norm || - ||2—2 this trivial estimate may be

reversed (up to a universal constant) for some random matrices:

If (x;j) arei.i.d. symmetric random variables, then

E[|X]2-2 < E max | Rill2 + EmJaX I1Gill2-
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No i.i.d. assumption

For which random matrices we may generalize the result of Seginer:

EllX[l2—2 < E max|[Ril2 + Emax | G2? (1)
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No i.i.d. assumption

For which random matrices we may generalize the result of Seginer:

EllX[l2—2 < E max|[Ril2 + Emax | G2? (1)

What in the case of independent entries with not necessary identical
distribution?
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No i.i.d. assumption

For which random matrices we may generalize the result of Seginer:

EllX[l2—2 < E max|[Ril2 + Emax | G2? (1)

What in the case of independent entries with not necessary identical
distribution?

Let X = (ajjejj) where €j; are independent random signs. Then

4 - / 2 / 2
E|| X252 S v/log min(m, n) max Zaij+mjax Zaij
J i
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No i.i.d. assumption

For which random matrices we may generalize the result of Seginer:

EllX[l2—2 < E max|[Ril2 + Emax | G2? (1)

What in the case of independent entries with not necessary identical
distribution?

Let X = (ajjejj) where €j; are independent random signs. Then

4 . 2 2
E||X|l2=2 < +/log min(m, n) max /Zaij+mjax /Z a;
J 1

Seginer moreover provided examples of square matrices (aj;), for which
constant (log n)}/* is achieved. So (1) cannot hold in general without
additional assumptions.
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Weaker estimate in general independent case

If entries of X are symmetric independent, then

ElX[2ms2 < ml_ax<z Ifzx,-f-)l/2 + mjax(z 1EX,§-)1/2 + (Z IEX,;?) e
j j %
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Case of a structured Gaussian matrix

Let gjj be i.i.d. standard Gaussian variables.
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Case of a structured Gaussian matrix

Let gjj be i.i.d. standard Gaussian variables.

1/4

Bl S moe(528) 4 mpn(525) "+ (32 41)
J

i ij
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Case of a structured Gaussian matrix

Let gjj be i.i.d. standard Gaussian variables.

1/4

Bl S moe(528) 4 mpn(525) "+ (32 41)
J

i ij

This bound is not always optimal.
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Case of a structured Gaussian matrix

Let gjj be i.i.d. standard Gaussian variables.

1/2 1/4
E|/(aen)ll,, Smax(3oa3) "+ (D af)

J ij

This bound is not always optimal.Van Handel noticed, that for symmetric
Gaussian matrices X = (aj;gj),

1/2
2 2 ;
Eml_ax E X =< ml_ax( E a,-j) + ml_fxix|a,*-}|\/|og(/ +1),
\

J

where (ajj+) is obtained by permuting the rows of (aj;) so that
max; [a];| > ... max; |a}|.
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Case of a structured Gaussian matrix

Let gjj be i.i.d. standard Gaussian variables.

1/2 i
E||(a53)lp-p S max(Y025)  + maxajlv/log(i 1 1).

J

This bound is not always optimal.Van Handel noticed, that for symmetric
Gaussian matrices X = (aj;gj),

1/2
2 2 ;
Eml_ax E X =< ml_ax( E a,-j) + ml_fxix|a,*-}|\/|og(/ +1),
\

J

where (ajj+) is obtained by permuting the rows of (aj;) so that
max; [a];| > ... max; |a}|.
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Short story of the case of a structured Gaussian matrix

Byl S max(Y0a3) " + maxajl/foglr + .
J
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Short story of the case of a structured Gaussian matrix

Byl S max(Y0a3) " + maxajl/foglr + .
J

1/2
]E||(a,-jg,-j)||2_)2 < m?x(; a,zj) 4 rr11_3_x|a,-j|\/log n.
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Short story of the case of a structured Gaussian matrix

1/2

E||(as8)l|,2 < max(d_a5) "+ max|aj|/iog (i + D).
J

1/2
IE||(a,-J-g,-j)||2_>2 < ml_ax(z a,?j) +r’r}3x|a;j|\/|og n.

