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00 CHAPTER12 INFINITE SEQUENCES AND SERIES
1) g™ n+1 1 2 3
e = L___)_:c’ then lim ) = lim |2 s lim e = |z|. By the Ratio Test,
n+1 n—oo | An n—oo | M + 2 G iids n—oco 1+1/(n+1)
fo'e) _1 n, n = i
the series ) L—i—f converges when |z| < 1,s0 R = 1. When x = —1, the series diverges because it is the
T

harmonic series; when x = 1, it is the alternating harmonic series, which converges by the Alternating Series Test.
Thus, I = (—1,1].
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g, = —)—%—,then lim Lo S lim . . = (—)HL—
n3 n—oo| An n— oo ('{l, -+ 1)3 (_1)n—1$n n— oo (7’L + 1)3
= & 3|1—131|~|~\Btth'T~tthe' foﬂ erges when |z| < 1
= lim s il z| = |z|. By the Ratio Test, the series 2 3 converges when |z X

so the radius of convergence R = 1. Now we’ll check the endpoints, that is, x = 1. When x = 1, the series

= =1 n—1 : - :
Z L)s— converges by the Alternating Series Test. When z = —1, the series
n

@ iy ha 00
Z( e el

== Z — converges because it is a constant multiple of a convergent p-series (p = 3 > 1).
T e

n=1 =1

Thus, the interval of convergence is I = [—1, 1].
1
4 ! Ant1 L s : 1
. an = 4/nz™,soweneed lim |——| = lim ————— = lim 4/1+ = |z| = |z| < 1 for convergence
n—oo Qp, n—oo \/ﬁ |l“ n— o0 T

(by the Ratio Test), so R = 1. When = £+1, lim |a,| = lim \/_ = 00, so the series diverges by the Test for
n—oo n—oo

Divergence. Thus, I = (—1,1).
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1
- =:|z| lim ———i= |z|~0 =0 < 1fot
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all real . So, by the Ratio Test, R = oo, and I = (—00, 00).

. Here the Root Test is easier. If a, = n"z" then lim  {/|an| = lim n|z| =ocoifz #0, so R = 0 and
n—oo n—oo

1= {o}.

AT 1
lim [224L) = im LA n| | = lim (14 = J4|z| =4|z|. Now4|z| <1 <& |z| <1, soby
T—+00 | n— oo n4n |T| n—00 n
the Ratio Test, R = 1. When z = %, we get the divergent series $°°° . (—1)"n, and when = = —, we get the
1 1 g g i1 1 g

divergent series Y>>, n. Thus, I = (=1, 7).
hiZae— _xn then lim Suit im ik —n3n =, Jim AL R S m i la ‘I—l
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By the Ratio Test, the series converges when u <1 & |z| <3,s0R=3. Whenz = —3, the series is the

alternating harmonic series, which converges by the Alternating Series Test. When z = 3, it is the harmonic series,
which diverges. Thus, I = [-3, 3).
=9 nl,n : : 2n+1 z n-+1 4 n : n
(—j)—,so lim = iy o] . \/_n =" lim 2wl ¢
\/ﬁ n—oo n—oo In +1 2n 1$‘ n—oo n+1
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Ratio Test, the series converges when 2|z| <1 & |z| < 3,50 R = 1. When z = —21, we get the divergent
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p-series Z 4—\/5 (p — 1). When z = 3, we get the series Z n
n=i.

Series Test. Thus, I = (-3, 3].

, which converges by the Alternating

n=1

n

aQn = ——
5nnS’ T noo

5
= lim l=] (L) = % By the Ratio Test,

o0
: -1H"
the series converges when || /5 <1 << |z| < 5,50 R = 5. When 2 = —5, we get the series E 5
n=1

nest
= 1
which converges by the Alternating Series Test. When z = 5, we get the convergent p-series Z — (pi=h N1
n
n=1
Thus, I = [-5,5].
W, — (—1)"4711 , then
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ool : T 4" lnn ] Inn |z ! ||
1 =1 . =—lim ———=-——.1 I’Hospital’s Rule) = —.
nl~>oo an n1—>r1:>lo 4"+1 ln(n + 1) il 4 nLn;O ln(n + 1) 4 (by R e) 4
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By the Ratio Test, the series converges when L 1 & |z|]<4,s0R=4 Whenz = —4,
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-1 = e e — — 1 f 22— = — is thy
n:Z( ) Fhon 24 drlnn nE:2 s Since Inn < n forn > T and ngzz - is the

oo
divergent harmonic series (without the n = 1 term), E - is divergent by the Comparison Test. When x = 4,
nn

n=2

=S} n oo
Z(—l)” i Z(—l)”L which converges by the Alternating Series Test. Thus, I = (—4, 4].
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g (Bt 1 gl ] cen)t =0, Thus By th
o @n+2)! " now 2n+1)(2n+2) g

Ratio Test, the series converges for all real = and we have R = co and I = (—00, c0).

