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N CHAPTER 12 INFINITE SEOUENCES AND SERIES
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atl"l" converges when lrl < 1, so -R: 1. When tr: _ l,the series diverges because itis the
i]=o n -l-I

harmonic series; when r : 1, it is the alternating harmonic series, which converges by the Alternating Series Test.
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n : r
so the radius of convergence R : 1. Now we'll check the endpoints, that is, r : tl. When n :1, the series

o o  t  r \ n - 1

t + converges by the Alternating Series Test. When tr : -7, the series
Lt n,J
n : I

3  f - r 1 n - 1 1 - 1 1 n  3  l
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: - L ; conve rgesbecause i t i sacons tan tmu l t i p l eo faconve rgen tp -se r i es (p :3>1 ) .
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;;:r, the interval o, .onu"[:.l"" i, 7 : [- 1, 1].

6. an - , / i r ' .  so we need l im l- |  :
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(by the Ratio Test), so R : 1. When r :

Divergence. Thus, 1 :  (-1, 1).

7. rf a- : #,then,B" ltl :,'* ldft #l:,"ql I #l : r"r.qL # : @t 0 : 0 { lfor
all real r. So, by the Ratio Test, R : oo, and 1 : (-oo, oo).

8 .  He re theRoo tTes t i seas ie r .  I f  an - r l n t r n  t hen  l im  V Io . ^ :  l im  n l r l  : -  i f  r l 0 , soR :0and

1 :  { 0 } .
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r r + o o , r y  ( t  .  * )  4@l :4 l r l  Now  a l r l  <  1 <+ l r l  <  ] ,  soby

: -+, we get thethe Ratio Test, -R : ]. When , : +, we get the divergent series IT:, (-7)nr, and when r

divergent series f L, n. Thus, f  :  (-  i , i l .
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By theRa t i oTes t , t hese r i esconve rgesw t ren  
f  

<  t  <+  l r l  <  3 , soR :3 .When  t r :  - 3 , t hese r i es i s the

alternating harmonic series, which converges by the Alternating Series Test. When tr : 3, it is the harmonic series,

which diverges. Thus, 7 : f-3, 3).
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2 6 1  ̂f  "  : 2 l t l . s o  b y  t h e- , * ' U  
n + t - " 1

When tr : -*, *. get the divergent
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Ratio Test, the series converges when 2l" l  < 1 <+ l" l  < *, so It :  i .
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I  o o  /  l \ ? ?
p-series >,+ (p: Ln < f) When n: +,wegettheseries I #,whichconvergesbytheAlternating

7- l' 
- 

=, \/n

Ser ies Test.  Thus, f  :  ( -  +,+1.

Tn 
_riry l ryl : _r,, | 

*n+' 
ryl: h,,' I (=+)' : 9.By rhe Ratio rest.1 2 . a n : ; n u , s o , , _ o o ;  

a , .  1  " , - L l s " . ; A . r f  *  |  , _ o o 5 \ n + r /  5

the series converges when lrl 15 < 7 <+ l"l < 5, so R : 5. When tr : - b,we get the series i 
(-1-)',

?:, n5

whichconvergesbytheAlternatingSeriesTest. When tr:S,wegettheconvergentp-series i # k: b > 1).
n : L

Thus, 7 :  [ -5,5] .
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BytheRat ioTes t , theser iesconvergesr t "n$  <  f  ++  l * l<4 ,so-R:4 .  When t r :  - -4 ,

i r - r l -  :=:  i  t ( - -D(-4)1"  :  i  l .  s in. . lnn (  nrorn> 2.  : -> 1 uno i  1 i r , r , .
?_'  

- /  
4" lnn ?__ 4nlnn ?: r l "  
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divergent harmonic series (without the n :1 term), i ,r,,a 
is divergent by the Comparison Test. When x) : 4,

n : 2

i f  - ry 4-: i(-1)';f , which converges by the Alternating Series Test. Thus, 1 : (--4,41.- r o ' - /  4 n I n n  ? _ r ' ' /  l n n

n 2 ,14.an:1-t)*{, ,o '4| t | : 'Bff i f f i : 'q6#,, :0.Thus.bythe
Ratio Test, the series converges for all rcal r and we have -R : oo illd 7 : (-oo, oo).
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t h e R a t i o T e s t , t h e s e r i e s c o n v e r g e s w h e n l r - 1 1  < 1 [ s o l ? : 1 ]  < +  - 1  < r -  L < \  + )  0 < r < 2 .

When tr : 0, the series becomes DLo eI)" \n, which diverges by the Test for Divergence. When r :2,the

series becomes f [o f n, which also diverges by the Test for Divergence. Thus, 7 : (0,2).

16.r ra ,  :nr (* -5) ' ._r i ry  l ry l  :_r , *  1 , "*=tu) , 'J "  . .?) "* ' l :  r i *  ( r . i ) 'w-51 : l r -5 l .Bythe
t - o o l  0 , n  I  n - o o l  n " W - D ) , '  I  n - o o \  n /

Rat i oTes t , t hese r i esconve rgeswhen  l r - 51  <  1  <+  -1  <  n -S  < I  <+  41 r (  6 .  When  t r  :  4 ,

the series becomes DLo (-I)-r", which diverges by the Test for Divergence. When r :6,the series becomes

DLo n3, which also diverges by the Test for Divergence. Thus, -R : 1 and 1 : (4,6).
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when tr : -4,the series becomes 
,i-,-t 

)"eT: 
E, # 

: 
E, *.which 

is the divergent harmonic series.

When tr : O,the series is i 
(--t)' 

, the alternating harmonic series, which converges by the Alternating Series
n : 1  t L

T e s t . T h u s .  1 : ( _ 4 , 0 ] .
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-Z a r  I  - ! .  wtren tr  :  - f , , theser ies becomes 
Erh,which 

diverges

When tr: _.f;,theseries becomes i +. which converges by rhe
n : I  V n

- :  t .
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1i- L-----1 : 0, so the series converges for all r (by the Root Test).
n + o o  n
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t h e R a t i o T e s t , t h e s e r i e s c o n v e r g e s w h e n  l " - ? l < l  < +  - +  a  r < 1 .  R -  1 . W h e n  r , : - ] , t h e s e r i e s i s

f q[, the convergent alternating harmonic series. When * : Z,the series becomes the divergent harmonic
m

n - l

series. Thus, r :  [-+, 3).
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l r + 3 1  < |  f s o R :  j ]  < +

because it is a p-series with p :

Alternating Series Test. Thus, 1

( r - ) \ "
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R : oo and 1 : (-oo, oo).
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By the Ratio Test, the series converges when

- b < r - a 1 b  < +  a - b < r < a l b .

T h u s ,  I :  ( a _ b , a _ t b ) .
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rL: @, so the series diverges.
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