Geometry of spaces between polytopes and related zonotopes.^∗

Yehoram Gordon^{†‡§} Alexander Litvak^{‡ ¶}

Carsten Schütt^† Elisabeth Werner^‖

Abstract

We study geometric parameters associated with the Banach spaces (IR^n, ‖·‖_{k,q}) normed by ‖x‖_{k,q} = (∑ 1≤i≤k |⟨x, ai⟩| ∗q )_{1/q} , where {a_i}_{i≤N} is a given sequence of N points in IR^n, 1 ≤ k ≤ N, 1 ≤ q ≤ ∞ and {λ^∗_i }_{i≥1} denotes the decreasing rearrangement of a sequence {λ_i}_{i≥1} ⊂ IR.

∗Keywords: Dvoretzky’s theorem, p-summing norm, random variables, volume ratio, polytopes, zonoids. 1991 Mathematics Subject Classification: 46B07, 46B09,46B45, 52A20, 52A21

†Partially supported by Nato Collaborative Linkage Grant PST.CLG.977406 ‡Partially supported by France-Israel Arc-en-Ciel exchange §Partially supported by the Fund for the Promotion of Research at the Technion ¶Partially supported by a Lady Davis Fellowship ‖Partially supported by National Science Foundation Grant DMS-0072241 and by Nato Collaborative Linkage Grant PST.CLG.976356

0 Introduction

Let a_i ∈ IR^n, i = 1, . . . , N be a sequence of vectors such they span the space IR^n and let ‖x‖_{k,q} = ( ∑ 1≤i≤k |⟨x, a_i⟩|^{∗q} ) 1_q , where |⟨x, a_i⟩|^∗, i = 1, . . . , N is the decreasing rearrangement of the sequence |⟨x, a_i⟩|, i = 1, . . . , N. We denote the normed space (IR^n, ‖ · ‖_{k,q}) by X_{k,q}. The unit ball of ‖x‖_{k,q} we denote by B_{k,q}. We investigate the geometry of these spaces and their duals in this paper.

The interest for those spaces comes from the fact that they generalize the class of dual spaces of zonotopes in a natural way. For k = N and q = 1 the spaces X^∗_{k,q} are zonotopes and for k = 1 and q = 1 the spaces X_{k,q} range over all possible spaces with a polytopal unit ball with no more than 2N facets.

The geometry of the spaces X_{N,1} has been investigated in [GJ1], [GJ2], [GJN] while the spaces X_{k,q} for arbitrary k and q were hardly considered in the literature.

We provide estimates for the volume of the unit balls of X_{k,q} and their lower dimensional subspaces. We determine the dimension of almost Euclidean subspaces and thus obtain a Dvoretzky-type theorem.

In section 5 we investigate the special case when the set {a_i} is {e_i}, the canonical basis of IR^n. Then the norm ‖ · ‖_k = ‖ · ‖_{k,1} is in a sense intermediate between the ℓ_1-norm and the ℓ_∞-norm. Moreover, (IR^n, ‖ · ‖_k) is an interpolation space between ℓ^n_1 and ℓ^n_∞. In fact, by Lemma 5.1, B_k = conv {B^n_1 , B^n_∞/k}, where B^n_1 and B^n_∞ are the unit balls of ℓ^n_1 and ℓ^n_∞ respectively. We provide asymptotically sharp estimates of the most important parameters of those bodies such as type and cotype constants, p-summing norms, volume ratios, projection constants, etc. We would also like to note that the general case can be reduced to this special case. Indeed, let {a_i}_{i≤N} ⊂ IR^n and T : IR^N −→ IR^n be the linear operator defined by T e_j = a_j , j ≤ N. Considering the extreme points it is not hard to see that

B_{k,1} = ( T ( (kB^N_1 ) ∩ B^N_∞ ))_0 = T^{∗ −1} ( conv { B^N_1 , B^N_∞/k }) . So, if the properties of the operator T are known we can estimate parameters of B_{k,1}.

1 Definitions, notations, known results

We shall use the standard notation from the local theory of Banach spaces (see e.g. [MS1], [Pi1], [T]). Given a finite set N , its cardinality is denoted by |N |. We denote the canonical Euclidean norm on IR^n by | · |, the Euclidean unit ball by B^n_2 , and the Euclidean unit sphere by S^{n−1}. The normalized Lebesgue measure on S^{n−1} will be denoted by dν (or by dν_{n−1} if we need to emphasize the dimension). By {e_i}_{1≤i≤n} we denote the canonical basis of IR^n. The standard norm in ℓ^n_p , p ≥ 1, is denoted by | · |_p and the unit ball of it is denoted by B^n_p .

Given x ∈ IR by [x] we denote the largest integer not exceeding x. Given a sequence {λ_i}_{i≤N} ⊂ IR by {λ^∗_i }_{i≤N} (resp. {|λ_i|^∗}_{i≤N} ) we denote the non-increasing rearrangement of {λ_i}_{i≤N} (resp. {|λ_i|}_{i≤N} ).

As mentioned in the introduction, given a sequence {a_i}_{i≤N} ⊂ IR^n and q ≥ 1 for every k ≤ N we define the following norm on IR^n ‖x‖_{k,q} = (_k ∑ i=1 (|⟨x, a_i⟩|^∗)^q )_{1/q} . The unit ball of ‖x‖_{k,q} we denote by B_{k,q}. The norm ‖ · ‖_{k,1} and its unit ball B_{k,1} we denote by ‖ · ‖_k and B_k. Let us note that for q ≥ ln k one has max_{i≤N} |⟨x, a_i⟩| = ‖x‖_{1,1} ≤ ‖x‖_{k,q} ≤ e‖x‖_{1,1}. Therefore working with ‖x‖_{k,q} below we always assume that q ≤ ln k.

By a convex body K ⊂ IR^n we shall always mean a compact convex set with the non-empty interior, and without loss of generality we shall assume that interior of K contains 0. The gauge of K is denoted by ‖ · ‖_K , i.e., ‖x‖_K = inf {λ > 0 | x ∈ λK}. The n-dimensional volume of K is denoted by |K|. The n-dimensional normed space defined by a norm ‖ · ‖ (resp. by a centrally-symmetric convex body K) we denote by (IR^n, ‖·‖) (resp. (IR^n, K)). Usually we identify the n-dimensional normed space with its unit ball.

Given centrally-symmetric convex bodies K, L in IR^n, we define the Banach–Mazur distance by d(K, L) = inf{α β | α > 0, β > 0, (1/β)L ⊂ UK ⊂ αL}, where the infimum is taken over all linear U : IR^n → IR^n.

By {g_i}, {h_i}, {g_{i,j}} we shall always denote sequences of independent standard Gaussian random variables. Given integers m, n by the Gaussian operator G : IR^m −→ IR^n we mean the operator G = ∑ i≤m,j≤n g_{i,j}e_i ⊗ e_j . (1) By g we denote the standard Gaussian vector in IR^n, i.e. g = ∑_n i=1 g_ie_i.

The expectation of the Gaussian vector in the space X = (IR^n, K) is denoted by E(X) = E(K) := E‖g‖_K. (2)

It is well known (and can be directly checked) that E(X) ≤ √ n ∫ S^{n−1} ‖x‖dν ≤ c_nE(X), where c_n tends to 1 as n grows to infinity. We also denote

ε_2(K) = ‖Id : ℓ^n_2 −→ (IR^n, K)‖ = max_{∑ t2i =1} ‖ ‖ ‖ ‖ ∑ i≤n t_ie_i ‖ ‖ ‖ ‖_K . (3)

Given two sequences a = {a_i} and b = {b_i} by a·b we denote the sequence {a_ib_i} = {(a · b)_i}. We recall also the definitions of an Orlicz function and an Orlicz norm.

A convex function M : IR^+ → IR^+ with M(0) = 0 and M(t) > 0 for t ≠ 0 is called an Orlicz function. The Orlicz norm on IR^n is defined by

‖x‖_M = inf { ρ > 0 : n∑ i=1 M (|x_i|/ρ) ≤ 1 } . Any Orlicz function M can be represented as M(t) = ∫_t 0 p(s)ds, where p(t) is a non-decreasing, right continuous function. If p(t) satisfies

p(0) = 0 and p(∞) = lim_{t→∞} p(t) = ∞, (4)

we define the dual Orlicz function M^∗ by

M^∗(t) = ∫_t 0 q(s)ds, where q(s) = sup{t : p(t) ≤ s}. Such a function M^∗ is also an Orlicz function and ‖x‖_M ≤ |||x||| ≤ 2‖x‖_M , where ||| · ||| is the dual norm to ‖ · ‖_M ∗ (see e.g. [LT]). Moreover, s < M^{∗−1}(s)M^{−1}(s) ≤ 2s for every positive s (see e.g. 2.10 of [KR]). The last inequality shows in particular that to define an Orlicz norm ‖ · ‖_M it is enough to define the function M^{∗−1}. We shall use this below. Note that the condition (4) in fact excludes only the case M(t) is equivalent to t, i.e. the case when there are absolute positive constants c, C such that ct ≤ M(t) ≤ Ct. Moreover, q satisfies condition (4) as well and q = p^{−1} if p is an invertible function. We refer to [KR, LT] for further properties of Orlicz functions.

The letters C, c, c_0, c_1, ... denote absolute positive constants whose values may be different from line to line.

2 Preliminary results

The following lemma can be proved by direct computations. Lemma 2.1 Let N be an integer. Consider the sequence {|g_i|}_{i≤N} . For every k ≤ N/2 one has c √ ln (3N/k) ≤ E|g_k|^∗ ≤ C √ ln (3N/k), where c, C are absolute constants.

Remark. Thus for every k ≤ N one has ck √ ln (3N/k) ≤ E k∑ i=1 |g_i|^∗ ≤ Ck √ ln (3N/k), where c, C are absolute constants.

