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Convex bodies

K ⊂ Rn is called a convex body if it is convex, compact and has
non-empty interior.



The polar projection body

The function |x ||Px⊥K | defines a norm in Rn.

x⊥

The unit ball of this norm is the polar projection body Π∗K .

The quantity |K |n−1|Π∗K | is affine invariant.

Petty projection inequality (1971)
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Petty projection inequality implies the isoperimetric inequality.
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Zhang’s inequality

Petty projection inequality (1971)

For any convex body K
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with equality if and only if K is an ellipsoid.

Zhang’s inequality (1991)
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with equality if and only if K is a simplex.
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The affine Sobolev inequality

Let f ∈W 1,1(Rn) = {f ∈ L1(Rn) : ∂f
∂xi
∈ L1(Rn), i = 1, . . . , n}.

‖x‖Π∗(f ) :=

∫
Rn

|〈∇f (y), x〉|dy .

Theorem (Affine Sobolev inequality, Zhang, 1999)
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We can take fk → f = χK . Then
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and we recover Petty projection inequality.
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Log-concave functions

f : Rn → [0,∞) is log-concave if

f (x)

‖f ‖∞
= e−u(x) with u : Rn → [0,∞] convex.

The epigraph of u is convex

epi(u) = {(x , t) ∈ Rn × [0,∞) : u(x) ≤ t}
= {(x , t) ∈ Rn × [0,∞) : f (x) ≥ e−t‖f ‖∞}.

Kt(f ) = {x ∈ Rn : f (x) ≥ e−t‖f ‖∞} is convex.
If K is a convex body then f (x) = χK (x) is log-concave and
‖f ‖1 = |K |.
If K is a convex body containing the origin then f (x) = e−‖x‖K is
log-concave and ‖f ‖1 = n!|K |.
If f (x)
‖f ‖∞ = e−u(x) is integrable and log-concave then

‖f ‖1

‖f ‖∞
=

∫
epi(u)

e−tdxdt.
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Projections of log-concave functions

Let f : Rn → [0,∞) be a log-concave function and H ∈ Gn,k . The
projection of f onto H is

PH f (x) = sup
y∈H⊥

f (x + y), x ∈ H.

f (x)
‖f ‖∞ = e−u(x) ⇒ PH f (x)

‖PH f ‖∞ = PH f (x)
‖f ‖∞ = e−v(x) with

epi(v) = PHepi(v),

where H = span{H, en+1}.
If K is a convex body then PHχK (x) = χPHK (x).

If K is a convex body containing the origin then
PHe

−‖·‖K (x) = e−‖x‖PHK .
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The polar projection body of log-concave functions

Let f : Rn → [0,∞) be an integrable log-concave function. Its polar
projection body Π∗(f ) is the unit ball of the norm

‖x‖Π∗(f ) := 2|x |
∫
x⊥

Px⊥f (y)dy

= 2|x |‖f ‖∞
∫ ∞

0
|Px⊥Kt(f )|e−tdt

= 2‖f ‖∞
∫ ∞

0
‖x‖Π∗(Kt(f ))e

−tdt

If f ∈W 1,1(Rn) then

‖x‖Π∗(f ) =

∫
Rn

|〈∇f (y), x〉|dy .

If K is a convex body then Π∗(χK ) = 1
2 Π∗(K ).

If K is a convex body containing the origin then
Π∗(e−‖·‖K ) = 1

2(n−1)! Π∗(K ).
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Zhang’s inequality for log-concave functions

Theorem (A., Bernués, González, to appear)

Let f : Rn → [0,∞) be an integrable log-concave function. Then∫
Rn

∫
Rn

min{f (x), f (y)}dydx ≤ 2nn!‖f ‖n+1
1 |Π∗(f )|.

If ‖f ‖∞ = f (0) then there is equality if and only if f (x)
‖f ‖∞ = e−‖x‖∆n for

some n-dimensional simplex containing the origin.

If K is a convex body containing the origin and f (x) = e−‖x‖K then∫
Rn

∫
Rn

min{f (x), f (y)}dydx =

∫
R2n

e−‖(x ,y)‖K×K dydx = (2n)!|K |2

‖f ‖1 = n!|K |
|Π∗(f )| = 1

2n((n−1)!)n |Π
∗(K )|(2n
n

)
nn
≤ |K |n−1|Π∗(K )|
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The covariogram function

If K is a convex body, its covariogram function is

gK (x) = |K ∩ (x + K )|.

gK is log-concave.

‖gK‖∞ = gK (0) = |K |, ‖gK‖1 = |K |2.

gK is even.

− d+

dt gK (tv)
∣∣∣
t=0

= |Pv⊥K | = ‖v‖Π∗K , v ∈ Sn−1

K

tv + K
t

t|Pv⊥K | |K | − |K ∩ (tv + K )| t|Pv⊥(K ∩ (tv + K ))|

Schmuckesläger proved (1992) that for any 0 < λ < 1

K− log(1−λ)(gK )

− log(1− λ)
⊆ |K |Π∗(K ) ⊆

K− log(1−λ)(gK )

λ
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The left-hand side can be improved to
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1
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The covariogram function

Let f : Rn → [0,∞) be an integrable log-concave function. Its
covariogram function is

gf (x) =

∫ ∞
0

e−t |Kt(f ) ∩ (x + Kt(f ))|dt, x ∈ Rn

=

∫
epi(u)∩(x+epi(u))

e−tdtdy

if f
‖f ‖∞ = e−u.

gf is log-concave.

