Solutions of Midterm problems.

Problem 6. Let F be a set of Lebesgue measurable functions. Let F' be the function, defined by
F(z) =sup{f(x) | f € F}. Is F necessarily Lebesgue measurable?

Solution.  No. Consider the following example. Let A be a non Lebesgue measurable set (exists,
as we discussed in class). Given z € A, let f, denote the characteristic function of {z} (that is
f-(2) = 1 and f.(x) = 0 for every x # z). Since every singleton is a Borel set, f, is Borel (and,
hence, Lebesgue) measurable for every z. Now consider

F = {fz}zeA-

Clearly, F'(x) = sup{f(z) | f € F} is the characteristic function of A. Since A is not measurable,
F(z) is also not measurable (by an exercise in the class, or just notice that {z | F(z) > 1} =Ais
a non measurable set.) O

Problem 7. Let {f.}n be a sequence of measurable functions, convergent in measure to
measurable functions f and g. Show that f = g a.e.

Solution. For every € > 0 we have

{z | |f(z) —g(@)| >e} c{x | [f(x) = fulz)| > /2y U{z | [fulz) —g(x)| > €/2}.

Since f, tends to f and to g in measure we observe
p(z | [f(z) —g(x)] > e})

<p({z | [f(@) = ful@)l > e/2)) + n({z | |fu(z) —g(z)] > €/2}) =0 as n— oo
It shows that for every € > 0 one has u({z | |f(z) — g(x)| > ¢}) = 0. Since

{z | fl@)#g@)} = {z | 1) —g(@)]>1/k},

k>1

the result follows. O

Problem 8.  Let X = (X, S, u) be a measure space. Let {E,},, be a sequence of measurable sets
such that p(Up>mE,) < oo for some m. Show that

I (lim sup En) > limsup p(E,).

n—oo n—oo

Is the condition “u(U,>mE,) < oo for some m” needed?

Solution. A proof of the inequality repeats the solution of Problem 3 in Assignment 1 with obvious
modifications. We provide an example showing that one can’t omit the condition “u(U,>mEy) < 00”.
Consider X = N with the counting measure. Let E, = {n}. Then p(E,) = 1 for every n, and
UmnsnEn ={n,n+1,n+2,...}. Thus
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limsup E,, = ﬂ U E, =10,

oo n>1m>n

which implies

0=p (lim sup En) < limsup u(E,) = 1.

n—oo n—oo

Similar examples can be constructed for the Lebesgue measure on R, say take E,, = (n,n + 1] or
E, = (n,2n]. O

Problem 9. Let p be a finite measure of X. Let {f,}, be a sequence of finite measurable
functions, convergent in measure to a finite measurable function f. Show that for every finite

measurable function g the sequence {g¢f,}, converges in measure to gf. Is the condition “x is finite”
needed?

Solution. First we show that the condition “u is finite” is needed. Consider R with the Lebesgue
measure. Consider functions f,, f, g defined by f.(z) = 1/n, f(z) =0, g(x) = z for every x. Then,
for a fixed € > 0,

Jim (x| |f@)~ fulw)] > €}) =0

(in fact, {z | |f(x)— fu(x)] > e} =0 for n > 1/¢). It shows that f,, tends to f in measure. On the
other hand for e =1 (and, in fact, for every € > 0)

p{e | 1f(@)g(x) = g@) fule)]l > e}) = n({z | |z/n]>e}) = p (=00, —ne) U (ne, 00)) = o0,

which means that f,,g does not tend to fg in measure.

Now we show the result for finite measures. Fix ¢ > 0.

Given ¢ > 0 denote L, = {z | |g(z)| > ¢}. Since g is measurable, L, is measurable. Clearly
L, C L, it ¢ > r, thus, by continuity and finiteness of ;1 we have

0=p(0)=p (ﬂ Lk) = lim pi(Ly).

Thus for every 6 > 0 there exists ks such that p(Lg,) < 0.
Now note that

{z [ lg(@)fu(z) —g(@) f(2)]| > e} ={z | [fulz) = f(2)] - 9(z)] > €}
Cle | |fux) = f(@)] > e/ksy U{z | |g(x)| > ks}.

Since f, tends to f in measure, there exists N = N(g,0) such that for every n > N one has
p({z | |fulz) = f(x)] > e/ks}) <. It implies that for n > N

pz | lg(@)folx) = glx)f(z)] > e}) < 26.

Thus oo it ({2 | |g(@) fu@) — g(2)f(2)] > €}) = 0. 0