Throughout we shall use the following inequality proved in [Go3]. Theorem 2.2 Let {X_i}_{i≤N} and {Y_i}_{i≤N} be two sequences of centered Gaussian random variables which satisfy E |X_i − X_j |^2 ≤ E |Y_i − Y_j|^2 for all i, j. Then for all k ≤ N we have E k∑ i=1 X^∗_i ≤ E k∑ i=1 Y^∗_i . As a corollary we have Lemma 2.3 Let {a_j }_{j≤N} ⊂ IR^n. Then for every k ≤ N cεk √ ln(3N/k) ≤ E(B_k), where ε = min_{i≠j} |a_i − a_j | and c > 0 is an absolute constant.

Moreover, if {a_j }_{j≤2N} ⊂ S^{n−1} then for every k ≤ N E(B_k) ≤ Ck √ ln(3N/k), where C is an absolute constant.

Proof: First we show the “Moreover” part of the lemma. Let g be the standard Gaussian vector in IR^n. Define centered Gaussian random variables by X_i = ⟨g, a_i⟩, Y_i = √ 2h_i, for i ≤ N, and X_i = −X_{i−N} , Y_i = −Y_{i−N} for N < i ≤ 2N. Then

E |X_i − X_j |^2 ≤ 4 ≤ E |Y_i − Y_j|^2 .

Since for every k ≤ N k∑ i=1 |X_i|^∗ = k∑ i=1 X^∗_i and k∑ i=1 |Y_i|^∗ = k∑ i=1 Y^∗_i , using the previous two statements, we obtain

E(B_k) = E k∑ i=1 X^∗_i ≤ E k∑ i=1 Y^∗_i ≤ ck √ ln(3N/k), which proves the upper estimate.

Let us turn to the lower estimate. Let X_i, 1 ≤ i ≤ 2N, be as above and define now centered Gaussian random variables Y_i by Y_i = εh_i/2, i ≤ N, Y_i = −Y_{i−N} , N < i ≤ 2N. Then by Theorem 2.2 and Lemma 2.1 we obtain

E(B_k) = E k∑ i=1 X^∗_i ≥ E k∑ i=1 Y^∗_i = E k∑ i=1 |Y_i|^∗ ≥ cεk √ ln(3N/k), which proves the lemma. □

We shall need the following theorem from [GLSW] (Theorem 4 with the remark after the proof of Proposition 6 and Example 16).

Theorem 2.4 Let k ≤ N and 1 ≤ q ≤ ln N. Let λ = {λ_i}_{i≤N} ⊂ IR. Let ḡ = {|g_i|^q}_{i≤N} , f̄ = {|f_i|^q}_{i≤N} , where {g_i}_{i≤N} denotes a sequence of independent standard Gaussian random variables and {f_i}_{i≤N} denotes a sequence of standard Gaussian random variables (not necessarily independent). Then E k∑ i=1 |( λ · f̄ ) i |_∗ ≤ 4e e − 1 E k∑ i=1 |(λ · ḡ)_i|^∗ and (cq)^{q/2} ‖λ‖_{Mk,q} ≤ E k∑ i=1 |(λ · ḡ)_i|^∗ ≤ (Cq)^{q/2} ‖λ‖_{Mk,q} where 0 < c < 1 < C are absolute constants and M_{k,q} is the Orlicz function defined by

M_{k,q}(t) = 0 t = 0 1 k exp ( −q/ (kt)^{2/q} ) t ∈ (0, t_0) at − b t ≥ t_0, t_0 = 1 k ( 2q q + 2 )_{q/2} , a = q + 2 eqkt_0 e^{−q/2}, b = 2 eqk e^{−q/2}. Remark 1. Note that the inequality in the remark after Lemma 2.1 follows from this theorem as well.

Remark 2. Let us mention that to prove the theorem we use that for every Orlicz function M there exists a sequence y_1 ≥ y_2 ≥ ... ≥ y_n > 0 such that e − 1 2e ‖x‖_M ≤ n^{−n+1} ∑ 1≤j_1,...,j_n≤n max 1≤i≤n |x_iy_{ji} | ≤ 2‖x‖_M (see Lemma 5 and Lemma 9 of [GLSW]). We would like to note also that all ℓ_p-norms are Orlicz norms with the Orlicz function M(t) = |t|^p.

The theorem leads to the following extensions of Lemma 2.3.

Corollary 2.5 Let {a_j}_{j≤N} ⊂ IR^n. Then for every k ≤ N E(B_k) ≤ C ‖{|a_i|}‖_{Mk,1} , where C is an absolute constant and M_{k,1} as in the previous theorem.

Moreover, denoting λ_i = min_{j≠i} |a_i − a_j |, we have c ‖{λ_i}‖_{Mk,1} ≤ E(B_k) for some absolute constant c > 0.

Proof: The proof mimics the proof of Lemma 2.3. Indeed, to obtain the upper estimate we need to define X_i = ⟨g, a_i⟩, X_{N+i} = −X_i, and Y_i = √ 2|a_i|h_i, Y_{N+i} = −Y_i, for every i ≤ N. To obtain the lower estimate we take the same X_i and Y_i = λ_ih_i/2, i ≤ N, Y_i = −Y_{i−N} , N < i ≤ 2N. □

Remark. It can be shown that ‖{λ_i}‖_{Mk,1} ≈ k∑ i=1 |λ_i|^∗ + k max_{i≤N/k} λ^∗_{ki} √ 1 + ln i

for every λ ∈ IR^n.

Corollary 2.6 Let q ≥ 1. Let {a_j }_{j≤N} ⊂ IR^n. Then for every k ≤ N E(B_{k,q}) ≤ C √ q ( ‖{|a_i|^q}‖_{Mk,q} )_{1/q} , where C is an absolute constant and M_{k,q} as in the previous theorem.

Proof: We apply Theorem 2.4 to the standard Gaussian random variables f_i = ⟨g, a_i⟩/|a_i|, where g is the standard Gaussian vector in IR^n. Let f̄ = {|f_i|^q}_{i≤N} and λ = {|a_i|^q}_{i≤N} . We obtain

E(B_{k,q}) = E (_k ∑ i=1 (|⟨g, a_i⟩|^∗)^q )_{1/q} ≤ ( E k∑ i=1 (|⟨g, a_i⟩|^∗)^q )_{1/q} = ( E k∑ i=1 | |(λ · f̄)_i | |^∗ )_{1/q} ≤ ( 4e e − 1 E k∑ i=1 |(λ · ḡ)_i|^∗ )_{1/q} ≤

C √ q ( ‖{|a_i|^q}‖_{Mk,q} )_{1/q} . □ We conclude this section with the piecewise continuous version of theorem 2.4, namely

Corollary 2.7 If {a_τ , 0 ≤ τ ≤ 1} is a piecewise continuous path in IR^n, and if 0 < t ≤ 1, q ≥ 1 are fixed, and if

sup |a_τ |^q ≤ ( 2q q + 2 )_{q/2} x_0,

where x_0 := inf { x > 0 :

∫_1 0 exp ( −qx^{2/q} |a_τ |^2 ) dτ ≤ t } , then E ( 1 t ∫_t 0 | < g, a_τ > |^{∗q}dτ ) ≤ (cq)^{q/2}x_0.

Remark. If a_τ ⊂ S^{n−1} then it follows that x_0 =

(_1

q log

(_1 t ))q/2 and the condition is that t satisfies 0 < t ≤ e^{− q+2}2 . A more careful analysis of the discrete version can give an estimate valid for all piecewise continuous paths, that will hold for all values of t.

3 Volume estimates

In this section we shall obtain two-sided estimates on the volumes of the bodies B_{k,q} and their l-dimensional sections. We start with the following theorem, which can be obtained also as a corollary to the general result proved in Theorem 3.2.

Theorem 3.1 Let n ≤ N be positive integers. Let {a_i}_{i≤N} ⊂ S^{n−1}. Then for every k ≤ N one has |B_k|^{1/n} ≥ C k √ ln^{3N}_{k+n} ,

where C > 0 is an absolute constant.

Remark. Let k = 1. Then B^0_1 = conv {a_i}, and |B_1|^{1/n} ≥ C √ ln^{3N}_n ,

which was proved independently by Bárány and Füredy ([BF]), Carl and Pajor ([CP]) and Gluskin ([G1]). See also [FJ] and Corollary 2.2 of [GJ1], which generalizes it for an arbitrary set {a_i} ⊂ IR^n. Thus our Theorem 3.1 extends this result.

Proof: Let g be the standard Gaussian vector. By integration over the Euclidean sphere and Lemma 2.3, we obtain

(|B_k| / |B^n_2 |)^{1/n} = (∫ S^{n−1} ‖x‖^{−n}_k dν(x) )_{1/n}

≥ (∫ S^{n−1} ‖x‖_k dν(x) )_{−1}

≥ c_1 √ n/ E ‖g‖_k = c_1 √ n/ k∑ i=1 E |⟨g, a_i⟩|^∗ ≥ c_2 √ n k √ ln (3N/k) , where c_1 and c_2 are absolute positive constants.

To conclude the proof it is enough to notice that ‖x‖_k ≤ k‖x‖_1. Together with the result of the remark above this implies that |B_k|^{1/n} ≥ 1 k |B_1|^{1/n} ≥ c_2 k √ ln^{3N}_n , where c_2 is an absolute positive constant and the theorem follows. □

Remark. Since (| B^0_k | | / |B^n_2 |)^{1/n} ≤ ( | |∂B^0_k | | / |∂B^n_2 |)^{1/(n−1)} ≤ c_1 ∫ S^{n−1} ‖x‖_k dν(x), using Urysohn’s inequality, one can similarly show that | |∂B^0_k | |^{1/(n−1)} ≤ ck n √ ln (3N/k).

