
On Hermite-Hadamard and Jensen
inequalities
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Hermite-Hadamard inequalities

C. Hermite J. Hadamard

Theorem 1 (Hermite 1881 & Hadamard 1893)

Let f : R→ R concave. Then
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2

)
= f (0).

S.S. Dragomir, C.E.M. Pearce, Selected Topics on Hermite-Hadamard Inequality and Applications
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Jensen 1906
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Hermite-Hadamard for f (x)m

Theorem 2 (Milman & Pajor ’00)

Let f : Rn → R+ be s.t. log f is concave and µ : Rn → R+ a
probability measure. Then∫

Rn

f (x)dµ(x) ≤ f

(∫
Rn

x
f (x)∫

f (z)dµ(z)
dµ(x)

)

Corollary

Let K ∈ Kn, f : K → R+ concave, and m ∈ N. Then

1

|K |

∫
K
f (x)mdx ≤ f (xf )m,

where xf =
∫
K x f (x)m∫

f (z)mdz
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Hermite-Hadamard for f (x)m

Theorem 3 (G.M.+19, Dragomir ’00)

Let f : Bn
2 → R+ concave and m ∈ N. Then

1

|Bn
2 |

∫
Bn

2

f (x)mdx ≤ 2m+n

(m + n)!
Γ

(
2m + n + 1

2

)
Γ

(
n + 2

2

)
f (0)m.

Equality holds iff f is affine and if moreover m ≥ 2, then
∃ x0 ∈ ∂Bn

2 s.t. f (x0) = 0

Theorem 4 (G.M.+19)

Let K ∈ Kn with K = −K , f : K → R+ concave, and m ∈ N.
Then

1

|K |

∫
K
f (x)mdx ≤ 2m

m + 1
f (0)m.

Equality holds iff f is affine and if moreover m ≥ 2 then K is a
generalized cylinder s.t. f ≡ 0 in one of its basis.
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Proof of Theorem 4

Proof. S1: replace f concave by r : K → [0,∞) affine s.t.

r(0) = f (0) and r(x) ≥ f (x) ∀ x ∈ K ,

and let g(x) = r(x)/r(0).

S3: After rotating, let h(K , e1) = t0 and

g(t, x2, . . . , xn) = 1 +
t

t0
δ for every t ∈ [−t0, t0].

where δ ∈ [0, 1].
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S4: Let K ′ = σe1(K ) be the Schwarz symm. of K w.r.t. 〈e1〉.
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S6: Let us define the cylinders
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S7: Since Rt0 ⊂ K ′ ⊂ R0 and changes continuously on t, let

t∗ ∈ [0, t0] s.t. |Rt∗ | = |K ′|
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Proof of Theorem 4

Therefore we have proven that∫
K

f (x)m

f (0)m
dx ≤

∫
R
g0(x)mdx ,

where g0(x) is an affine function with g0(0) = 1 and
g0(−t0, x2, . . . , xn) = 0 for every (x2, . . . , xn) ∈ Rn−1,

and thus∫
K

f (x)m

f (0)m
dx ≤ 2m

m + 1
|R|

=
2m

m + 1
|K |. �
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Reverse Hermite-Hadamard

Theorem 5

Let 0 ∈ K ∈ Kn, f : K → R+ concave and m ∈ N. Then(
m + n

n

)−1

f (0)m ≤ 1

|K |

∫
K
f (x)mdx .

Equality holds iff the graph of f is a cone with basis K × {0} and
apex (0, f (0)).
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Application

• Lni the set of i-dimensional linear subspaces in Rn.

• For K ∈ Kn and H ∈ Lni let PHK be the orthogonal projection of
K onto H.

Theorem 6 (Brunn 1887 & Minkowski 1896)

Let K ,C ∈ Kn. Then

|(1− λ)K + λC |
1
n ≥ (1− λ)|K |

1
n + λ|C |

1
n

for any λ ∈ [0, 1].
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Application

Theorem 7 (Rogers & Shephard ’58)

Let K ∈ Kn and H ∈ Lni . Then(
n

i

)−1

|PHK | · |K ∩ H⊥| ≤ |K |.

Theorem 8 (Fubini’s formula)

Let K ∈ Kn and H ∈ Lni . Then

|K | ≤ |PHK |max
x∈H
|K ∩ (x + H⊥)|.
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Corollary (Spingarn ’93, Milman & Pajor ’00)

Let K ∈ Kn and H ∈ Lni . Then

|K | ≤ |PHK | · |K ∩ (xK + H⊥)|.

Corollary (Jensen 1906)

Let K ∈ Kn and H ∈ Lnn−1. Then

|K | ≤ |PHK | · |K ∩ (xPHK + H⊥)|.
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Application

Corollary (G.M.+19)

Let K ∈ Kn and H ∈ Lni with PHK = B i
2. Then

|K | ≤ 2n

π
1
2 n!

Γ

(
2n − i + 1

2

)
Γ

(
i + 2

2

)
|PHK | · |K ∩ H⊥|.

Corollary (G.M.+19)

Let K ∈ Kn and H ∈ Lni with PHK = −PHK . Then

|K | ≤ 2n−i

n − i + 1
|PHK | · |K ∩ H⊥|.
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Application

Proof of Corollary. By Fubini’s formula

|K | =

∫
PHK
|K ∩ (x + H⊥)|dx .

Let

f : PHK → R+ be s.t. f (x) = |K ∩ (x + H⊥)|
1

n−i .

By Brunn-Minkowski inequality f is concave. By Theorem 4

|K |
|PHK |

=
1

|PHK |

∫
PHK

f (x)n−idx

≤ 2n−i

n − i + 1
f (0)n−i =

2n−i

n − i + 1
|K ∩ H⊥|. �
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