950 O CHAPTER12 INFINITE SEQUENCES AND SERIES

12.5 Alternating Series

. (a) An alternating series is a series whose terms are alternately positive and negative.
(b) An alternating series Yoo (—1)" by, converges if 0 < bny1 < by forallnand lim b, = 0. (This is the
n—oo
Alternating Series Test.)

(¢) The error involved in using the partial sum s, as an approximation to the total sum s is the remainder
R,, = s — s, and the size of the error is smaller than by,t1; that is, | Rn| < bp41. (This is the Alternating Series
Estimation Theorem.)

: —% £ % = g +% = % s n;(_l)"niz. Here a,, = (_1)";_%. Since lim an 7 0 (in fact the limit

does not exist), the series diverges by the Test for Divergence.

.= — =+ g JEEL e n;l(_l)"_lni_w. Now b, = nL+6 > 0, {b,} is decreasing, and

lim b, = 0, so the series converges by the Alternating Series Test.

n—oo

; 71,2::2 (=™ Ell—; s ﬁ is positive and {by, } is decreasing; nlLrlgo E}E = 0, so the series converges by the
Alternating Series Test.
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0, — T > 0, {b,} is decreasing, and lim b, = 0, so the series ), ~——=— converges by the Alternating
n n—00 n=1 n
Series Test.
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b — > 0, {b,} is decreasing, and lim b, = 0, so the series >, -—-—— converges by the Alternating
3n—1 n—oo =1 n-—1
Series Test.
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(in fact the limit does not exist), the series diverges by the Test for Divergence.
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> 0, {bn} is decreasing [since

oo 8n” +8n — 2
4n2+1 4n2+8n+5 (4n2+1)(4n% +8n+5)

: : 2/n JHe0 e
nh—>n;o bn = nh—{go m = 0, so the series TLZ::I(—].) m—l‘

bn — bpy1 = >0 forn > 1] and

converges by the Alternating Series Test.
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Alternatively, to show that {b,, } is decreasing, we could verify that & (

50 ><Ofor:c21.

1

_1)n+1
T a1

Lb, > 0, {by} is decreasing, and lim b, = 0, so the series ) converges by the Alternating
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Series Test.
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;an = ;(—1) m = ;(—1) brn. Now nan;obn = nlgrolo W = # 0. Since nlgr;oan 2= (]

(in fact the limit does not exist), the series diverges by the Test for Divergence.
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bn = o > 0forn > 1. {b,} is decreasing for n > 2 since
2 3 e 3 s i
3x - (z° +4)(2z) — 2%(32?) = z(2z° + 8 — 3z°) = z(8 — z°) <0 foniie Al
z3+4 (@3 +4)2 (8 +4)2 (2% 4 4)2
nan;lo by — 'n.ll»n;o #47713 = 0. Thus, the series fi_;(—l)’”rl 3 34 Sonverges by the Alternating Series Test.
1/n
bn = > Oforn > 1. {b,} is decreasing since
n

i/zN\! o L o 2yt o e sl
(e ):m e 7(=1/z) —e 1: = (1+w)<0forz>0.Also, lim b, = 0 since

x e w8 n—o0

0 e1/'rL
lim e'/™ = 1. Thus, the series Z(~l)"‘1 converges by the Alternating Series Test.
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io: (—1)”L Hig e S g s 00, so the series diverges by the Test for Divergence
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¥ (—1)"-1<ﬁ) =0+ 3 (—1)"*1(2) bn = —= > Oforn > 2, and if f(z) = 22,
n=1 n n=2 n n T

2 l1—Inx 3 :
then f'(z) = 5 0 forz > e, so {b,} is eventually decreasing. Also,
Inn o B : L ;

lim b, = lim — = lim —= & Jim =& = 0, so the series converges by the Alternating Series Test.
n—oo n-—co0: 1 B0 z—oo 1
i idochrpen S lEe I i ; ; b : G |
nz=:1 - ngl n3/d On=5gis decreasing and positive and nhﬁrr;o o 0, so the series converges by

the Alternating Series Test.

00 = (g
sin(%) =0ifnisevenand (—1)* if n = 2k + 1, so the series is T;O (2(71“4-)1)' s m >0, {ba}is
1
decreasing, and lim ————— = (), so the series converges by the Alternating Series Test.
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T and lim sin — = sin 0 = 0, so the series
n

T BT i oo
(=1)"sin —. b, =sin— > 0 forn > 2 and sin ~ > sin
n n i n 4+ n—oo
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converges by the Alternating Series Test.
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> (=" cos(z). lim cos(z) =cos(0) = 1,s0 lim (—1)"cos<z) does not exist and the series diverges by
=1 n n—oo n n

the Test for Divergence.

n n n n
n R R n e ? = . R
e >l = im e e S Slim ( does not exist. So the series diverges by
n! Te2ive. s n n—oo n! n—oo n!

the Test for Divergence.