The following theorem generalizes Theorem 3.1.

Theorem 3.2 Let n ≤ N be positive integers. Let q ≥ 1 and {a_i}_{i≤N} ⊂ IR^n.

(i) For every k ≤ N and every l ≤ n there exists an l-dimensional subspace E ⊂ IR^n such that |B_{k,q} ∩ E|^{1/l} ≥ C √ n √ lq ( ‖ {|a_i|^q}_{i≤N} ‖_{Mk,q} )_{1/q} , where ‖ · ‖_{Mk,q} is the Orlicz norm with the function M_{k,q}(t) defined in Theorem 2.4 and C > 0 is an absolute constant.

(ii) For every k ≤ N and every l-dimensional subspace E ⊂ IR^n we have |B_{k,q} ∩ E|^{1/l} ≥ c max_{|I|=l} |det (Q_E a_i)_{i∈I} |^{1/l} ( 1 k^{1q} √ ln(3N/l) + 1 ( √ q ∧ √ l) N^{1q} ) , where Q_E : IR^n → E is the orthogonal projection onto E and c > 0 is an absolute constant.

(iii) For every k ≤ N and every l-dimensional subspace E ⊂ IR^n we have |B_{k,q} ∩ E|^{1/l} ≤ C N^{1q} (l k)^{1q} ( ∑ |I|=l |det (QEai)i∈I | q ) 1_{lq}

where Q_E : IR^n → E is the orthogonal projection onto E and C > 0 is an absolute constant.

Remark. Notice that if {a_i}_{i≤N} ⊂ S^{n−1} then ‖ {|a_i|^q}_{i≤N} ‖^{1/q}_{Mk,q} ≈ k^{1/q} √ ln(3N/k) √ q and |det (Q_Ea_i)_{i∈I} | ≤ 1. Thus in this case, for every l there exists an l-dimensional subspace E such that |B_{k,q} ∩ E|^{1/l} ≥ C √ n k^{1q} √ l √ ln(3N/k) .

Moreover, in this case for all l-dimensional subspaces E we have |B_{k,q} ∩ E|^{1/l} ≥ c ( 1 k^{1q} √ ln(3N/l) + 1 ( √ q ∧ √ l) N^{1q} ) . If in addition q = 1 in the last expression, then |B_{k,1} ∩ E|^{1/l} ≥ c ( 1 k √ ln(3N/l) + 1 N ) .

Proof of Theorem 3.2:

(i) Let G_{n,m} denote the Grassmanian of m-dimensional subspaces of IR^n and dμ denote the normalized Haar measure on it. Then integration over the Grassmanian gives

max_{H⊂Gn,l} ( |H ∩ B_{k,q}| |B^l_2| ) 1_l ≥ (∫ G_{nl} |H ∩ B_{k,q}| | |Bl_2 | | dμ(H) )_{1/l}

= (∫ S^{n−1} ‖x‖^{−l}_{k,q} dν(x) )_{1/l}

≥ (∫ S^{n−1} ‖x‖_{k,q} dν(x) )_{−1}

≥ c √ n E(B_{k,q}) ≥ c_1 √ n √ q ( ‖ {|a_i|^q}_{i≤N} ‖_{Mk,q} )_{1/q} ,

where the last inequality follows by Corollary 2.6. That proves (i).

(ii) We first give a proof for the first expression.

As B_{k,q} ⊃^1_{k1/q} B_1, it is enough to consider B_1 ∩ E. Without loss of generality assume that {a_i} is symmetric. By the inverse Santaló inequality [BM] |B_1 ∩ E|^{1/l} ≥ c l |(B_1 ∩ E)^0|^{1/l} and therefore it is enough to estimate the volume of the polar of the section B_1 ∩ E from above. The polar of B_1 ∩ E is the orthogonal projection of the polar B^0_1 = conv {±a_i : 1 ≤ i ≤ N} onto E. Observe that

conv {±a_i : 1 ≤ i ≤ N} = T (B^N_1 ),

where B^N_1 is the N-dimensional l_1 unit ball and T : IR^N → IR^n is the map defined by T (e_i) = a_i, 1 ≤ i ≤ N.

By a result of Meyer and Pajor [MP]

|T (B^N_1 )|^1n |B^n_1 |^1n ≤ |T (B^N_p )|^1n

|B^n_p |^1n

for all 1 ≤ p < ∞ and by a result of Gordon and Junge [GJ1] we have for all p^′ with p^′ =^p_{p−1}

|T (B^N_p )|^1n |B^n_p |^1n ≤ c √ p^′ ∑ |I|=n |det (a_i)_{i∈I} |^{p′} 1 np′ , where c is a constant. Therefore

|T (B^N_1 )|^1n |B^n_1 |^1n ≤ c √ p^′ (( N n ) max_{|I|=n} |det (a_i)_{i∈I} |^{p′} ) 1_{np′}

and thus |T (B^N_1 )|^{1/n} ≤ c √ p^′ ( Ne n )_{1/p}′ max_{|I|=n} |det (a_i)_{i∈I} |^{1/n} |B^n_1 |^{1/n}.

Hence for |(B_1 ∩ E)^0|^{1/l} = |Q_E (T (B^N_1 ))|^{1/l} where Q_E : IR^n −→ E is the orthogonal projection, we get

|Q_E (T (B^N_1 ))|^{1/l} ≤ c √ p^′ ( Ne l )_{1/p}′ max_{|I|=l} |det (Q_E a_i)_{i∈I} |^{1/l} |B^l_1|^{1/l}.

We choose p^′ = ln^{Ne}_l so that √ p^′ (_{Ne} l )_{1/p}′ is minimal and then observe that

|Q_E(T (B^N_1 ))|^{1/l} ≤ c l √ ln Ne l max_{|I|=l} |det (Q_E a_i)_{i∈I} |^{1/l}.

Since (B_1 ∩ E)^0 = Q_E T B^N_1 , we obtain |B_1 ∩ E|^{1/l} ≥ c √ ln^{Ne}_l max_{|I|=l} |det (Q_E a_i)_{i∈I} |^{1/l} .

Therefore |B_{k,q} ∩ E|^{1/l} ≥ c k^{1q} √ ln^{Ne}_l max_{|I|=l} |det (Q_E a_i)_{i∈I} |^{1/l} .

Now we give a proof for the second expression. Note that B_{N,q} ⊂ B_{k,q} ⊂ ( N k ) 1_q B_{N,q} (5) and B^0_{N,q} = T (B^N_p ), (6) where B^N_p is the unit ball of l^N_p ,^1_p +^1_q = 1, and T : IR^N → IR^n is the map defined by T (e_i) = a_i, 1 ≤ i ≤ N.

By the inverse Santaló inequality [BM] we have for every l-dimensional subspace E |B_{k,q} ∩ E|^{1/l} ≥ c l |(B_{N,q} ∩ E)^0|^{1/l} and therefore it is enough to estimate the volume of the polar of the section B_{N,q} ∩E from above. Again, the polar of the section B_{N,q} ∩E is the orthogonal projection of the polar B^0_{N,q} = T (B^N_p ) onto E.

By [GJ1]

c_2 ∑ |I|=n |det (a_i)_{i∈I} |^q 1 nq ≤

|T (B^N_p )|^1n

|B^n_p |^1n

≤ c_1 ( √ q ∧ √ n ) ∑ |I|=n |det (a_i)_{i∈I} |^q 1 nq , (7)

where c_1 and c_2 are constants. Therefore

|T (B^N_p )|^1n |B^n_p |^1n

≤ c_1 ( √ q ∧ √ n ) (( N n ) max_{|I|=n} |det (a_i)_{i∈I} |^q ) 1_{nq}

and thus

|T (B^N_p )|^{1/n} ≤ c_1 ( √ q ∧ √ n ) ( Ne n )_{1/q} max_{|I|=n} |det (a_i)_{i∈I} |^{1/n} |B^n_p |^{1/n}.

Hence for |(B_{N,q} ∩ E)^0|^{1/l} = |Q_E(T (B^N_p ))|^{1/l} with the orthogonal projection Q_E : IR^n −→ E we get

|Q_E(T (B^N_p ))|^{1/l} ≤ c ( √ q ∧ √ l ) ( Ne l )_{1/q} max_{|I|=l} |det (Q_E a_i)_{i∈I} |^{1/l} |B^l_p|^{1/l}

≤ C ( √ q ∧ √ l ) N^{1/q} l max_{|I|=l} |det (Q_E a_i)_{i∈I} |^{1/l}.

Therefore |B_{k,q} ∩ E|^{1/l} ≥ c ( √ q ∧ √ l) N^{1q} max_{|I|=l} |det (Q_Ea_i)_{i∈I} |^{1/l} .

(iii) By (5) and Santaló inequality we have for all l-dimensional subspaces E |B_{k,q} ∩ E|^{1/l} ≤ C l ( N k ) 1_q 1 |B^0_{N,q} ∩ E|^{1/l} , which by (7) is ≤ C N^{1q} (k l)^{1q} ( ∑ |I|=l |det (QE ai)i∈I | q ) 1_{lq} .

□

Theorem 3.3 Let k, n, N be integers such that 20^4nk ≤ N ≤ 20^nnk. There exists a sequence {a_i}_{i≤N} ⊂ S^{n−1} such that for every l ≤ n and every ldimensional subspace E ⊂ IR^n one has |B_{k,q} ∩ E|^{1/l} ≤ C √ n k^{1q} √ l √ ln(N/(nk)) .

