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Sec. 1l Differentiat ion of Monotone Functions
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is defined almost everywhere and that f is differentiable wherever I is

finite. Let

s^(x) -- nlf(x + Iln) - f(*\f,

where we set f(x) : f(b) for x 2 b. Then g^(x) - g(x) for almost all x,

and so g is measurable. Since/is increasing, we have gn2 0. Hence
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This shows that g is integrable and hence finite almost everywhere.

Thus/is differentiable a.e. and g : f' a.e. I

Problems

l. Let / be the function defined bv /(0) : 0 and f(x) : x sin (1/x) for

x *0. Find DY(0), D*,f(0), D-f(O), and D-l(0).

2. a. Show that D*l-f(x)l : - D*f(x).

b.  I f  s(x)  : f ( -x) , then D*s(x)-  -D- f ( -x) .
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3. a. If / is continuous on fa, b) and assumes a local maximum at

c e(a, b), then

D -f(c) < D-f(c)< 0 < D *f(c) < D*f(') '

b. What if/has a local maximum at a or b?

4. Prove Propositi on 2. [Hint: First show this for a function I for which

D* g 2 e > 0. Apply this to the function g(x) : f(x) * ex'l

5. a. Show that D*(f + g) < D*f + D* g'

b. State and prove similar inequalities for the other derivates'

c . L e t f a n d g b e n o n n e g a t i v e a n d c o n t i n u o u s a t c . T h e n

D* (f '  s)(c) < f (c)D* g(c) + s(c)D* f (c)'

6. Let / be defined on la, b) and g a continuous function on la, Bl that

is differentiable at y with g(y) -- c t (a, b)'

a. lf g'(y) > 0, then D*U " d(i l: D*f(c) ' g'(y)'

b. If s'(y) < 0, then D* (f " g)(y) : D -f(c) ' g'(y)'

c . I f g , ( 7 ) : 0 a n d a l l d e r i v a t e s o f / a r e f i n i t e a t c , t h e n

D* (f " gXY) : o'

2  Func t ions  o f  Bounded Var ia t ion

Let f be a real-valued function defined on the interval fa, b], and
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P : S U P P ,

l/ - sup /1,

T : S U P f ,
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