" Vvn+1|z 1! 1
Ifan:\/ﬁ(:zc—1)",th3nﬂli_}n;<> aa:1 = lim %— =:dim 1+E|x—1|=|w—1|.By

the Ratio Test, the series converges when [z — 1| <1 [soR=1] & —-l<z—-1<1 & 0<z<?2.
When z = 0, the series becomes )2 (—1)™+/n, which diverges by the Test for Divergence. When z = 2, the

series becomes 5% | /n, which also diverges by the Test for Divergence. Thus, I = (0, 2).

Bkl (n+1)2 (=5
n3(z — 5)"

Ratio Test, the series converges when |z — 5| <1 & —-1<z-5<1 <& 4<z<6. Whenz =4,

="lim

n—00

3
—<lim (1—{—1) |z — 5| = |z — 5]|. By the
n

n— 00 n— 00
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the series becomes > ,(—1)™n3, which diverges by the Test for Divergence. When x = 6, the series becomes
n=0 y

> meon®, which also diverges by the Test for Divergence. Thus, R = 1 and I = (4,6).
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LB e — (—1) (_71—2”—)’ then
e i e e n  |z+2 |z+2| :
nlirrolo = nlirgo [(n T2 et T nangO e 5 e By the Ratio Test, the
lzF 2|

series converges when <l & w22 o R=2]"& =2xp+2<2ivs Ay 0

When 4, the series becomes i (=~ L i L8
T = —4, N _ e
=1 TP n=1 n2”

3

x (=1
When z = 0, the series is ( , the alternating harmonic series, which converges by the Alternating Series
=1 n

Test. Thus, I = (—4,0].

I — e (z + 3)", then

Vn
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o an41 :lim|( 2) (23+3) i \/ﬁ :limM=2|$+3|<1 =

nioo| an | mmee|  Vntl (2@ +3)"|  noe /it 1/n
& vl

lz+3/ <3 [soR=3] & —I<az<-—% Whenz= -1, the series becomes > —=, which diverges
=1 n

because it is a p-series with p = % < 1. When z = —g, the series becomes 2_: 1) , which converges by the

.

Alternating Series Test. Thus, I = (—%,-3].

n
T — M then lim V{/|an|= lim u = 0, so the series converges for all z (by the Root Test).
nv n—oo n n

—00

R =o00and I = (—o00,00).

i |ant1 (Je—2° 0~ w3t L fjgmoal e 4 T e
n—oo | an n—oo | (n+1)37+1  (3z —2)" T nSoo 3 1+1/n 5 3 ‘e Sl
the Ratio Test, the series converges when |x — §| | —% Liness % R=1Whenz = —%, the series is
S0 L : . : § :
D e , the convergent alternating harmonic series. When x = %, the series becomes the divergent harmonic
n=1 n
. e\
series. Thus, I = [—5, %)
n
n = 1o — (z — a)", where b > 0.
o NOngr| . (41 |z =a*! b" pE ISp—gl |z—al
nh—r»%o Grol nlggo b+l nlr—al® nILH;o s n biical b -
By the Ratio Test, the series converges when |:1:_;¢_,_| <1 r—tal b [SeER=THH
—b<z—-a<b & a—-b<xz<a+b When|z—a|=»>, lim |an] = lim n = oo, so the series diverges.
n—oo n—oo
Thus, I = (a — b,a + b).
n(z — 4)"

an = T_’_’l—, SO

. |any1 . (n+ Dz -4 nd41 : il n®+1

1 = : =1 1+ = —4| = |z — 4.
el Pt (n+1)3+1 nlz—4|" LA s n3 +3n2 + 3n + 2 s

= Z , which is the divergent harmonic series.

23

24,

25,

26.

2].

28.