Remark. Clearly, (1/k)B^n_2 ⊂ B_{k,q}. On the other hand, if N > k5^n then we can take k copies of some 1/2-net in S^{n−1} (i.e. a sequence {a_{ij} }_{i≤k,j≤5}n , where {a_{ij}}_{j≤5}n is the same 1/2-net for each fixed i). Then for all i ‖x‖_{k,q} ≥ k max_j |⟨a_{ij}, x⟩| ≥ 3 4 k |x|. Thus B_{k,q} ⊂^4_{3k} B^n_2 and, hence, for some positive absolute constants c, C c 1 k √ l ≤ |B_{k,q} ∩ E|^{1/l} ≤ C 1 k √ l .

We shall need the following simple fact. Let ρ be the geodesic distance on the Euclidean sphere S^{n−1}. Let S(x, δ) denote the cap with center x and radius δ S(x, δ) = { y ∈ S^{n−1} | ρ(x, y) ≤ δ } . When the choice of the center is not important we write just S(δ). As before ν = ν_{n−1} denotes the normalized Lebesgue measure on S^{n−1}.

Fact 3.4 For every δ ∈ [0, π/2] and n ≥ 3 one has

δ sin^{n−2} δ 2e(n − 1)I ≤ ν(S(δ)) = 1 2I ∫_{π/2} π/2−δ cos^{n−2} t dt ≤ δ sin^{n−2} δ 2I , where 1 √ n − 1 ≤ I = ∫_{π/2} 0 cos^{n−2} t dt ≤ √ π 2(n − 1) . Proof: The equality for ν(S(δ)) follows from the direct computation as well as the inequalities for I (see e.g. [MS1], Ch. 2). The upper inequality for ν(S(δ)) is obvious, since the cos is a decreasing function on [0, π/2]. Now let β ∈ (0, 1). Then

I_0 := ∫_{π/2} π/2−δ cos^{n−2} t dt ≥ ∫_{π/2−βδ} π/2−δ cos^{n−2} t dt ≥ (1 − β)δ sin^{n−2}(βδ) ≥ (1 − β)β^{n−2}δ sin^{n−2} δ,

since sin(βδ) ≥ β sin δ for β ∈ [0, 1], δ ∈ [0, π/2]. Taking β = (n − 2)/(n − 1) we obtain I_0 ≥^1_{e(n−1)} δ sin^{n−2} δ. That concludes the proof. □

Proof of Theorem 3.3: Our proof based on a construction by Figiel and Johnson ([FJ], see also [G1]).

It is enough to show the result for B_k as B_{k,q} ⊂ k^{1− 1q} B_k. Take m = [log_{20}(N/(nk))]. Then 4 ≤ m ≤ n. Denote M = 2[Nm/n] and choose δ such that M = (π/δ)^{m−1}, i.e. δ = 2π(1/M)^{1/(m−1)} < π/10.

The standard volume estimates show that there exists a symmetric sequence {z_i}_{i≤M} , i.e. {−z_i}_i = {z_i}_i, which is a δ-net (with respect to geodesic distance) in S^{m−1}. Indeed, take a maximal δ-separated set N on the sphere. Clearly, N ∪ −N is a symmetric δ-net on S^{m−1}. Let a be the cardinality of N . Since the caps S(δ/2) with the centers in N are disjoint we have aν(S(δ/2)) ≤ ν(S^{m−1}) = 1. Using Fact 3.4 and the inequality sin δ ≥ 2 √ 2δ/π on [0, π/4], we obtain for m ≥ 12 a ≤ √ 2π m − 1 e(m − 1) δ/2 sin^{m−2}(δ/2) ≤ 4e √ m − 1 √ π ( π √ 2δ )_{m−1} ≤ 1 2 (π δ )_{m−1} .

Thus for m ≥ 12 the cardinality of N ∪ −N is less than or equal to M. Set K = conv { ∑ I z_i } |I|=k,I⊂{1,...,M} . To continue the proof we need the following claim, which will be proved below.

Claim 3.5 The body K, defined above, satisfies (k/2)B^m_2 ⊂ K. Now, let s_0 = n/m. Without loss of generality we can assume that s_0 is an integer. For every 1 ≤ s ≤ s_0 define the operator i_s : IR^m −→ IR^n by i_se_j = e_l, where l = (s − 1)m + j. Then, taking a^s_i = i_sz_i, we have a^s_i ∈ S^{n−1}. Set {a_j} = {a^s_i }_{i,s}. By the choice of M and s_0 one has that the cardinality of the set {a_j } is Ms_0 ≤ 2N. Also, by construction, we have that {−a_i} = {a_i}, i.e. we need only half of a_i’s to define B_k.

Denote B = conv {i_sK}_s. Using the claim we obtain B ⊃ (k/2) s_0∑

s=1 ⊕B^m_2 ⊃ k 2 √ s_0

B^{s0m}_2 ,

where ∑ ⊕ denotes the ℓ_1-sum. It follows

B^0 ⊂ 2 √ s_0 k B^n_2 ⊂ 2 √ n k √ m B^n_2 .

It is not difficult to see that B^0_k ⊃ B. Thus B_k ⊂ 2 √ n/(k √ m)B^n_2 . Thus for every l-dimensional subspace E one has |E ∩ B_k| ≤ | | | | 2 √ n k √ m B^l_2 | | | | ≤ ( C √ n k √ ml )_l . □ Proof of the claim: Consider u ∈ S^{m−1}. Choose the minimal angle θ such that there are at least k points of the z_i’s with ⟨u, z_i⟩ ≥ cos θ. Since k ≤ M/2 we have θ ∈ [0, π/2]. Assume that z̄_1, z̄_2, ... are those points. Then we have | | | | k∑ i=1 z̄_i | | | | 2 = k∑ i,j=1 ⟨z̄_i, z̄_j ⟩ ≥ k^2 cos(2θ) = k^2(1 − 2 sin^2 θ).

Denote A = {i | ⟨z̄_i, u⟩ > cos θ}. By minimality of θ we have |A| ≤ k. Since {z_i}_{i≤M} is a δ-net in S^{m−1}, {z̄_i}_{i∈A} is a δ-net in S(u, θ − δ). That implies ∑ i∈A ν_{m−1}(S(z_i, δ)) ≥ ν_{m−1}(S(u, θ − δ)).

Using Fact 3.4 we obtain kδ sin^{m−2} δ ≥ (θ − δ) sin^{m−2}(θ − δ) e(m − 1) . Thus sin^{m−1}(θ − δ) ≤ e(m − 1)kδ^{m−1}. Now if δ ≥ θ/2 then θ ≤ 2δ ≤ π/6 and 1 − 2 sin^2 θ ≥ 1/2. If δ ≤ θ/2 then sin θ ≤ 2 sin(θ/2) ≤ 2 sin(θ − δ) ≤ 2(emk)^{1/(m−1)}δ = 2π(emk/M)^{1/(m−1)}. By the choice of m, M we have

sin θ ≤ 2π ( enk 2N )_{1/(m−1)} ≤ 2π ( e 2 20^m )_{1/(m−1)} ≤ 1 2 . Thus 1 − 2 sin^2 θ ≥ 1/2. That means that for every u ∈ S^{m−1} there is z = ∑_k i=1 z̄_i such that |z|^2 ≥ k^2/2 and ⟨u, z⟩/|z| ≥ cos θ ≥ √ 3/2.

The estimate now follows by the standard technique. Indeed, let b the best possible constant such that for every x ∈ IR^n we have ‖x‖_K ≤ b|x|. Then for every u ∈ S^{n−1} one has ‖u‖_K ≤ ‖z/|z| ‖_K + ‖u − z/|z| ‖_K ≤ 1/|z| + b |u − z/|z| | ≤ √ 2/k + b(2 − √ 3). By minimality of b we obtain b ≤ √ 2/k + b(2 − √ 3), which means b ≤ √ 2 ( √ 3 − 1)k ≤ 2/k. That proves the claim. □

4 Dvoretzky’s theorem

First we recall the following version of Dvoretzky’s Theorem (see Theorem 2.5 and Corollary 2.6 of [Go1]).

Theorem 4.1 Let X be an n-dimensional space. Let m ≤ n and G : ℓ^m_2 −→ X be the Gaussian operator defined by (1). Then E ‖G‖ = E max_{|x|=1} ‖Gx‖ ≤ E(X) + √ mε_2(X), and E min_{|x|≤1} ‖Gx‖ ≥ E(X) − √ mε_2(X), where ε_2(X) is defined by (3).

In particular, if E(X) > √ mε_2(X), then there exists an m-dimensional subspace Y ⊂ X such that d_Y ≤ E ‖G‖ / E min_{|x|≤1} ‖Gx‖ ≤ E(X) + √ mε_2(X) E(X) − √ mε_2(X)

Moreover, the subspace can be taken in a “random” way.

Theorem 4.2 Let α ∈ (0, 1) and 1 ≤ m ≤ n. Let {a_j }_{j≤N} ⊂ S^{n−1} be such that |a_i − a_j | ≥ ε for every i ≠ j and let X = (IR^n, B_k), k ≤ N. There are absolute positive constants c and C such that

(i) if m ≤ α^2 c^2ε^2k^2 ln (3N/k) (ε_2 (B_k))^2 then there exists an m-dimensional subspace Y ⊂ X satisfying d_Y ≤ 1 + α 1 − α ;

(ii) if √ mε_2(B_l) < cεl √ ln(3N/l) then there exists an m-dimensional subspace Y ⊂ X satisfying d_Y ≤ max {1, l/k} Ck √ ln(3N/k) + √ mε_2(B_k) cεl √ ln(3N/l) − √ mε_2(B_l)) . Moreover, the subspaces can be taken in a “random” way.

Proof: The first part of the theorem follows by Theorem 4.1 and Lemma 2.3.

To show the second part of the theorem note that ‖x‖_s ≤ ‖x‖_k ≤ (k/s)‖x‖_s for every s ≤ k. Let G be the Gaussian operator G : ℓ^m_2 −→ X. Then by Theorem 4.1 and Lemma 2.3 E ‖G‖ ≤ Ck √ ln(3N/k) + √ mε_2(B_k).