J

The authors used the moment method. In this case we cannot gain
anything better using the moment method.
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Short story of the case of a structured Gaussian matrix

1/2 i
E|[(aygs) o S max(D_a3) "+ maxa|v/iog(i + 1).
J

1/2
]E||(a,-jg,-j)||2_)2 < m?x(; a,zj) 4 rr11_3_x|a,-j|\/log n.

1/2 _
IEl”(a,-jg,-j)Hz_)2 S mlax(Z a,?j) + TEN |aj;| log(i +1).
J
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Short story of the case of a structured Gaussian matrix

1/2 i
E|[(aygs) o S max(D_a3) "+ maxa|v/iog(i + 1).
J

1/2
]E||(a,-jg,-j)||2_)2 < m?x(Xj: a,zj) 4 rr}3x|a,-j|\/log n.

1/2 )
E||(a583)lo-p < max(3_25) "+ max|aj log(i + 1)
J

Obtained by the Slepian-Fernique lemma. Moreover, if (ag-) is positive
definite, the author proved the aim.
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Short story of the case of a structured Gaussian matrix

Finally, the positive answer to the conjecture in the Gaussian case have
been obtained:
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Short story of the case of a structured Gaussian matrix

Finally, the positive answer to the conjecture in the Gaussian case have
been obtained:

B a8l S max(3 )" + maxa ol + 1)
J

=E X2,
v 5
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Short story of the case of a structured Gaussian matrix

Finally, the positive answer to the conjecture in the Gaussian case have
been obtained:

1/2 ;
E||(asgs) -, < max(3225)  + max|aj| Viog(i 1)
J

= E X2,
- 5

Decompose (ajj) in a proper, clever way, and use the (weaker) bound due
to Bandeira and van Handel "close” to the diagonal, and another (weaker)
bound due to van Handel "far" from the diagonal.
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What for other norms? Back to m x n matrices

Forp,q =2,

? 1/p
Bl eyl < C(o.a) | oz ) man (3l

+ max(z |aii|? ) + (log m) VIR max |3ugu|]
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What for other norms? Back to m x n matrices

Forp,q =2,

? 1/p
Bl eyl < C(o.a) | oz ) man (3l

+ max(z |aii|? ) + (log m) VIR max |3ugu|]

For a fixed (p,q) this bound is optimal up to logarithmic terms.
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What for other norms? Back to m x n matrices

n
1 1/p
EH(aijgij)”p’—m < C(p;q) [(Iog m) /a m?x(E |a,-j|P)
Jj=1

+max(2|au| ) + (log m) Vag max|augu|]

For a fixed (p,q) this bound is optimal up to logarithmic terms. This result

mai be ieneralized to Ioi-concave random matrices:

Assume that rows of (y;;) are i.i.d. isotropic log-concave vectors, and
p,q > 2. Then X = (ajjy;;) satisfies
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What for other norms? Back to m x n matrices

& 1/p
Ell(ai)llpq < C(p, ) [(log ) max(3 Iy )

j=1

+max(2|au| ) + (log m) Vag max|augu|]

Assume that rows of (y;;) are i.i.d. isotropic log-concave vectors, and
p,q > 2. Then X = (ajjy;;) satisfies

n 1/
ElXl—aq < C(p.4)| l0g m)* (3 )

i
+max(Z|a,J| ) Iogm) qIErr;3x|a,-jy,-j| .
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Corollaries

Under the assumptions of the previous theorem we have

1
ElXlg < C(p,) (log m)™ FE max Rl + EmaxlI Gl ).
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Corollaries

Under the assumptions of the previous theorem we have

1
ElXlg < C(p,) (log m)™ FE max Rl + EmaxlI Gl ).

If X is unconditional (as an (mn)-dimensional vector), then

1 1
/ < 7tg X . ]
EIX5-q < C(p.a) (og m)*¥E max 1Ri+viog 75 max 1l )

X is unconditional if for every sequence of signs n € {—1,1}",
X ~ (’I],'X,'),'.
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Corollaries

Under the assumptions of the previous theorem we have

1
ElXlg < C(p,) (log m)™ FE max Rl + EmaxlI Gl ).

If X is unconditional (as an (mn)-dimensional vector), then

1 1
/ < 7tg X . ]
EIX5-q < C(p.a) (og m)*¥E max 1Ri+viog 75 max 1l )

Recall the result of Seginer:
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Corollaries

