Quiz # 1

Problem 1. State the Rolle Theorem.

Theorem. Let a < b, f be a continuous function on [a, b]. Assume that f is differentiable on
(a,b) and that f(a) = f(b). Then there exists ¢ € (a,b) such that f'(c) = 0.

Problem 2. Differentiate following functions (do not simplify).

_ cosw .y | Ve, if >0,
a. f(z)= ; b. g(z) = sin(z") c. h(z)= { tanz, if z <0
Solution.
—zsinx — cosw F\' FG-FG¢
a. f(z) = " : where we used that <5> =G
b. ¢ (z) = 42° cos(z?), where we used the chain rule (F(G(x))) = F'(G(2))G (z).

c. First notice that on an open interval (0,00) we have h(x) = y/x, therefore on this interval
h(z) = (Vz) = ﬁ Similarly, on an open interval (—oo,0) we have h(x) = tanz, therefore on
this interval //(z) = (tanx) = cos™?z. At point 0 the function change the behavior, so we have to
check the corresponding limits. Note, A(0) = tan 0 = 0. Thus
h(x) — h(0 1
lim M: lim ﬁz lim — = oc.

z—0t z—0 z—0t X z—0t /T
This means that A/, (0) does not exists (derivative or one-sided derivative exists if the corresponding
limit exists as a number). Therefore, A'(0) does not exists. So we obtained

L if >0
hz) =< 2 ' ’ d 4 DNE at 0.
(z) { —, if ©<0; an at 0
O
Remark. Note that
h(z) — h £ i i 1
B(0) = Gim M MOyt s S —1,
r—0— xr — O x—0~ e x—0~ X COST r—0— e x—0~ COS T

but it does not imply that A'(0) exists. Note also that you may NOT argue like
1

cos? x

h(z) =
for z < 0 so, passing to limits, A’ (0) = 1, since you are not given that the derivative is continuous
(you are not even given that it exists.)

Example. Consider function
o) = 22 sin (%), if z #0,
0, if £ =0.

Then f is continuous on R, f is differentiable on R (find the derivative!), but f’ is not continuous
at 0 (prove that!).