If l ≥ k then E min_{|x|=1} ‖Gx‖_k ≥ max_{l≥k} k l E min_{|x|=1} ‖Gx‖_l ≥ max_{l≥k} k l (cεl √ ln(3N/l) − √ mε_2(B_l)).

If l ≤ k then E min_{|x|=1} ‖Gx‖_k ≥ max_{l≤k} E min_{|x|=1} ‖Gx‖_l ≥ max_{l≤k} (cεl √ ln(3N/l) − √ mε_2(B_l)).

The result follows by Theorem 4.1. □

Remark 1. The general case (when {a_i} ⊄ S^{n−1}) can be treated using Corollary 2.5.

Remark 2. As ε_2(B_k) = max_{|x|=1} ∑ |⟨x, a_i⟩|^∗ = max_{{±,|I|=k}}| ∑ i∈I ±a_i| and likewise for ε_2(B_l), we may replace ε_2(B_k) and ε_2(B_l) by these values.

5 Properties of the spaces intermediate between ℓ_1 and ℓ_∞

In this section we investigate the spaces whose unit balls are convex hulls of {B^n_1 , (B^n_∞/k)} and their duals, (kB^n_1 ) ∩ B^n_∞, where B^n_1 denotes the unit ball of l^n_1 and B^n_∞ the unit ball of l^n_∞. As we shall see in Lemma 5.1 those spaces are particular cases of spaces with unit balls B_k and B^0_k, when N = n and the sequence {a_i}_i is {e_i}_i. Henceforth B_k will refer to this choice of the sequence {a_i}_i.

In the first subsection we investigate Dvoretzky’s theorem, type and cotype constants of such spaces. In the second subsection we provide asymptotically sharp estimates of the volume ratio of B_k and B^0_k, and of the projection constant of B_k. Finally, in the third section we investigate the p-summing norm of the identity operator acting on some special spaces. As a corollary we obtain asymptotically sharp estimates of the projection constant of B^0_k.

Lemma 5.1 Let {a_i}_{i≤n} = {e_i}_{i≤n} and k ≤ n. Then

B_k = conv {B^n_1 , (B^n_∞/k)} and B^0_k = (kB^n_1 ) ∩ B^n_∞.

Proof: Denote B := (kB^n_1 ) ∩ B^n_∞. Fix x. Without loss of generality assume that only k terms of {|x_i|} are larger than or equal to x^∗_k. Define z = {z_i} by

z_i = { sign x_i for |x_i| ≥ x^∗_k, 0 otherwise.

Clearly z ∈ B, and hence ‖x‖_B0 = max_{y∈B} ⟨x, y⟩ ≥ ⟨x, z⟩ = k∑ i=1 |x_i|^∗ = ‖x‖_k. To get the inequality in the other direction, assume, as we can, that x_1 ≥ x_2 ≥ ... ≥ x_n ≥ 0. Then for every y ∈ B one has ⟨x, y⟩ ≤ ∑_k 1 x^∗_i , i.e.

‖x‖_B0 ≤ ‖x‖_k. That proves the first equality. The second follows by duality. □ Below we will use Khinchine’s inequality, which states that there exists an absolute constant c > 0 such that for every p ≥ 1 and every {b_i}_i ⊂ IR one has 1 A_p ( 1 2^n ∑ ε | | | | n∑ i=1 b_iε_i | | | | p)_{1/p} ≤ 1 2^n ∑ ε | | | | n∑ i=1 b_iε_i | | | | 2 1/2 = (8) (_n ∑ i=1 |b_i|^2 )_{1/2} ≤ B_p ( 1 2^n ∑ ε | | | | n∑ i=1 b_iε_i | | | | p)_{1/p} , where the sum is taken over all ε ∈ {−1, 1}^n and A_p ≤ { 1 for 1 ≤ p ≤ 2, c √ p for p > 2,

B_p = { √ 2 for 1 ≤ p ≤ 2, 1 for p > 2.

5.1 Consequences of Dvoretzky’s theorem.

Type 2 and Cotype 2

We start with a well known estimate of type and cotype constants (see e.g. [Pi1], [T]). Let C_2(B) and T_2(B) denote the cotype and type constant of the space with the unit ball B.

Lemma 5.2 Let B ⊂ IR^n be a convex body with m > 1 extreme points. Then

C_2 ( B^0 ) ≤ T_2 (B) ≤ c √ ln m, where c is an absolute constant.

In the following statements we describe the properties of B_k and B^0_k. We start with a trivial fact.

Fact 5.3 The following sharp inclusions hold min { 1, k/ √ n } B^n_2 ⊂ B^0_k ⊂ √ kB^n_2 and 1 √ k B^n_2 ⊂ B_k ⊂ max { 1, √ n/k } B^n_2 .

In particular it means ε_2(B_k) = √ k and ε_2(B^0_k ) = max {1, √ n/k}.

We shall also use the following estimates.

Lemma 5.4 There are absolute positive constants c and C such that c k √ ln (2n/k) ≤ E (B_k) ≤ C k √ ln (2n/k) and c (√ ln n + n/k ) ≤ E ( B^0_k ) ≤ C (√ ln n + n/k ) . Proof: The first estimate is a consequence of Lemma 2.1 (and the remark after it). The second estimate can be obtained directly, since 1/2 (|x|_∞ + |x|_1/k) ≤ ‖x‖_B0_k = max{|x|_∞, |x|_1/k} ≤ |x|_∞ + |x|_1/k, where | · |_1 is the l_1-norm and | · |_∞ is the l_∞-norm. □

The next two corollaries give Dvoretzky type theorems. They follow immediately from Theorem 4.2.

Corollary 5.5 Let 1 ≤ m ≤ n and 1 ≤ k ≤ n. Let δ ∈ (0, 1). There are absolute constants c and C such that

(i) if m ≤ ckδ^2 ln(3n/k) then there exists an m-dimensional subspace E ⊂ IR^n such that d (B_k ∩ E, B^m_2 ) ≤

1 + δ 1 − δ ; (ii) if m ≥ k ln(3n/k) then there exists an m-dimensional subspace E ⊂ IR^n such that d (B_k ∩ E, B^m_2 ) ≤ C √ m k ln (3n/m) . Moreover, the subspaces can be taken in a “random” way.

Proof: By the definition of the body B_k we have |a_i − a_j | = √ 2 and by Fact 5.3 ε_2(B_k) = √ k. Thus the first estimate follows by Theorem 4.2.

If m ≥ k ln(3n/k) then k ≤^m_{ln(3n/k)} . On the other hand there exists an absolute constant c_1 ≥ 1 such that if l =^{c1m}_{ln(3n/m)} then c_0 √ 2 √ ln(3n/l)l ≥ 2 √ m √ l. Since l ≥ k, ε_2(B_k) = √ l and |a_i − a_j | = √ 2 for i ≠ j, we can apply the “Moreover” part of Theorem 4.2 in order to obtain an m-dimensional subspace Y ⊂ X with d_Y ≤ ck √ ln(3n/k) + √ mk ck √ 2 √ ln(3n/l) ≤ C_1 √ m √ k √ ln(3n/(c_1m)) , which implies the desired estimate. □

Corollary 5.6 Let 1 ≤ m ≤ n and 1 ≤ k ≤ n. There are an absolute

constant C and an m-dimensional subspace E ⊂ IR^n such that

(i) if k ≤ n/ √ ln(2n/m) then d ( B^0_k ∩ E, B^m_2 ) ≤ C ( 1 + k √ m/n ) ; (ii) if k > n/ √ ln(2n/m) then d ( B^0_k ∩ E, B^m_2 ) ≤ C ( 1 + √ m ln (2n/m) ) . Moreover, the subspaces can be taken in a “random” way.

Remark. The second estimate is known in a general case. That is for every

convex body K and every m ≤ n/2 there exists an m-dimensional subspace

E, such that d (K ∩ E, B^m_2 ) ≤ C ( 1 + √ m ln (2n/m) )

([MS3], see also [MS2, GGM, LiT, Gu]).

Proof:

Note that for every 1 ≤ l ≤ n

‖x‖_B0_k = max { |x|_1 k , |x|_∞ } ≥ |x|_1 2k + |x|_∞ 2 ≥ 1 2 ( |x|_1 k + 1 l ∑ i≤l |x_i|^∗ ) , where | · |_1 is the l_1-norm and | · |_∞ is the l_∞-norm. Using the estimates for

the Gaussian operator G : l^m_2 → (IR^n, B^0_k), Fact 5.3 and Lemma 5.4, we get

E ‖G‖ ≤ E ( B^0_k ) + √ mε_2 ( B^0_k ) ≤ c √ ln n + √ m for k > n/ √ ln(2n)

c^n_k + √ m for √ n ≤ k ≤ n/ √ ln(2n)

c^n_k for k < √ n. Consider now the new norm defined by |||x||| = |x|_1 k + 1 l l∑ i=1 |x_i|^∗ ≤ 2 ‖x‖_B0_k .

