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SECTION 12.3 THE INTEGBAL TEST AND ESTIMATES OF SUMS !

8. Thefunction f(*) : +: 1 * - 1
, r I r ,i 

is continuous, positive, and decreasing on [1, -), so the

Integral Test applies.

f @  f t /  1  \

I  t @ ) d r : } i m  I  ( t + - + "  l d * : . l i m [ r f  l n ( r + 1 ) ] i :  l i m ( t + l n ( t + 1 )  - 1 - l n 2 )  : * , r o
J t  t - a J ,  \  r - t T /  t * o o '  t - o o '

f * r + z ,  S n l 2 .  , .  n 1 ) ,
I - dr is divergent and the series ) -+ is divergent. NOTE: lim --T : 1, so the given series

J r  r l I  u . n + t  n - * _ n - f 1 -

diverges by the Test for Divergence.

o o t € . )

9. The series t J* is a p-series with p : 0.85 ( 1, so it diverges by (l). Therefore, the series I ;# 
-"t,

u rL\
n : I  n : l

o o 1

also diverge, for if it converged, then t ;r= 
would have to converge (by Theorem 8(i) in Section ll.2).

z : 1

10. t n-t'n and | ,-''" are p-series with p ) 1, so they converge by (1). Thus. DZn-t'' converges by Theorem

8(i) in Section I1.2.Itfollows from Theorem 8(ii) that the given series D@-t'n * 3n-r'21also converges.
n : t

] ' t  1 1 , -
f f .  1  +  

i  
*  

u  
+  

A+ %+ 
. . '  -  

2# .  
Th is  i s  ap-ser ies  w i th  p  :  3 )  1 ,  so i tconvergesby  (1 ) .

r z . r+ * *  J= * )= *J=* . . . :  i  + :  i  +  r h i s i sap -se r i esw i t hp :3>  1 , so i r
2\/2 3/3 4\/4 5/5 -Zt nt/n i-:r nr/ z

converges by (1).

t3 .  i  
5 -2a\ /n :5  

i  +  -  r i  +byTheorem t2 .z .s , r in . .  f  {uno i  +bothconvergeby( t )
-'-:t rl3 i-:t nr i1:t nb/t 7:t nr 7:t n5/'

(wi thp:3 )  rand.p:  E > 1).  Thus, i ' - :uJ converges.
i-:r rlo

14. The function f (r) : 
*is 

continuous, positive, and decreasing on [3, m), so we can apply the Integral Test.

/ -  
5  

d , r : . l i m  [ ' + ^ d z : . r i r ' [ 5 l n ( z  - 2 ) ] ' r :  l i m [ 5 t n ( t  -  2 ) - , 0 ]  : * , s o t h e ' ^ - ' ^ ' S  5

J ,  r  - 2 - *  i ; "  J s  r  - 2 * ;  
:  

r l l 3 l o m ( z  
-  z ) l s :  

r ! [ L c m ( '  
-  z )  - u J :  o o ' s o m e s e r r e s  

k " - ,
diverges.

15. The function f (*) : 
;-is 

continuous, positive, and decreasing on [1, *), so we can apply the Integral Test.

f *  L  r t  1  l - r . r r - r t l  ' : ! t _ f  - , / r \  - 1  / 1 \ l
J, a *d": ,\" J, FTZar: ,rim llta 2J,, ,) t-* ftan-'(;) 

- tan-r (;,)l

r t r  _1 r1) l: t l r - tan  
\2 / )

Therefore, the series ; ;nconverges.

;t applies.

es.

plies.

s. Note:
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l , s o f i s
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16. The funcrion f (r) : 
ffi 

: ? + 
h[by 

partial fractions] is continuous, positive, and decreasing on

[1, -) since it is the sum of two such functions. Thus, we can apply the Integral Test.

f 1" ! ?. d"r: rim [' l? + -+-l d,r : rirnf2rnr* ln(z + 1)li
J, n(r  - f  t )  l . *  J I  l r  r  - f  1 l  r+oo'

: 
rl i*lzlnt f ln(t + 1) - ln2] : -

Thus, the series i 1" 1?, diverges.
u .  n \ n  +  L )
rL: L

17. f (r) : 
"', 

. is continuous andpositive on [1,oo), and since'  r z  * I

f 
'(*) : ,'^- 

'-1,u 
( 0 for n ) !,/ is also decreasing. Using the Integral Test,.  

( r ,  +  1 ) -

f *  r  r .  f '  r  ,  r .  l r n ( r 2  + l ) l t  1 r : -  r r
l " * ' . d , r : l r n t * c I I ' : | l m | _ | : ; t r m p n ( t 2 + 1 ) - | n 2 ) - - o o , S o t h e s e r i e s

J t  r z l l  t ^ * J t  r ' l I  t * o o l  ' 2  
) L  Z  t + o o '

diverges.