Under the assumptions of the previous theorem we have

1
ElXlg < C(p,) (log m)™ FE max Rl + EmaxlI Gl ).

If X is unconditional (as an (mn)-dimensional vector), then

1 1
’ < PR . i )
EIX5-q < C(p.a) (og m)*¥E max 1Ri+viog 75 max 1l )

Recall the result of Seginer:
Let X = (ajjejj) where ¢j; are independent random signs. Then

E[[X|l22 S V/log min(m, n) { max|[R;]2 + mJ?XHCjIIz
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Corollaries

Random variable Z is a Gaussian mixture, if Z ~ rg, r > 0 is
independent of g ~ N(0,1).
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Corollaries

Random variable Z is a Gaussian mixture, if Z ~ rg, r > 0 is
independent of g ~ N(0,1).

m,n > 2,y >0, (aj) — deterministic m x n matrix, G = (Gj;) — i.i.d.
standard normal entries, (Z;;) — log-concave isotropic matrix
independent of G, X := (ajj|Z;|" Gjj). Then for every p,q > 2V % we have

ElXlg < C(pr.7)| g m) (3 agl?) "

1/q
+ (log n)?” max( E |3U|q> + (log m)*/“E ,max. |Xu|] .
P 1<j<n
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Proof of the theorem

1
ElX|ly—q < (EIX]S0)"*
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Proof of the theorem

1/q
Bl < (EIXI5 )" = [£ sip 3106 )/

pll
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Proof of the theorem

1/q
Bl < (EIXI5 )" = [£ sip 3106 )/

p i=1
m 1/q m . 1/q
< |E ( Xi, )7 —E[(X;, t) )] + (E t, X; )
= sp 5106017 Bl of) |+ e (3100
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Proof of the theorem

1/q
Bl < (EIXI5 )" = [£ sip 3106 )/

p i=1
m 1/q m . 1/q
<|E ( X, )9 — E[(X;, t) )] + (IE t, X )
= p S (1060l 2l ) |+ s (31000
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Proof of the theorem

1/q
Bl < (EIXI5 )" = [£ sip 3106 )/

p i=1
m 1/q m . 1/q
<|E ( X, )9 — E[(X;, t) )] + (IE t, X )
= p S (1060l 2l ) |+ s (31000

zmj(| (X, 8)] 7~ E|(X;, 6)|) ]l/q

fi=ll
< C(p) | sup (Z]E‘ (X, 1) ) (Iogm]E max ||X,'Hq)1/q
- teBr, N\ ’ 1<i<m P

{E sup
teBy,
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Proof of the theorem

. . 1/q
In order to estimate the quantity (]E maxi<i<m HX,-Hg) we need:
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Proof of the theorem

. . 1/q
In order to estimate the quantity (]E maxi<j<m HX,-HZ) we need:

« comparison of weak and strong moments of ||Z||, for log-concave Z
in its tail form (Latata-S. 2016):

IP’(IIZIIP > C1p(U+]E||Z||p)> <G sup P(’Z tiZi‘ > U>;
te g, i—1
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Proof of the theorem

. ) 1/q
In order to estimate the quantity (]E maxi<j<m HX,-Hg) we need:

« comparison of weak and strong moments of ||Z||, for log-concave Z
in its tail form (Latata-S. 2016):

IP’(IIZIIP > C1p(U+]E||Z||p)> <G sup P(’Z tiZi‘ > U>;
te g, i—1

» a weak analogue of Sudakov’'s minoration for log-concave Z:

1 .
Emax|a;Z| > 7 max(aj min|Zi log(x+1))-
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Proof of the theorem

_ ) 1/q
In order to estimate the quantity (]E maxi<j<m HX,-Hg) we need:

« comparison of weak and strong moments of ||Z||, for log-concave Z
in its tail form (Latata-S. 2016):

n
IP’<||Z||p > Clp(u+IE||Z||p)> <G Squ IP’(’Z t,-Z,-‘ > u);
teB” ;
o’ i=1
» a weak analogue of Sudakov’'s minoration for log-concave Z:
1 .
Emax|aiZj| > = max(al min[|Zilog(x+1))-

o To prove the corollary for Gaussian mixtures we need the
aforementioned comparison of weak and strong moment:

n q\ 1/4a
(IE‘,HZ||g)1/q <Cp [EHZHP—l— sup (E‘ g t,-Z,-’ ) ] for g > 1.
teB” f
p! i=1
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