Clearly ε_2 ((IR^n, ||| · |||)) ≤^{√n}_k +^{1√}_l . Therefore, by Theorem 4.1 we have

E inf_{|x|=1} 2 ‖Gx‖_B0_k ≥ E inf_{|x|=1} |||Gx||| ≥ E | | | | | | | | | | | | ∑ i≤n g_i e_i | | | | | | | | | | | | − √ mε_2 ((IR^n, ||| · |||)) ≥ n k √ 2 π + c √ ln (2n/l) − √ m (√ n k + 1 √ l ) = √ n k (√ 2n/π − √ m ) + c √ l √ ln (2n/l) − √ m √ l . We can assume that m ≤ n/2 (otherwise the corollary is obvious). Choose l satisfying c √ l √ ln (2n/l) ≈ √ 2m, so that l ≈^m_{ln(2n/m)} . Then

E inf_{|x|=1} ‖Gx‖_B0_k ≥ c_1 ( n/k + √ ln (2n/m) )

for some absolute constant c_1 > 0. Thus for k ≤ n/ √ ln (2n/m) one has d_E ≤ E ‖G‖ E inf_{|x|=1} ‖Gx‖_B0_k ≤ c n/k + √ m 2c_1n/k ≤ C ( 1 + k √ m n ) . That proves the first case. If k ≥ n/ √ ln (2n/m) one has d_E ≤ E ‖G‖ E inf_{|x|=1} ‖Gx‖_B0_k ≤ √ m + c √ ln m 2 √ ln (2n/m) ≤ C ( 1 + √ m ln (2n/m) ) , which proves the second case. □

For the proof Proposition 5.8 as well as in Section 7 we need the following result of S. Kwapień and C. Schütt (Corollary 2.3 of [KS2], see also Theorem 1.2 of [KS1]).

Lemma 5.7 (i) Let q ≥ 1. Let b ∈ IR^n such that b_1 ≥ b_2 ≥ · · · ≥ b_n ≥ 0. For every x ∈ IR^n one has 1 5n n∑ j=1 s(j) + ( 1 n n^2∑

j=n+1 s(j)^q )1/q ≤ 1 n! ∑ π (_n ∑ i=1 |x_ib_{π(i)}|^q )_{1/q} ≤

1 n n∑ j=1 s(j) + ( 1 n n^2∑

j=n+1 s(j)^q )1/q , where {s(k)}_k is the non-increasing rearrangement of {|x_ib_j |}_{i,j}.

(ii) Let q ≥ 1. Let b ∈ IR^n such that b_1 ≥ b_2 ≥ · · · ≥ b_n > 0 and such that ∑ 1≤i≤n bi = n. For every x ∈ IR n one has 1 4 ( 1 2 − 1 n − 1 ) ‖x‖_{Nb} ≤ 1 n! ∑ π (_n ∑ i=1 |x_ib_{π(i)}|^q )_{1/q} ≤ 8 ( 1 + 2 n − 1 ) ‖x‖_{Nb} , where N_b is the Orlicz function defined by 1 5 N^{∗−1}_b ( l n ) ≤ 1 n ∑ 1≤i≤l b_i + l^{q−1q} ( ∑ l+1≤i≤n b^q_i )_{1/q} ≤ 2N^{∗−1}_b ( l + 1 n ) .

The following Proposition provides estimates for the type and cotype constants of the bodies.

Proposition 5.8 There are absolute constants c and C such that

(i) for k < √ n we have c √ k ≤ C_2 ( B^0_k ) ≤ T_2 (B_k) ≤ min {√ n/k, C √ k √ ln n }

and c √ n/k ≤ T_2 ( B^0_k ) ≤ √ n/k; (ii) for k ≥ √ n we have c √ k ≤ C_2 ( B^0_k ) ≤ T_2 (B_k) ≤ √ k and c max {√ ln k, √ n/k } ≤ T_2 ( B^0_k ) ≤ min {√ k, √ n/k √ ln n } ; (iii) for all k we have c √ n/k ≤ C_2 (B_k) ≤ C √ n/k. Proof:

(i) To prove the first upper estimate note that the set of extreme points of B^0_k is the set of points x = {x_i} satisfying

x_i = { ±1 for i ∈ A 0 otherwise,

for some set A with cardinality |A| = k. Therefore by Lemma 5.2 we have

C_2 ( B^0_k ) ≤ T_2 (B_k) ≤ c √ ln ( 2^k ( n k )) ≤ c_1 √ k √ ln(2n/k), and as k < √ n we have that ln(2n/k) is, up to a numerical constant, of the same order as ln n.

Since T_2 (B_k) ≤ d_{Bk} , we get with Fact 5.3 in the case k < √ n that

T_2 (B_k) ≤ √ n/k. This is the other upper estimate.

To obtain the lower estimate for C_2 (B^0_k) it is enough to take the set of points x_i = e_i, i ≤ k. This works for all 1 ≤ k ≤ n.

Again, since T_2 (B^0_k ) ≤ d_{Bk} , we get with Fact 5.3 in the case k < √ n that

T_2 ( B^0_k ) ≤ √ n/k. The lower estimate for T_2 (B^0_k ) will follow from (iii), since T_2 (B^0_k ) ≥ C_2 (B_k).

(ii) We have that C_2 (B^0_k) ≤ T_2 (B_k) and the upper estimate for T_2 (B_k) follows again from Fact 5.3 as now k ≥ √ n. The lower estimate for C_2 (B^0_k ) is as in (i).

The first upper estimate T_2 (B^0_k) ≤ √ k follows again from the fact that T_2 (B^0_k ) ≤ d_{Bk} and Fact 5.3.

The other upper estimate for T_2 (B^0_k) follows from (iii) and the fact that T_2 (B^0_k ) ≤ √ ln n C_2 (B_k) (see [Pi2]).

Taking the k-dimensional subspace E = span{e_i}_{i≤k} of IR^n one can easily check that l^k_∞ ⊂ (IR^n, B_k). Therefore

T_2 ( B^0_k ) ≥ √ ln k, which gives the first lower estimate for T_2 (B^0_k ). As T_2 (B^0_k ) ≥ C_2 (B_k), the other lower estimate for T_2 (B^0_k ) for all k will follow from (iii).

(iii) We get the lower estimate for C_2 (B_k) by taking [_n k ] vectors x_i of the following form x_1 = (1, . . . , 1, 0, . . . , 0), with 1 on the first k coordinates, 0 on the others; x_2 = (0, . . . , 0, 1, . . . , 1, 0, . . . , 0), with 0 on the first k coordinates, 1 on the next k and 0 on the others. We continue with the other x_i in the obvious way.

To prove the upper bound for C_2 (B_k) we consider for x ∈ IR^n the norm |||x||| = ∑ i≤k |x_i|^∗ + √ k ( ∑ k+1≤i≤n |x_i|^{∗2} ) 1_2 . Since |x_{k+1}|^∗ ≤^1_k ‖x‖_k, we obtain ‖x‖_k ≤ |||x||| ≤ ‖x‖_k + √ k √ n − k|x_{k+1}|^∗ ≤

‖x‖_k ( 1 + √ n − k k ) ≤ 2 √ n/k‖x‖_k. Thus the Banach-Mazur distance is d ((IR^n, ||| · |||) , (IR^n, ‖ · ‖_k)) ≤ 2 √ n k . Now we show that (IR^n, ||| · |||) has cotype 2. This will follow once we have shown that (IR^n, |||·|||) is c-isomorphic to a subspace of L^1 where c does not depend on the dimension n and on k. This is what we shall prove now: By Lemma 5.7 we have for all n ∈ IN, b, x ∈ IR^n 1 5n n∑ j=1 s(j) + ( 1 n n^2∑

j=n+1 s(j)^2 )1/2 ≤ 1 n! ∑ π (_n ∑ i=1 |x_ib_{π(i)}|^2 )_{1/2} ≤

1 n n∑ j=1 s(j) + ( 1 n n^2∑

j=n+1 s(j)^2 )1/2 , where {s(k)}_k is the non-increasing rearrangement of {|x_ib_j |}_{i,j}.

Using Khinchine’s inequality (8) one can prove that (IR^n, ‖·‖) is equivalent to a subspace of L^1, where

‖x‖ = 1 n! ∑ π (_n ∑ i=1 |x_ib_{π(i)}|^2 )_{1/2} . We choose b = (1, . . . , 1, 0, . . . , 0) with m coordinates equal to 1 and the others equal to 0. Assume that n/m is an integer. Then n∑ j=1 s(j) = m n/m∑ j=1 |x_i|^∗ and

n^2∑

j=n+1 s(j)^2 = m n∑ j=(n/m)+1 |x_i|^{∗2}.

Hence 1 n n∑ j=1 s(j) + ( 1 n n^2∑

j=n+1 s(j)^2 )1/2 = m n n/m∑ j=1 |x_i|^∗ + √ m n (_n∑ j=(n/m)+1 |x_i|^{∗2} ) 1_2 .

Without loss of generality we may assume that n/k is an integer. Choosing m such that k =^n_m we obtain that (IR^n, ||| · |||) is isomorphic to a subspace of L^1.

This proves the proposition. □

5.2 Volume Ratios. Projection constants of B^0_k

We start with the estimate of the volume ratio of the bodies. Let us first recall that for a body K ⊂ IR^n the volume ratio vr(K) is vr(K) = (|K| / |E|)^{1/n} , where E is the ellipsoid of maximal volume in K.

By the volume ratio of the space we mean the volume ratio of its unit ball.

Lemma 5.9 There exist absolute constants c > 0 and C such that c √ n/k ≤ vr (B_k) ≤ C √ n/k and c max { k √ n , 1 } ≤ vr ( B^0_k ) ≤ C max { k √ n , 1 } . Proof: Since the bodies have enough symmetries, the ellipsoids in Fact 5.3 are of maximal volume. To estimate the volume of B_k note that B^n_∞/k ⊂ B_k ⊂ (n/k) B^n_1 . Hence (2/k)^n ≤ |B_k| ≤ (2e/k)^n and, by Santaló inequality and inverse Santaló inequality [BM], (c_1k/n)^n ≤ | B^0_k | ≤ (c_2k/n)^n . This implies the result. □

Remark. This result should be compared with the corollary of Theorem 7 of [GGMP] which says

E vr (K ∩ E) ≥ c √ l E(K) max_i ‖e_i‖_K0 , where the expectation E is taken with respect to the normalized Haar measure on the Grassmanian of all l-dimensional subspaces E ⊂ IR^n. By Lemma 5.4 we obtain

E vr (B_k ∩ E) ≥ c √ l k √ ln(3n/k) and E vr ( B^0_k ∩ E ) ≥ c √ l √ ln n + n/k .