18. The function f (*) : 
A+; .E: b -*, + Lis 

continuous, positive, and decreasing on [2, rc), so the

rntegrar restapprie, 
l"* f(r)d,r: , [ t  l r '  rod":, t i% I" 'A=#ud"*: r\ [ tan-l  (*-2)lL:

,L%[ tun- t  
( t -  2 ) - tan-1  0 ] : ; -0 -  

f , so tner . r i . r i  A=* f rconverges .o f  
course th ismeans

n - )

S 1
that ) --;------;----r= converges too.

n ' - 4 n + o
n : T

19. f (r) : tre-" is continuous and positive on [1, oo), and since /' (*) : 
"-" 

(7 - 2r') ( 0 for

n ) I, / is decreasing as well. Thus, we can use the Integral Test.

Ii ,"-*' d, : 
,l\"1-+r*)t 

: 0 - (-*"-') : t11ze7. Since the integral converges, the series converges.

f i t r: a is continuous and positive for r )

I n r  I  I n z  1 ' l '
A d r :  l i m  l _  

*  _  -  
I  [ b y p a r t s ]

t r .  t -+oo L  I  f  lZ

t  -  2 lnr
2, and f 

'(r) :

, ,  : t . ,1  Sk" ,5 1. Thur, f * : f , corv€rges by the Integral Test.
rL'

n : I  n : 2

20. f(r)

l,*

22. Th

f'

SO

23. Th

pal

SO

2a. f(:

inc

div

25. We

f(,

evc

Th

26. As

p =

for

21 .  f ( r ) :  , - l - r r - i scont inuousandpos i t i veon[2 ,oo) .anda lsodecreas ings ince  
f ' ( r ) : - f f i (0 fo r  r )2 ,

so we can use the Integral rest. 
Ir* #d, 

: 
,lirg fln(ln *)]t:r1% [tr,(tnt) - ln(ln 2)): oo, so the series

diverges.
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2,. Thefunction f (") : 
his 

positive, continuous, and decreasing on [1, oo). fNote that

, a + r - 4 r a  r _  B r a
f , ( , ) : f f i :@+(0on [1 , - ) . ]Thus ,wecanapp ly the In tegra lTes t .

I ,*#d":, l i t I , , f f idr:,tL[i ' '"- 'n,,f, , : i , [ tna,,-,1t,;-tan-11]
:;(; -?:E

so the series 
2 #converges.

23. The function f (r) : 
; .]-..-is 

continuous, positive, and decreasing on [1, m), so the Integral Test applies. We use

partial fractions to evaluate the integral:

[* *d,r: .tim_ [' l: - .:=] d,r : ,lryf,,," - I r"1, *,\1'I r  r " * r  t - * J r  l r  l - l r . . l  r - o o L  .  l r

:,1,s l" #F], :,** (r" # - ̂  #)
/ ' , r \ 1: ,1_i- { t" -$= + j  r" 2l :  }mz' " " \  

t / t + t / t z  -  /

so the series 
,'Z * 

converges.

1
2a' f @): ;lrrrlrr(lrr") 

is positive and continuous on [3, m), and is decreasing since r, lnz, and ln(lnr) are all

increasing; so we can apply rhe Integral Test. [* ,-#rr_ ^: .lim [ln(ln(ln r))]l : oo. The integral
J3 z ln r ln(ln z) t-^i t' '

diverges, t" 
E, **utD 

diverges.

25. We have already shown (in Exercise ZI) thatwhen p : 1 the series 
Er#g 

diverges, so assume thatp I L.

f (r) : 
#fr 

is continuous and positive on [2, oo), and f 
'(r) : -#n < 0 if tr ] e-'p,so thar / is

u ' ( ln  I  )v ' r  
t

eventually decreasing and we can use the Integral Test.

f  = : = , d , r : , t i m  
| ( l n e ; 1 - r 1 '  p + r ) :  l i m  f ( r l t ) l - " 1  _  0 \ z ) ' - o

J z  r ( l n r ) n * - - t i l ' t L  t - o  i ,  
( r o r  

, * o o L  I - p  )  7 - p

Thisl imitexistswheneverl -p < 0 <+ p> r,sotheseriesconvergesforp ) 1.

26. As in Exercise 24, wecan apply the Integral rest. [* --- $ - : f i (ln ln r)-o+t tt
-  J ,  , t r , r ( t ' t r ' " f  

: ,14 
1  ._ , - i1  l r t to 'P*r ; i t

p: rsee Exercis e24) and,16 -04t')-e+1
niL 

exrstswhenever -p+ 1< 0 <+ p> L,sotheseriesconverges

forp ) 1.

he

2 )1 " :

neans

verges.
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r r > . 2 ,
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