
N8 N CHAPTER 4 APPLICATIONS OF DIFFERENTIATION

1 1 .  ( a )  f ( * ) : 1 3  - I 2 r + I  +  f ' ( r ) : 3 r 2  -  L 2 : 3 ( r + 2 ) ( r - 2 ) '

we don't need to include "3" inthe chart to determine the sign of f 
'(r)'

So / is increasing on (-oo, -2) and (2, *) and f is decreasingon (-2,2).

(b) / changes from increasing to decreasi ng at r - -2 and from decreasing to increasin g at r : 2' Thus'

f (- 2): 17 is a local maximum value and f (2) : - 15 is a local minimum value'

( c ) f , , ( r ) : 6 r . f " ( * ) > 0  < +  r ) I a n d / " ( z )  < 0  e  r ( 0 ' T h u s ' / i s c o n c a v e u p w a r d o n ( 0 ' o o )

and concave downward on (-oo,0). There is an inflection point where the concavity changes,

a t  ( 0 ,  / ( 0 ) )  :  ( 0 , 1 ) '

1 2 . ( a ) f ( * ) : 5 -  3 r 2 + 1 3 + f ' ( * ) : - 6 r t 3 r 2 : 3 n ( r - 2 ) ' T h u s ' f ' ( ' ) > 0 € r - - A o r r ) 2 a n d

f , ( * )  < 0  e  0  < r (  2 .  S o / i s i n c r e a s i n g o n ( - * , 0 )  a n d ( 2 , - )  a n d f  i s d e c r e a s i n g o n ( 0 ' 2 ) '

(b) / changes fiom increasing to decreasin g at n: 0 and from decreasing to increasing at tr :2' Thus' /(0) : 5 is

a loca lmax imumva lueand f (2 ) - - l i sa loca lm in imumva lue '

(c) f" (r)- -6 * 6r :  6(* - 7) '  f"( ' )  > 0 e n ) 1 and f"(") < 0 e r I  I 'Thus' /  is concave

upward on (1, oo) and concave downward on (-oo, 1). There is an inflection point at (1' 3)'

13 .  ( a )  f ( r )  :  r n  _2 r ,  +s  +  f , ( r )  :  4 rB  -  4n  :  4n ( r '  - t )  :  4 r ( r+  1 ) ( r -  1 ) .

So / is increasing on (-1,0) and (1, -) and / is decreasing on (-oo, -1) and (0' 1) '

(b) / changes from increasing to decreasin gatn: 0 and from decreasing to increasing attr : -1 and r : I'

Thus' /(0) : 3 is a local maximum value and /(+1) :2 are local minimum values'

( c )  f " ( * ) : r 2 r 2  - 4 - L 2 ( r 2 - + )  :  r 2 ( r + 1 l t / 3 ) ( " -  L l $ ) '  f " ( ' ) > 0  < +  r < - r l t / ' o r

r>  L lJ \and l " ( r )  <  0  <+ -L l t /5  <r  < I l r /3 .Thus ,  / i sconcaveupwardon ( -oo ' - \6 / : )  and

(r/5lZ,oo) and concave downward on (-tfZft, vEl3)' There are inflection points ut (+t/5ft'T)'

, 12 (r2 + z)(zr) - 12 (zr) 6r The denominator is positive so the sign
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o f  f , ( r ) i s d e r e r m i n e d b y t h e s i g n o f r . T h u s ,  f ' ( r ) > 0  e  r ) 0 a n d f ' ( " )  < 0  < +  r ? , \ 0 ' S o / i s

increasing on (0' oo) and / is decreasing on (--' 0)'

(b) / changes from decreasing to increasin g at r: 0. Thus, /(0) : 0 is a local minimum value'
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f " ( r )  >  0  +>  -1  <  r  z - I and  f " ( r )  <0  <+  r  1  - I o r  r  )  1 .  Thus ,  / i s concaveupwardon  ( -1 ,1 )

and concave downward on (-oo, -1) and (1, -). There are inflection points at (+t, ]).