The volume ratio estimates allow us to obtain the following estimates for the projection constant λ. Recall that for every n-dimensional body K one has λ(K) ≤ √ n and λ(K) ≤ d(K, B^n_∞).

Theorem 5.10 There is an absolute constant c > 0 such that

(i) for every √ n ≤ k ≤ n one has c n k ≤ λ ( B^0_k ) ≤ n k , (ii) for every 1 ≤ k ≤ √ n one has c √ n ≤ λ ( B^0_k ) ≤ √ n. Proof: To prove the first upper estimate we use a well-known estimate λ(K) ≤ d(K, B^n_∞). The estimate d (B^0_k , B_∞) ≤^n_k is trivial. Since λ(K) ≤ √ n for every K ⊂ IR^n we obtain the second upper estimate.

To obtain the lower estimates we use the following inequalities from [GMP]. For every n-dimensional normed space X one has √ n ≤ evr (X, ℓ_∞) vr (X) ≤ √ en and evr (X, ℓ_∞) zr (X) ≤ λ (X) , where evr and zr denote the external volume ratio and zonoid ratio correspondingly (see e.g. [GMP] for the precise definitions). For every ndimensional normed space X with a 1-unconditional basis one has 1 ≤ zr (X) zr (X^∗) ≤ C, where C is a numerical constant. Since X = (IR^n, B_k) and X^∗ = (IR^n, B^0_k ) have a 1-unconditional basis we obtain λ ( B^0_k ) ≥ c √ n vr (B^0_k ) . The result follows by Lemma 5.9. □

Remark. The estimate on vr (B^0_k) allows us to obtain lower bounds for the GL-constant gl_2 of subspaces of B^0_k since by [GJ2], for every n-dimensional normed space X there exists a subspace Y ⊂ X, dim Y ≤^n_2 , such that vr (X) ≤ c zr (Y ) and zr (Y ) zr (Y^∗) ≤ c_1gl_2 (Y ), where c and c_1 are positive absolute constants ([GMP]).

5.3 p-summing norms and related invariants

We shall obtain the estimates for the projection constant of B_k as a corollary of the following lemma, in which we compute the p-summing norm π_p(K) of the identity operator Id : (IR^n, K) −→ (IR^n, K) for some special bodies K. Recall that π_p(K) is the best possible constant, satisfying N∑ j=1 ‖y_j‖^p_K ≤ π^p(K) sup_{‖f‖∗≤1} N∑ j=1 |⟨y_j, f⟩|^p

for every N and every y_1, y_2, ..., y_N ∈ E = (IR^n, K), where ‖ · ‖_∗ denotes the norm in E^∗ = (IR^n, K^0).

Let b ∈ IR^n be such that b_1 ≥ b_2 ≥ ... ≥ b_n ≥ 0 and b_1 > 0. Define the norm ‖x‖_b = ∑ i b_i|x_i|^∗. Lemma 5.11 Let K_b be the unit ball of ‖ · ‖_b. Let p ≥ 1. Then there is an absolute constant c such that 1 A^p sup_{x≠0} n! ‖x‖^p_b ∑ π (∑_n i=1 |x_ib_{π(i)}|^2 )_{p/2} ≤ π^p (Kb) ≤ B^p sup_{x≠0} n! ‖x‖^p_b ∑ π (∑_n i=1 |x_ib_{π(i)}|^2 )_{p/2} , where A_p ≤ { 1 for 1 ≤ p ≤ 2, c √ p for p > 2,

B_p = { √ 2 for 1 ≤ p ≤ 2, 1 for p > 2.

Proof: Given x ∈ IR^n, ε ∈ {−1, 1}^n, and a permutation π of {1, 2, ..., n} denote the vector (ε_ix(π(i)))^n_{i=1} by εx^π.

We show first the left hand inequality. Let x be a vector for which the supremum

sup_{x≠0} n! ‖x‖^p_b ∑ π (∑_n i=1 |x_ib_{π(i)}|^2 )_{p/2} is attained. As a sequence we choose {εx^π}_{ε,π}. Then we have ∑ π ∑ ε ‖εx^π‖^p_b ≤ π^p(K_b) sup_{‖f‖∗=1} ∑ π ∑ ε | < εx^π, f > |^p. This means ‖x‖^p_b ≤ π^p (K_b) sup_{‖f‖∗=1} 1 n!2^n ∑ π ∑ ε | | | | n∑ i=1 ε_ix(π(i))f(i) | | | | p .

We apply now Khintchine-inequality (8) ‖x‖^p_b ≤ A^pπ^p (K_b) sup_{‖f‖∗=1} 1 n! ∑ π (_n ∑ i=1 |x(π(i))f(i)|^2 ) p_2 . Instead of taking the supremum over all f with norm 1 we may take only the supremum over the extreme points of the unit ball of ‖ · ‖_∗. The extreme points of the unit ball are all the points εb^π where ε ranges over all sequences of signs and π over all permutations. Thus we get ‖x‖^p_b ≤ A^pπ^p(K_b) 1 n! ∑ π (_n ∑ i=1 |x(π(i))b_i|^2 ) p_2 . Now we proof the right hand inequality. Let δ > 0 and let y_i ∈ IR^n, 1 ≤ i ≤ m be a sequence such that m∑ j=1 ‖y_j‖^p_b ≥ (π^p (K_b) + δ) sup_{‖f‖∗=1} m∑ j=1 | < y_j, f > |^p. Since the norm is 1-symmetric we get for all sequences of signs ε and permutations π m∑ j=1 ‖εy^π_j ‖^p_b ≥ (π^p (K_b) + δ) sup_{‖f‖∗=1} m∑ j=1 | < εy^π_j , f > |^p. By triangle-inequality m∑ j=1 ‖y_j‖^p_b ≥ (π^p (K_b) + δ) sup_{‖f‖∗=1} 1 n!2^n ∑ π ∑ ε m∑ j=1 | < εy^π_j , f > |^p. As in the proof of the left hand inequality we apply Khintchine-inequality (8) m∑ j=1 ‖y_j‖^p_b ≥ B^p (π^p(K_b) + δ) sup_{‖f‖∗=1} 1 n! ∑ π m∑ j=1 (_n ∑ i=1 |y_j(π(i))f(i)|^2 ) p_2 . Since ‖b‖_∗ = 1 m∑ j=1 ‖y_j‖^p_b ≥ B^p (π^p (K_b) + δ) 1 n! ∑ π m∑ j=1 (_n ∑ i=1 |y_j(π(i))b_i|^2 ) p_2 . It follows that B^p π^p (K_b) ≤ sup_{{yj }m} j=1 ∑_m j=1 ‖y_j‖^p_b ∑_m j=1 1 n! ∑ π ( ∑_n i=1 |y_j(π(i))b_i|^2)^{p2} where the supremum is taken over all sequences of vectors such that at least one vector is different from 0. It is left to observe that the supremum is attained for a sequence consisting of one vector only.

B^p π^p (K_b) ≤ sup_{y≠0} ‖y‖^p_b 1 n! ∑ π ( ∑_n i=1 |y(π(i))b_i|^2)^{p2} □

Proposition 5.12 Let 1 ≤ p ≤ 2. Let b ∈ IR^n with b_1 ≥ b_2 ≥ . . . b_n > 0 and let E_b be IR^n with the norm ‖x‖_b = ∑ i b_i|x_i|^∗. Then we have

c_1 π_p(K_b) ≤ sup_{x≠0} ‖x‖_b ‖(|x_1|^p, . . . , |x_n|^p)‖^{1/p}_{Nbp} ≤ c_2 π_p(K_b),

where c_1 and c_2 are positive absolute constants and where the Orlicz function N_bp is defined by 1 5 N^{∗−1}_bp ( l n ) ≤ 1 n ∑ 1≤i≤l b^p_i + l^{2−p2} ( ∑ l+1≤i≤n b^2_i ) p_2 ≤ 2N^{∗−1}_bp ( l + 1 n ) .

In particular for p = 1 we get

c_1 π_1(K_b) ≤ ‖b‖_N ∗_b ≤ c_2 π_1(K_b),

where c_1 and c_2 are constants and where the Orlicz function N_b is defined by 1 5 N^{∗−1}_b ( l n ) ≤ 1 n ∑ i≤l b_i + √ l ( ∑ l+1≤i≤n b^2_i

) 1_2 ≤ 2 N^{∗−1}_b ( l + 1 n ) . Proof: We may assume that ∑ 1≤i≤n b p i = n. By Lemma 5.11 we have

π_p(K_b) B_p ≤ sup_{x≠0} ‖x‖_b [_1 n! ∑ π (∑_n i=1 |x_ib_{π(i)}|^2 )_{p/2}]1/p ≤ A^p π^p(K^b). By Lemma 5.7, applied for q = 2/p, we obtain

(1/4)^{1/p} ( 1 2 − 1 n − 1 )_{1/p} ‖(|x_1|^p, . . . , |x_n|^p)‖^{1/p}_{Nbp}

≤ 1 n! ∑ π (_n ∑ i=1 |x_ib_{π(i)}|^2 )_{p/2} 1/p ≤

8^{1/p} ( 1 + 2 n − 1 )_{1/p} ‖(|x_1|^p, . . . , |x_n|^p)‖^{1/p}_{Nbp} , where the Orlicz function N_bp is defined by 1 5 N^{∗−1}_bp ( l n ) ≤ 1 n ∑ 1≤i≤l b^p_i + l^{2−p2} ( ∑ l+1≤i≤n b^2_i ) p_2 ≤ 2N^{∗−1}_bp ( l + 1 n ) .

