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N CHAPTER 12 INFINITE SEOUENCES AND SEBIES

s4n-r :  co I er I  c2r2 + csr3 * cor4 - l  ctrs I  czr6 - l  czrT I " '  + csr4n-t

:  ( " 0  l _ c t r + c z r 2  l c z r 3 )  ( t + 1 4 + 1 8 +  . . . + r 4 ' _ - + 7  - - c o l c t r - t : z : ! 2  
- l c s r 3  

a s n - - +  o o

lby (12.2.4) with r : ra) fbr lra | < 1 <+ lrl < l.Also s4",, s4n+1, s4n+2 have the same limits (for example,

s4n : s4n-1 + coran and r4n ---+ 0 for l"l < t). So if at least one of co, cr, c2, and cs is nonzero, then the interval

of convergence is (-1, 1) and f (r):9i39{}#
L - . 1 )

*" + rrr"

\Mr"l: lr l  ,I i I1 VT;l: , lr l  ( l  for37. We use the Root Test on the series L.nr" .\ye need j*"

convergence, or lr l  1 7f c,so R : I l  c.

lim
n + m

1 .  I f  f  ( r ) :  i has radius ofconvergence 10, then /'(r) ncnnn-L also has radius of convergence 10

38. Suppose c- t' 0. Applying the Ratio Test to the series D r-@ - o)", we find that

l o n , r  |  , .  l c n - r  ( r  -  a ) ' + t  l  , .  l r  -  o l  l r  -  u l
L  ^  r r I I I  t - t -  r r r r r  t - - - - - - - - - - - - - - - i - t -  r r r r r  i l \ ' ' ' ,  -  - - l l - - - - - - - l - - - -  

r . .
n - " "  I  o n  |  " - - -  |  c n ( r  -  a ) "  I  n - -  l c r l c " + t l '  h m  l c n  / c " + t l

.  l r - a l  I  c -  |
I  0). so the series converges when 

*i [ fr ;  
< I  <+ l ,  -  ol.  

, lgL 1""_ l .  
Thus.

hm l-9- l. rr n- | 
'- 

| : 0 and l* - ol f O,then (x) shows that L: oo and so the series diverges,
n * c o  I  C n , t l  I  n - o o  I  C n * 7  |

and hence, R : 0. Thus, in all cases , R : hm l -9'- l
r r+oo I  Cnt l  I

39. For 2 < r < 3, t cnnn diverges and Ddnr" converges. By Exercise 12.2.61,D("- + d-) r" diverges. Since

both series converge fbr lrl < 2, the radius of convergence of L@- + d-) r" is 2.

40. Since Dc,"rn converges whenever lr l  < R,D"n*'n :Dcn(*')" converges whenever l" ' l  < n <+

l*l < t/8, so the second series has radius of convergen , t[8.

12.9 Representations of Functions as Power Series

oo- \ -- 1 2

by Theorem 2.

2 .  I f  f ( n ) :  i  bn rnconve rgeson  ( -2 ,2 ) , t hen  f  f ( r ) d , r :C l i  - - b - " ' * 1  has thesamerad iuso f
n - u  

' r r '  
f r s n + - r

convergence (by Theorem2), but may not have the same interval of convergence-it may happen that the integrated

series converges at an endpoint (or both endpoints).

3. Our goal is to write the function in the fo* J-, and then use Equation ( I ) to represent the function as a sum of a
l - r '

powerser ies .  J@)  : t+ -  :  .  I  .  :  i  ? * ) - :  i  ? r ) - r -w i th  |  - r l  <1  <+  l * l  <  t , soB:  1'  
1 - r r  l - ( - r )  i - : o '  n - o

a n d l : ( _ 1 , 1 ) .
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a .  f @ ) :  ; - : ,  : 3 {  ;  
^  

;  )  : 3 ( 1  + r a  + r B  + r r 2 + . . . )  : B t @ n ) - :  
t 3 c 4 ' w i t hr - n *  \ L _ n " /  

\  '  

n : o  n : o
,3- aS ?Z --+ OO

imits (for example,

g then the interval

l < 1 f o r

l *n l  a  1  <+ l r l  <  l , soR:1andr :  ( -1 ,1 ) .  [Note tha t3 f - \ .  converges

converges, so the appropriate condition (from equation (1)) is 1". I a ttj

5' Replacingrwithrsinl l ;gives/(e) :  
. |5: i  (r ' )":E r3n.Theseriesconvergeswh6n lrsl  < 1

<+ lrlt < 1 <+ lrl < i/T <+ lrl < 1. Thus, R: Land _I : (_1, 1).