‖gf ‖∞ = gf (0) =
‖f ‖1

‖f ‖∞
, ‖gf ‖1 =

∫
R2n

min

{
f (x)

‖f ‖∞
,
f (y)

‖f ‖∞

}
dydx .

gf is even.

For every 0 < λ0 < 1⋂
0<λ<λ0

K− log(1−λ)(gf )

λ
= 2‖f ‖1Π∗(f ).
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Ball’s bodies

Let g : Rn → [0,∞) be an integrable log-concave function with g(0) > 0
and p > 0.

K̃p(g) =

{
x ∈ Rn :

∫ ∞
0

g(rx)rp−1dr ≥ g(0)

p

}
.

K̃p(g) is a convex body.

ρp
K̃p(g)

(u) =
1

g(0)

∫ ∞
0

prp−1g(ru)dr .

|K̃n(g)| = ‖g‖1

g(0) .
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Ball’s bodies and super-level sets

Lemma

Let g : Rn → [0,∞) be an integrable log-concave function with
‖g‖∞ = g(0). Then for every 0 ≤ t ≤ n

e

t

(n!)
1
n

K̃n(g) ⊆ Kt(g).

epi(u)

t

(n!)
1
n
K̃n(g)

n
e

Furthermore, if g is not log-linear on the ray emanating from 0 in the
direction u the there exists ε > 0 such that for every 0 < t < n

e

t

n!
(ρ

K̃n(g)
(u) + ε) ≤ ρKt(g)(u).

Follows ideas by Klartag-Milman, who proved the result (2005) for
t = cn.
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Zhang’s inequality for log-concave functions

Theorem (A., Bernués, González, to appear)

Let f : Rn → [0,∞) be an integrable log-concave function. Then∫
Rn

∫
Rn

min{f (x), f (y)}dydx ≤ 2nn!‖f ‖n+1
1 |Π∗(f )|.

If ‖f ‖∞ = f (0) then there is equality if and only if f (x)
‖f ‖∞ = e−‖x‖∆n for

some n-dimensional simplex containing the origin.

For any 0 < λ0 < 1

2‖f ‖1Π∗(f ) =
⋂

0<λ<λ0

K− log(1−λ)(gf )

λ

⊇
⋂

0<λ<λ0

− log(1− λ)

λ(n!)
1
n

K̃n(gf )

=
1

(n!)
1
n

K̃n(gf )

2n‖f ‖n1|Π∗(f )|

=
1

n!‖f ‖1

∫
Rn

∫
Rn

min{f (x), f (y)}dydx

.
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Let f : Rn → [0,∞) be an integrable log-concave function. Then∫
Rn

∫
Rn

min{f (x), f (y)}dydx ≤ 2nn!‖f ‖n+1
1 |Π∗(f )|.

If ‖f ‖∞ = f (0) then there is equality if and only if f (x)
‖f ‖∞ = e−‖x‖∆n for

some n-dimensional simplex containing the origin.

For any 0 < λ0 < 1

2‖f ‖1Π∗(f ) =
⋂

0<λ<λ0

K− log(1−λ)(gf )

λ
⊇

⋂
0<λ<λ0

− log(1− λ)

λ(n!)
1
n

K̃n(gf )

=
1

(n!)
1
n

K̃n(gf )

2n‖f ‖n1|Π∗(f )| ≥ 1

n!

‖gf ‖1

gf (0)

=
1

n!‖f ‖1

∫
Rn

∫
Rn

min{f (x), f (y)}dydx

.



Zhang’s inequality for log-concave functions

Theorem (A., Bernués, González, to appear)
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Equality case

There is equality if and only if for every x ∈ Rn and every λ ∈ [0, 1]
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Lemma

Let f : Rn → [0,∞) be an integrable log-concave function such that
‖f ‖∞ = f (0) and let gf be its covariogram function. Then the following
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Another reverse Petty-projection inequality

Theorem (A., 2014)

For any convex body K ⊆ Rn

|K |
n−1
n |Π∗K |

1
n ≥ 1

v.rat(K )
|Bn

2 |
n−1
n |Π∗Bn

2 |
1
n .

v.rat(K ) =
(
|K |
|E(K)|

) 1
n
, E(K ) is the John’s ellipsoid of K .

An ellipsoidal function is a function Ea(x) = aχE(x),with E an ellipsoid.

Theorem (A., González, Jiménez, Villa, 2018)

Let f : Rn → R be an integrable log-concave function. There exists a
unique ellipsoidal function E(f ) such that

E(f ) ≤ f∫
Rn E(f )(x)dx = max

{∫
Rn Ea(x)dx Ea ≤ f

}
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Another reverse affine Sobolev inequality

Theorem (A., González, Jiménez, Villa, 2018)

Let f ∈W 1,1(Rn) be a log-concave function. Then
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Let f ∈W 1,1(Rn) be a log-concave function. Then

‖f ‖ n
n−1
|Π∗(f )|

1
n(

|Bn
2 |

2|Bn−1
2 |

) ≥ 1

e

∫
Rn f (x) log

(
f (x)
‖f ‖∞

)
dx

n
∫
Rn f (x)dx ‖f ‖

1
n∞

( ∫
Rn f (x)dx∫

Rn f
n

n−1 (x)dx

) n−1
n

I.rat(f )

.

I.rat(f ) =
(
‖f ‖1

‖E(f )‖1

) 1
n

If f = χK for a convex body K then

|K |
n−1
n |Π∗K |

1
n ≥ 1

v.rat(K )
|Bn

2 |
n−1
n |Π∗Bn

2 |
1
n


