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Volume Approximation of Convex Bodies

Classical Question: How well can we approximate the volume of
a (smooth) convex body K C R™ by the volume of a convex
polytope Py with at most N vertices?

Optimization: Can we determine an optimal polytope P}{f with at
most N vertices inside of K such that vol, (P%) is maximal?

Stochastic: How does the volume vol,,(Py) of a random polytope
Py generated as the convex hull of N random points inside of K
behave?



Best Approximation in the Plane R?
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» P (K)... convex polytopes P C K with at most NV vertices.
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= a vola(Py) N sin 2n
max = —sin —
/ \ Pn€EPL (B2) N 2 N
1 (27)3 9
/ \ =T — E N2 + O(N )
N )y

» P (K)... convex polytopes P C K with at most N vertices.
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Theorem (McClure & Vitale, 1975).
Let K € Ko(R?) be of class C2. Then
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» P (K)... convex polytopes P C K with at most NV vertices.



Best Approximation in n-dimensions

Theorem (McClure & Vitale, 1975).
Let K € Ko(R?) be of class C2. Then
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Best Approximation in n-dimensions

Theorem (McClure & Vitale, 1975).
Let K € Ko(R?) be of class C2. Then

1 Q(K)3
max vola(Py) = vola(K) (K)
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Theorem (Gruber, 1988 + 1993).
Let K € Ko(R") be of class C2. Then
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» Q(K) = /bdKH"+l dpg... (equi-)affine surface area

» del,,_1.. Delaunay (Hestoné) triangulation number, del; = L
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Weighted Best Approximation

Theorem (Gruber, 1988 + 1993).
Let K € Ko(R™) be of class C2. Then
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Weighted Best Approximation

Theorem (Gruber, 1988 + 1993).
Let K € Ko(R™) be of class C2. Then

N2
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Theorem (Ludwig, 1999).

Let K € Ko(R") be of class® C2 and let 1) : R" — (0,00) be a

continuous weight function. Then
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Random (Boundary) Polytopes and Approximation

We want to generate random polytopes that are
as close to optimal as possible!

We therefore assume complete information about
the boundary of our given convex body.



Random (Boundary) Polytopes and Approximation

Setup: Let K € Ko(R") be of class C2.

We may choose N points X1,..., Xy at random from bd K
independently according to a continuous probability density

¢ :bd K — (0,00) and set Py = conv{X1,..., Xn}.

Then P§; € P4 (K) and we may study the rand. variable vol,,(P5).



Random (Boundary) Polytopes and Approximation

Setup: Let K € Ko(R") be of class C2.

We may choose N points X1,..., Xy at random from bd K
independently according to a continuous probability density
¢ :bd K — (0,00) and set Py = conv{X1,..., Xn}.

Then P§; € P4 (K) and we may study the rand. variable vol,,(P5).

Theorem (Schiitt & Werner, 2003).
Let K € Ko(R™) of class® C2. Then

Bn __2_ __2
Evoly(Pf) = voly(K) — Sy (K)N~7T + 0 (N—71).

“admitting a rolling ball: Béréczky, Fodor & Hug, 2013; Ziebarth, 2014
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Random vs. Best Approximation

Since [, 4 ¢durx =1, by Holder's inequality,
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Random vs. Best Approximation
Since [, 4 ¢durx =1, by Holder's inequality,
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i.e., Q@ﬂl}(K) Z Qw*ﬂp(K) = Qw(K)n—l )

Recap:

1
P - O (K n+1\n—1
Evoly(PY) = voly(K) — % <%> +o(N"71)

max voly(Pn) = voly(K)
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Random vs. Best Approximation

Theorem (Miiller, 1990; Affentranger, 1991).

2 2
In—1 n—+1 n—1r(n+1+nT) n Inn
5n_;n+1r< 2 ) F'(n+1) 27re< +O( )>




Random vs. Best Approximation

Theorem (Miiller, 1990; Affentranger, 1991).
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Theorem (Gordon, Reisner & Schiitt 1997; Mankiewicz &
Schiitt, 2001).
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Random vs. Best Approximation

Theorem (Miiller, 1990; Affentranger, 1991).
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Theorem (Gordon, Reisner & Schiitt 1997; Mankiewicz &
Schiitt, 2001).

)
1n—-1 n+ 1\ »n—1
> del > — r
Bn > del,—q T+l < 9 )

Corollary (Mankiewicz & Schiitt, 2001).

1< b voly(K) —Evoly(Py ) B

N—o0 voly (K )— max( \)/olw(PN) "~ del,,4
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dual Brunn—Minkowski Theory (dBMT): the Basics



BMT

convex bodies, vol,, +
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hxk + hr = hgyp

voln (K + L)% > vol,(K)w + vol,(L)
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BMT dBMT

convex bodies, vol,, + o-star bodies, vol,,, +

O+ - Ol |-

hxk + hr = hgyp PK + PL = PKIL

vol, (K + L)# > voly (K)# + vol, (L) > vol, (K I L)«
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BMT
vol,, (K + rBY)
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Dual Volumes are Weighted Volumes

dual version of Kubota’s formula (Lutwak, 1979):

Vj(K):["f‘} / vol,(KNE) dE
Gr;(R™)

» Gr;(R"™) ... Grassmannian of j-dimensional linear subspaces



Dual Volumes are Weighted Volumes

dual version of Kubota’s formula (Lutwak, 1979):

Vj(K):["f‘} / vol,(KNE) dE
Gr;(R™)

Lemma. Let K € KCo(R™).