6' /(") : 
iw: i-]:;T 

:,:i.(-n r')n :i^t-r)'r2n*2n.Theseriesconvergeswhen 
| -9.-21 . r,

tha t i s ,when  l r l  .  t , ro1 :  ( - * ,+ ) .

7 . f ( r \ -  1  : - 1 f  t  \ :  1 S / " \ '  o o
"  r \ * / -  n -b  5 \1 -  r l s )  

= - ;A ( ; )  o requ iva len t l v , - t#  rn .Theser iesconvergeswhen
r,:U

l r l

I S | 
. 1; that is, when lrl < 5, so 1 : (-b,5).

8 .  f ( r \ :  
'  

'  
1  oo  oo- ' r \&/  -  

4r+r : r ' ;1-Gl : tpo(-4r)"  
-  Do,_t ) "22n*n+1' .Theser iesconvergeswhenl-4r l<r ;

that is, when lzl  .  *,  uo I, :  (- i ,+).

s. f  ( ,) : :  _,:  *  f .  =1 : :  i --- f  - l  :  g S f_ (! \" j"'  \  /  e* r2 e L l+ ( r / r ) rJ  -  
o  l t_1_1nf f i )  

-  
e  ka \E/  J

:;i(-1)'#:ir-,r" # . The geometric series i f- (f )'l 
' 

"onu.rr.s when
" "= {L  \ 3 /  I

l * 1 "  < g  < +  l r l  <  3 , s o E : B a n d 1 :  ( - g , 3 ) .

<+ \{*n)^
tt:o

, ls l  *u,.o lcn+t  I

series diverges,

iliverges. Since

<ft <+

nnvergence 10

adius of

hat the integrated

tion as a sum of a

l < 1 , s o . R : 1

I

l- t;l'1
9n 9t+rn :o

t
o -

r0. f  @): : ;  ^3 :a " - n -

l r 3 1 a 3 l < t  < +

' J 2 1

< 1  < +  
, . a 1  

+ )

1 2  |  t S  / " t \ ' _  S  * 3 n * 2
7. 7 _ 

"z@ 
: 

o, k\a ) 
: 

!-ar,,+'. 
The series converges when

l " t l  . l " t l  < +  l * l < l " l , s o f t :  l a l  a n d l :  ( - l o l  , l o l ) .

n . f ( r \ :  - - q - -  3  A  B

get A - -1. Taking n : L, we get B :1. Thus,

:8, [-r - + (-+)nl,n: F_, [-t * (-+)'*'] an :A 
t5# 

- r-lr-
We represented the given function as the sum of two geometric series; the first converges for e € (-1, 1) and the
second converges for r € (-2,2).Thus, the sum converges for r € (-t, 1; _ 7.
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of the series are
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n .  f ( * ) :  tan -1  (2 r )  :2  [  -  q " -  :2  [  i  ( - t ) '  (4 * ' ) '  d " r  :2 /  i  r - t l n4nr2n  d r'  
J  l - f L r z  J  n :o  

' - - -  /  - J  
f : o

:  c t ,  E,#: E, 
q# r/(o) :  tan-10 : o. soc : or.

The series converges wtren l+z2l < f <+ lrl < i, so R: |. tf *: Ii,then /(r) : I (-f ).

f (r) : i^{-t)"* 
t 
#i, 

respectively. Both series converge by the Alternating Series Test.

#u^o

As n increases, s", (r) approximates / better on the interval of convergence, which ir l- * , * ] .

oo +8n*2
23. 1

n:0 r r :0  u rL:O " ' "  |  -

convergeswtren l ts l  < r  <+ l t l  < 1,  so.R: l for thatser iesandalsotheser ies tor t / ( l - t t ) .  ByTheorem

:F: t .T+,:r l t r ' ) " : t r8n. t r  =+ 
I*dt--c.  I  #fu' 

The series for 
, - ta

oo tn -].
\-1 a,- -  )

n
fl:I

2,theseries ,o, 
[  *dr 

also has R : 1.

24. ByExampte 6, ln(l - t) : - i t ^rlrl < t, ," ln(P
n : T

/ 
tn(t - t) di : c - i # trrheorem 2, R: L.

J  t  ^_ ,

25. By Example 7,tan-],  :  i (-1) '  #with 
f i  :  1, so

n:o

r-tan-'\tr:r- ("-+. + -+. ) :+-+.+- :i(-,)'*'#+
^^^  r -  t an -1  I  :  S (_ t ) , *1  

*2n -2
a n o  - - -  

" s  

:  
L ' - t '  2 n 1 1 '  

s o

[  :r  -  tan-t r d,r:  c. 
i (-1),"*, @#_T: 

c * i(-r).* '#=. By rheore m2, R: r.
.l 13

s 5 : s 6


