Quiz # 2.

In solutions below definitions are omitted.
Problem 1. Let 0 < a < b and define f on [a,b] by f(z) = z%. Is f absolutely continuous?

Solution. We show that the ANSWER is YES.
Let € > 0. Choose 0 = &/2b. Assume that

Z(bz — ai) < 5,

i>1

where a < a; < b; < b for every ¢. Then

S IF(b) = Fladl = DO —a?) = D (b = a)(bi+a;) < 23 (b — @) < 266 = <.

i>1 i>1 i>1 i>1

Thus, by the definition, f is absolutely continuous. O

Problem 2. Give the definition of a convex function. Let f be a convex function on R and

xr <y < z. Show that
fly) = fl2) _ f(z) = fly)
y—x T z—y

Solution.  Since y € (z,z) there exists A € (0,1) such that y = Az 4+ (1 — A\)z (in fact, A =
(z—1vy)/(z —z), but we don’t use that). Thus, y —z = (1 —\)(z —x), z—y = A(z — z), and, hence,

we have to prove that
fly) = fl=) _ fx) — fy)
1-=Nz—2)~ Mz—2x)

which is equivalent to
Afy) = f(2) < (X=X (f(z) = fy)).
(note, A > 0,1 —X>0, y —x >0). The later is equivalent to

fly) < Af(e) + (1 =N f(2),

which holds by the definition of a convex function (recall, y = Az + (1 — \)z). O