7.(K) = Vi(BY ' _M/ ~(n—)
V) =Vi(BY) [ riedo = S s [ il d

= vole (K) o

» o ... uniform probability measure on the unit sphere S"~!

_ JVi(B3)  —(n—j)
> 77D] - nVn(Bg) || ||2



Random Approximation of Intrinsic and Dual Volumes

Theorem (Reitzner, 2002). Let 1 < j < n.

n. i . n+1 ﬁ 2
V() = Vo(k) - 200 (SETEN ™ o (v

where =l i
O(K)= | HIHI due
n—1 1

and ¢; = Qj(K)_lfIEHE is the optimal density.

> k1(x),...,kn—1(x) ... principal curvatures of bd K at x

—1
n—1
PHJ:< ] ) Z K/’Lll."K'ij

1<ip < <i5<n—1



Random Approximation of Intrinsic and Dual Volumes

Theorem (Reitzner, 2002). Let 1 < j < n.

1
- B(n,j) (QE) T\ —2
EV;(P{) = V;(K) - == | L7 +o(N"wT)
where o=l
0;(K) = H H"+1 dpx
bd K

n—1

and ¢; = Q;(K)~ 1H"“H"+1 is the optimal density.

'Theorem’ (B., Hoehner & Kur 2019%). Let 1 < j <n.
1
) N /A (L neT
EV;(PY) = T(k) - 200) (QJ(K) ) +o(N"7T)

2 N2

where _ =1 .
06) = [ s I dur
bd K

and @; = Q;(K)~Y- ||, LS ])"“H"Jrl is the optimal density.
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Best Approximation of Intrinsic and Dual Volumes

Theorem (Glasauer & Gruber, 1997).
Let K € Ko(R") be of class C2. Then

1
a(n,1) (Q(K)*HH\ "1 __2
Vi(Py) = Vi (K) — + =
PNg%%j{(K)l( v) 1(K) 2 ( N2 O< )

Vi(B3)
nVn(BY)

» div,,_; Dirichlet-Voroni (Bopowuéii) tiling number,

» a(n,l) =div,—1

1

diVl = 75, dng =
12

5
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Theorem (Zador 1982; Mankiewicz & Schiitt, 2000;
Hoehner & Kur, 2018%).




Best Approximation of Intrinsic and Dual Volumes

Theorem (Glasauer & Gruber, 1997).
Let K € Ko(R") be of class C2. Then

N2

max Vi(Py) = Vi(K) - 2o (Ql(KW)"_I +o (N)

Pn€ePY(K) 2

Open Question: Let 2 < j <n — 1. Do we also have

1
2 oz(mj) Qj(K)n'H n—1
Vi(Pn) = Vj(K) —
PNIEI;%VX(K)J( N) 5(5) 2 < N2 +O(

for some constant 0 < a(n, j) < B(n,j)?
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Best Approximation of Intrinsic and Dual Volumes

Theorem (Glasauer & Gruber, 1997).
Let K € Ko(R") be of class C2. Then
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Theorem (B., Hoehner & Kur, 20197).

N2 n—1 al(n ])
liminf | ———— (B — (P > )
Neroo (Qj(Bg)nH) [VJ( 3) PNeI%?N}EB%J( N) | > >

NE_ A\ az(n, j)
limsup [ ————— Vi(B®) — max Vi(Pn)|< ’
N—>oop (Qj(BS)"'H) [ 3(B3) PNEP}'\,(B;‘)J( N)]_ B

where
Lo JVi(BE) : jV;(B%)
ai(n,j) = divp_1———5,  as(n,j) = del,_1°———%




Best Approximation of Intrinsic and Dual Volumes

Theorem (Glasauer & Gruber, 1997).
Let K € Ko(R") be of class C2. Then
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Best Approximation of Intrinsic and Dual Volumes

Theorem (Glasauer & Gruber, 1997).
Let K € Ko(R") be of class C2. Then

N2

max Vi(Py) = Vi(K) - 2o (Ql(m”“)"_l +o (N)

Pn€ePY (K) 2

Open Question: Let 2 < j <n — 1. Do we also have

PNEPL (K) 2 N?

for some constant a(n,j) = #eiag?) (1+0(®n))?

'Theorem’ (B., Hoehner & Kur, 2019%). Let 1 < j <n.
1

5 5 ~(7’L,j) Q~j(K)n+1 n—1
max L P = [/ K - + N
PNGJEE(1<)j( N) J( ) 2 ( N2 O(

2
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Best vs. Random Approximation of Dual Volumes

- 5 N n. 1) (. n+1 e )
()= 90 - 2 (SO o (e

[/ _TRV.(PP
1< lim = ](K L J(?N) — B :1+O(lnn)
N—oo Vi(K) — max V;(Py) del,—;
Py eEPY (K)
~ Vi(B3) : 7V;(B%)
« na.]) - deln— J R ﬁ n,j)= /Bn n
( "V, (BE) - 0) = By (By)



Actually there is much more...

> Extensions of V;(K) = V;(BY) fgu1 plc do for j € {1,...,n}
to V, for ¢ € R. In particular, for

W(K) = /Sn—1 Inpg do

we have

. 1
A ' B (BN e
Vo(Py) = Vo(K) — A
PNIEI;Da;f(K)O( N) O( ) 2nVn(B§L) NZ O( )

. 1
. ~ del,,—1 QO(K)N-H P _ 2
Vo(Py) = Vo(K) — A
pNIeI;%f(K)O( v)=WolK) 2”Vn(33)< N2 O( )

» Best & random approximation of f/j with respect to

Pn = {#vertices < N} Py(K)={PcC K}
Py = {#facets < N} PR(K)={P>K}
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