1 5 , ( a ) f ( r ) : r - 2 s i n r o n ( 0 , 3 n )  = +  f ' ( * ) : 1 - 2 c o s z . f ' ( * ) > 0  < +  1 - 2 c o s r ) 0  < +  c o s z < j

< +  [ < r . T o r ? . " 1 h r . f ' ( r ) < 0  < +  c o s r ) ]  e  0 < r < t o . T . " . + . S o / i s
increasing on (3, $) and (?,5"), and f is decreasing on (0, $) and (+, +)

(b)  /  changes f rom increas ingtodecreas ingat r :  + ,andf rom decreas ingto increas ingat r :  f  and at r :  T .
Thus,  / (+)  :  T  + J i  x  6 .97 is  a loca l  maximumvalue and / (5)  :  t  

-  f i=  -0 .68 and

f (+) : + 
- ,/5 x 5.60 are local minimum values.

( c )  f " ( r ) :  2s i n r  t  0  <+  0  <  r  l r  and2 t r  <  r  ' -S t r ,  f " ( r )  <0  <+  r  l  r  { 2 r .Thus ,  / i s concave
upward on (0, r) and (2n,3n), and / is concave downward on (2",22-). There are inflection points at (tr,r)

and (2n,2tr).

1 6 .  ( a )  f  ( " ) : c o s ' r  - 2 s i n r , 0 . - r  1 2 t r .  f ' ( r ) :  - 2 c o s  r s i n r  -  2 c o s  r :  - 2 c o s r ( 1  * s i n r ) .  N o t e t h a t

1 + sin r ) 0 [since sinr ) -1], with equality <+ sine : -1 <+ r : Str12 [since 0 I r I 2rl

+  c o s t r : 0 . T h u s ,  f ' ( * ) > 0  < +  c o s r ( 0  < +  i r l 2 < r < 3 t r f 2 a n d f ' ( r ) < 0  < +  c o s z ) 0

<+ 0 < r  <  T12or3r f2  1  r  1  2n.  Thus,  /  is  increas ingon (n l2 ,3n l2)  and f  is  decreas ingon(0, r12)

and (3tr 12,2r).

(b) / changes from decreasing to increasingatr: r12 and from increasing to decreasingatr:Strl2. Thus,

f (" lZ) 
- -2 is a local minimum value and f (Zn lZ): 2 is a local maximum value.

( c )  f " ( r ) : 2 s i n  r ( l *  s i n r )  - 2 c o s 2  r : 2 s i n z  *  2 s i n 2  n  - 2 ( l  -  s i n 2 z )

: 4sin2 r I  2sinr - 2 :  2(2sinr - 1)(sin r 4- l)

s o / " ( r )  > 0  < +  s i n r )  j  < +  f f < r a ? , a n d , f " ( r ) < 0  < +  s i n r ( ] a n d s i n r f  - I  € >

0 < r < 6 o. T a 
" 

a T ot T a 
" 

{ 2n.Thus, / is concave upward on (A, S) andconcave downward

on (0 ,  A) ,  (q f  , ,+) ,  and ( f  ,2n) .  There are in f lecr ion po inrs  ur  ( f f , - ] )  and (* , - i )

1 7 .  f ( r ) : t r s  -  5 z * 3  +  f ' ( " ) : 5 n 4  -  b  -  b ( * ' +  1 ) ( r +  1 ) ( r -  1 ) .

F i r s t D e r i v a t i v e k s t : f ' ( * ) < 0  +  - 1  < r - - L a n d / ' ( r )  > 0  +  r ) l o r r { - 1 . S i n c e / ' c h a n g e s

from positive to negative at r - -1, /(-1) : 7 is a local maximum value; and since /' changes from negative to

posit ive artr :1, /(1) 
- -1 is a local minimum value.

S e c o n d D e r i v a t i v e T e s t : f " ( r ) : 2 0 r . 3 . f ' ( r ) : 0  < +  r : L 7 . f " ( - 1 ) : - 2 0 ( 0  = +  / ( - 1 )  : 7 i s a

local maximum value. f " Q): 20 ) 0 =+ /(1) : -1 is a local minimum value.

Preference: For this function, the two tests are equally easy.

{ o , c / . \  r  t t / _ \  ( r ' + 4 ) . I - r ( Z n )  4 - r 2  ( 2 + r ) ( 2 - " )I U , / ( r / : * + 4  +  J \ r ) : @ : 1 * ,  1 + y :  @ r + 4 y
F i r s t D e r i v a t i v e T e s t : f ' ( * ) > 0  +  - 2 < r 1 2 a n d l ' ( z )  < 0  +  r ) 2 o r r 1 - 2 . S i n c e / ' c h a n g e s

from positive to negative at r : 2, f (2) : ] is a local maximum value; and since /' changes from negative to

posit ive attr :  -2, f  (-2) :  - i  is a local minimum value.


