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Functions of multiple variables

Exercise 1. Check that the origin is a critical point for each of the following functions, and use the
second derivative test to see if it is a local maximum, local minimum, or a saddle point.

flx,y = g2 +:1:y+y + 23 +y

22 + 3xy + y? + sind(z).
= sin(zy).
sin(z? + y?).

(z,y)
2. f(z,y)
f(z,y)
(2,y) =

4. f(z,y

Exercise 2. Find all critical points of the function
flr,y) =2 +ay +y* — 4 — 5y +5

and check each to see if it’s a max, min, or saddle point.
Solutions

Exercise 1.

1. First let us calculate the partial derivatives.
we have f,(z,y) = 2z +y + 322 and fy(z,y) = = + 2y + 3y>. Since f,(0,0) = f,(0,0) =0
then (0, 0) is a critical point. In order to apply the second derivative test, let us calculate the second
order derivatives.
We have f1:(2,9) = 2 + 62, f,,(2,9) = 2+ 6y and £, (z,9) = L Now D(a,y) = fru(.9)
Fuy(@,9) = (fay (2, 9))%. AL (0,0), we get D(0,0) = 3 > 0. Since also f,,(0,0) > 0 then f has a
local minimum at (0, 0).

2. First let us calculate the partial derivatives.
we have f(z,y) = 2z + 3y + 3sin®(x) cos(z) and f,(x,y) = 3z + 2y. Since f,(0,0) =
fy(0,0) = 0 then (0,0) is a critical point. In order to apply the second derivative test, let us
calculate the second order derivatives.
We have f..(z,y) = 2 + 6sin(x) cos?(z) — 3sm (x), fyy(z,y) = 2 and fpy(z,y) = 3. Now
D(x,y) = fex(x,y) - fuy(@,9) — (foy(z,9))?. At (0,0), we get D(0,0) = —5 < 0. This means
that f does not have a local minimum at (0, 0) and this point is a saddle point.

3. First let us calculate the partial derivatives.
we have f,(z,y) = ycos(xy) and f,(z,y) = x cos(zy). Since f,(0,0) = f,(0,0) = 0 then (0, 0)
is a critical point. In order to apply the second derivative test, let us calculate the second order
derivatives.
We have fo.(z,y) = —y? sin(zy), fyy(z,y) = —2? sm(fcy) and fy(x,y) = cos(zy)—xysin(xy).
Now D(z,y) = fox(z,y) - fyy(x,y) — (fay(z, y)) At (0,0), we get D(0,0) = —1 < 0. This
means that f does not have a local minimum at (0, 0) and this point is a saddle point.



4. First let us calculate the partial derivatives.
we have f,(z,y) = 2z cos(x®+y?) and f,(z,y) = 2y cos(z%+y?). Since f,(0,0) = £,(0,0) =0
then (0, 0) is a critical point. In order to apply the second derivative test, let us calculate the second
order derivatives.
We have fo.(7,y) = 2 cos(z? +y?) —4a? sin(z? +y?), fyy(2,y) = 2 cos(z? +y?) — 4y? sin(z% +
y?) and foy(z,y) = —daysin(® + y?). Now D(2,y) = fau(2,) - fyy(z,9) — (fay(2,))*. At
(0,0), we get D(0,0) =4 > 0. Since also fz;(0,0) > 0 then f has a local minimum at (0, 0).

Exercise 2. First let us calculate the partial derivatives.

we have f,(z,y) = 22 +y — 4 and fy(z,y) = 2y + « — 5. To find the critical points we need to solve
the system given by f(x,y) = fy(x,y) = 0. Solving the system we find z = 1 and y = 2. This means
that (1, 2) is a critical point. In order to apply the second derivative test, let us calculate the second order
derivatives.

We have fo.(z,y) = 2, fyy(2,y) = 2 and foy(z,y) = 1. Now D(z,y) = foz(z,y) - fyy(z,y) —
(fay(z,9))°. At (1,2), we get D(0,0) =3 > 0. Since also f;;(0,0) > 0 then f has a local minimum at
(1,2).