Thus we get

π_p(K_b) 8^{1/p} ( 1 +^2_{n−1} )_{1/p} B_p ≤ sup_{x≠0} ‖x‖_b ‖(|x_1|^p, . . . , |x_n|^p)‖^{1/p}_{Nbp} ≤ 4^{1/p}A_pπ_p(K_b) (_1 2 −^1_{n−1} )_{1/p} . If p = 1, this can be simplified as then by definition of the ‖ · ‖_b-norm

sup_{x≠0} ‖x‖_b ‖(|x_1|^p, . . . , |x_n|^p)‖^{1/p}_{Nbp} = sup ‖(|x_1|,...,|x_n|)‖_{Nb} =1 ⟨b, |x|⟩ = ‖b‖_N ∗_b , where |x| denotes {|x_i|}_i. □

Using Lemma 5.11 we obtain the following result of Gluskin [G2] and independently Schütt [S].

Corollary 5.13 There is an absolute constant c > 0 such that

(i) for every √ n ≤ k ≤ n one has c √ n ≤ λ (B_k) = n/π_1 (B_k) < √ n; (ii) for every 1 ≤ k ≤ √ n one has ck ≤ λ (B_k) = n/π_1 (B_k) ≤ k. Proof: It is well known ([GG]) that for a symmetric space (IR^n, K) one has λ(K)π_1(K) = n. Clearly, (IR^n, B_k) is a symmetric space. This shows the equality. The upper estimates hold, since λ(K) ≤ √ n for every K ⊂ IR^n and λ(B_k) ≤ d(B_k, B^n_∞) ≤ k. It remains to prove the lower estimates.

Take b ∈ IR^n such that b_1 = b_2 = ... = b_k = 1, b_{k+1} = ... = b_n = 0. Then B_k = K_b and ‖ · ‖_k = ‖ · ‖_b. Clearly, 1 n n∑ j=1 s(j) ≥ k 2n ∑ i≤n/k |x_i|^∗ and ( 1 n n^2∑

j=n+1 s(j)^2 )1/2 ≥ k n ∑ i>n/k (|x_i|^∗)^2 1/2 . Thus by Lemma 5.11 (applied for p = 1) and Lemma 5.7 (applied for q = 2) we have

λ(B_k) ≥ n 20 · min_{x≠0} (k/n) ∑ i≤n/k |xi| ∗ + ( (k/n) ∑ i>n/k (|xi| ∗)^2 )_{1/2} ‖x‖_k =

k 20 · min_{x≠0} ∑ i≤n/k |xi| ∗ + ( (n/k) ∑ i>n/k (|xi| ∗)^2 )_{1/2} ∑ i≤k |x_i|^∗ . Now, if k ≤ √ n then λ(B_k) ≥ k 20 · min_{x≠0} ∑ i≤n/k |xi| ∗ ∑ i≤k |x_i|^∗ ≥ k 20 . If k ≥ √ n then

λ(B_k) ≥ k 20 · min_{x≠0} ∑ i≤n/k |xi| ∗ + ( (n/k) ∑ k≥i>n/k (|xi| ∗)^2 )_{1/2} ∑ i≤k |x_i|^∗ ≥ k 20 · min_{x≠0} ∑ i≤n/k |xi| ∗ + ( √ n/k) ∑ k≥i>n/k |xi| ∗ ∑ i≤k |x_i|^∗ ≥ k 20 · √ n k . That completes the proof. □

References

[BM] J. Bourgain, V. D. Milman, New volume ratio properties for convex symmetric bodies in IR^n, Invent. Math. 88 (1987), 319–340.

[BF] I. Bárány, Z. Füredy, Approximation of the sphere by polytopes having few vertices, Proc. Amer. Math. Soc. 102 (1988), no. 3, 651–659.

[CP] B. Carl, A. Pajor, Gelfand numbers of operators with values in a Hilbert space, Invent. Math. 94 (1988), 479–504.

[GG] D. J. H. Garling, Y. Gordon, Relations between some constants associated with finite dimensional Banach spaces, Israel J. Math. 9 (1971), 346–361.

[G1] E. D. Gluskin, Extremal properties of orthogonal parallelepipeds and their applications to the geometry of Banach spaces. (Russian) Mat. Sb. (N.S.) 136(178) (1988), no. 1, 85–96; translation in Math. USSR-Sb. 64 (1989), no. 1, 85–96

[G2] E. D. Gluskin, Estimates of the norms of certain p-absolutely summing operators. (Russian) Funktsional. Anal. i Prilozhen. 12 (1978), no. 2, 24– 31; translation in Funct. Anal. Appl. 12 (1978), 94–101.

[GGM] Y. Gordon, O. Guédon, M. Meyer, An isomorphic Dvoretzky’s theorem for convex bodies, Studia Math. 127 (1998), no. 2, 191–200.

[GGMP] Y. Gordon, O. Guédon, M. Meyer, A. Pajor, On the Euclidean sections of some classical Banach spaces, Math. Scand., to appear.

[GJ1] Y. Gordon, M. Junge, Volume formulas in L_p-spaces, Positivity 1 (1997), 7–43.

[GJ2] Y. Gordon, M. Junge, Volume ratios in L_p-spaces, Studia Math. 136 (2), (1999), 147–182.

[GJN] Y. Gordon, M. Junge, N.J. Nielsen, The relation between volume ratios and new concepts of GL constants, Positivity 1 (1997), 359 –379.

[GLSW] Y. Gordon, A. E. Litvak, C. Schütt, E. Werner, Orlicz Norms of Sequences of Random Variables, Ann. of Prob., to appear.

[GMP] Y. Gordon, M. Meyer, A. Pajor, Ratios of volumes and factorization through ℓ_∞, Illinois J. Math. 40 (1996), no. 1, 91–107.

[Go1] Y. Gordon, Some inequalities for Gaussian processes and applications, Israel J. Math. 50 (1985), 265–289.

[Go2] Y. Gordon, On Milman’s inequality and random subspaces which escape through a mesh in IR^n, Springer Lecture Notes 1317, 84–106.

[Go3] Y. Gordon, Majorization of Gaussian processes and geometric applications, Probability Th. and Related Fields 91 (1992), 251–267.

[Gu] O. Guédon, Gaussian version of a theorem of Milman and Schechtman, Positivity 1 (1997), 1–5.

[KR] M. A. Krasnosel’skii, J. B. Rutickii, Convex functions and Orlicz spaces.

P. Noordhoff Ltd., Groningen 1961.

[KS1] S. Kwapień, C. Schütt, Some combinatorial and probabilistic inequalities and their applications to Banach space theory, Studia Math. 82 (1985), 91–106.

[KS2] S. Kwapień, C. Schütt, Some combinatorial and probabilistic inequalities and their application to Banach space theory II, Studia Math. 95 (1989), 141–154.

[LT] J. Lindenstrauss, L. Tzafriri, Classical Banach spaces. I. Sequence spaces.

Ergebnisse der Mathematik und ihrer Grenzgebiete, Vol. 92. Springer- Verlag, Berlin-New York, 1977.

[LiT] A. E. Litvak, N. Tomczak-Jaegermann, Random aspects of highdimensional convex bodies, GAFA, Lecture Notes in Math., V. 1745, 169– 190, Springer-Verlag, 2000.

[FJ] T. Figiel, W. B. Johnson, Large subspaces of l^n_∞ and estimates of the Gordon-Lewis constant, Israel J. Math. 37 (1980), no. 1-2, 92–112.

[MP] M. Meyer, A. Pajor, Sections of the unit ball of l^n_p , J. Funct. Anal. 80 (1988), no. 1, 109–123.

[MS1] V. D. Milman, G. Schechtman, Asymptotic theory of finite-dimensional normed spaces, Lecture Notes in Math., 1200, Springer, Berlin-New York, 1985.

[MS2] V. D. Milman, G. Schechtman, An “isomorphic” version of Dvoretzky’s theorem, C.R. Acad. Sci. Paris 321, Série I, (1995), 541–544.

[MS3] V. D. Milman, G. Schechtman, An “isomorphic” version of Dvoretzky’s theorem, II, Convex geometric analysis (Berkeley, CA, 1996), 159–164, Math. Sci. Res. Inst. Publ., 34, Cambridge Univ. Press, Cambridge, 1999.

[Pi1] G. Pisier, The Volume of Convex Bodies and Banach Space Geometry.

Cambridge University Press, Cambridge 1989.

[Pi2] G. Pisier, Sur les espaces de Banach K-convexe, Seminaire d’Analyse Fonctionelle, exposé XI, (1979-80).

[S] C. Schütt, On the Banach-Mazur distance of finite-dimensional symmetric Banach spaces and the hypergeometric distribution, Studia Math. 72 (1982), no. 2, 109–129.

[T] N. Tomczak-Jaegermann, Banach-Mazur distances and finite-dimensional operator ideals. Pitman Monographs and Surveys in Pure and Applied Mathematics, 38. Longman Scientific & Technical, Harlow; John Wiley & Sons, Inc., New York, 1989.

Y. Gordon, Department of Mathematics, Technion, Haifa 32000, Israel. e-mail: gordon@techunix.technion.ac.il

A.E. Litvak, Department of Mathematics, Technion, Haifa, Israel. e-mail: alex@math.technion.ac.il and Department of Mathematical and Statistical Sciences, University of Alberta, AB, Canada, T6G 2G1.

e-mail: alexandr@math.ualberta.ca

C. Schütt, Christian Albrechts Universität, Mathematisches Seminar, 24098 Kiel, Germany.

e-mail: schuett@math.uni-kiel.de and Department of Mathematics, Case Western Reserve University, Cleveland, Ohio 44106, U. S. A.

E. Werner, Department of Mathematics, Case Western Reserve University, Cleveland, Ohio 44106, U. S. A. e-mail: emw2@po.cwru.edu and Université de Lille 1, UFR de Mathématique, 59655 Villeneuve d’Ascq, France.