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12.6 Absolute Convergence and the Ratio and Root Tests

1.

N

w

10.

(a) Since lim |%ntl| _ 8 > 1, part (b) of the Ratio Test tells us that the serjes X ands divergent.
n—oo Qan
(b) Since lim = 0.8 < 1, part (a) of the Ratio Test tells us that the serjes ay, is absolutel convergent
naoo| @ p y
n

(and therefore convergent).

(c) Since lim |%n+1

n—oo

= 1, the Ratio Test fails and the series 3" a,, might converge or it might diverge.

= o 2
Gri1 ; (n+1)° 2 2 1 s T
L5 = s el i e
The series Z — has positive terms and nlirgo = nlirn;lo [ gl nlingo 1 = 373 <L
so the series is absolutely convergent by the Ratio Test.
oo
— T g ) 5 n+1 ! 2
Z ( ) . Using the Ratio Test, lim |2731| _ lim 40 s lim =0< 1, sothe
e n n—oo| @, n—oo| (n+1)! (=10)~ n—oo |m 4 1
series is absolutely convergent.
o ek
Z( Ly — dlverges by the Test for Divergence. lim < — = 00,50 lim (—1)"~ —4 does not exist.
n—oo n n—oo
gL 1
T4/, converges by the Alternating Series Test, but ~/~ is adivergent p-series (p — 1 < 1), so the
X g ety : Z e il e )
given series is conditionally convergent.
oo 1 (e o]
Z:l na 1S aconvergent p-series (p = 4 > i) Z is absolutely convergent.
n= n=1
hm |an| = lim =

ol nan;o o =1,s0 nlinéo an, # 0. Thus, the given series is divergent by the Test

for Divergence,

(o]

=y P % diverges by the Limit Comparison Test with the harmonic series:
n=1s1

5 32
1 : :
nl-l—>nolo % = nlLHOIO Bl = 1. But Z (=l 1 converges by the Alternating Series Test:

’ 9

n -1 / e ="

——— ¢ has positive terms, is decreasing since = Fmean S 0dorT > 1 and
n? +1 p &

z2 41 (22 +1)° = :

li 0. Thus, 3 (—=1)n-1_" ditionall

: =0. - =i is iti it ‘
B 55 us nz::l( ) n2 4 1 'S conditionally convergen 1

) , . 1/(2n+2) ; (2n)! : (2n)!

1 " = i 222N S o R 1) LIS
e e b M A0 T ison a0 ner B 2)(2n + 1) (2n)!
= nILII;o m 0 < 1, so the series Z is absolutely convergent by the Ratio Test. Of course,

absolute convergence is the same as convergence for this series, since all of its terms are positive.

= i Wty ) e ; o~ : :
lim [ — % =< Im (n+1) = oo, so the serieg E e "n! diverges by the Ratio
i e n—o0 71.’/6" € n—oo

n=1
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1.

12.

13.

14.

15.

16.

17.

18.

19.

: el e al e : =
Since 0 < 3 = 5 =3 e(F) and Z 3 is a convergent p-series (p = 3 > 1) Z

n=1

/n

converges, and so
oE LD /1/71 :
Z u is absolutely convergent.

sin 4n

converges by comparison with the convergent geometric series

n=1

1 : o~ sin 4
Z = fiel s 1) Thu, Z 51znn is absolutely convergent.

4n

=1 m=1

: o4 8% et 1 3 —3)% .
nlgoo ;—:1 :nlglgo{(n—i_w)l -n-3":|:nli»rlolo gn: :4_1<1 sotheserlesz s 1) is
absolutely convergent by the Ratio Test.

: T iy e :
nlgoo a;l—:l = nlgrolo |i(n ?’;L ‘i 1)' i R;L2":| 3 nh-{go (1 + ;) ; T + 1 = O’ - the i
0o 20n

T2 :
> (1) —— is absolutely convergent by the Ratio Test.
n=1 n:

: a 1piceet (n+1)4>+1 : 10 n+1 5 .

S S {(n F2)4nt3 T 1on el e B
S 0" . ; ] o o
:L;l m is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute
convergence is the same as convergence.
n?3 _2> 0forn = 3,80 ?;2/,;0_5; 5 2 2/3 forn. > 3. Since Z dlverges ( % = 1), )

does Z okl by the Comparison Test.

h=1

n

— (- 1 1
Z fac! converges by the Alternating Series Test since lim —— = 0 and { —— » is decreasing. Now
—inn 1 Inn

n—oo INnNn

1 1
Inn < n, so e > , and since Z — is the divergent (partial) harmonic series, Z 1—1— diverges by the

o — 2
)n
Comparison Test. Thus, Z is conditionally convergent.
e Inn
o 1)! B i 1 1
im |22 = Lim (ntDidadh 1) = ilim nfn = lim ————% = — < 1,50 thic series
n—oo | Qn n—oo nl/n® n—oo (n e 1) n—oo (1 -+ 1/77,) e
2. n!
Z i converges absolutely by the Ratio Test.
e
=]

SoL g
— and ) — converges (use the Ratio Test or the result of Exercise 12.4.29), so the series
2 n=1T:

> cos(nm/3)
Z ————F—~ converges absolutely by the Comparison Test.
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1 > (<L)
2. nILrI;c lan| = nlgxolo e 0 < 1, so the series ,;2 (nn)" converges absolutely by the Root Test.

n
B lm ¥/ |a,| =
n—oo

n 1/n e
= n]gy;o (m> == nlgr;o m = 00, S0 the series 5 m is divergent by the Root Test.
o

Hntiils . (g 1711 gltis : 1 n+1\"
i ‘ﬁnhﬂngo[ 34F3n Tpn | T - = s

Or: lim

n—oo

n—o00

:%nlirgo <1+%) lim (n+41) = 5-e lim (n+1) = oo,

n—oo n—00

so the series is divergent by the Ratio Test.

i
2. Since {*} is decreasing and lim
nlnn

n—oo ninn

oo 1 n
= 0, the series Z Sk

nlnn

converges by the Alternating Series
n=2

= = (=1)"
Test. Since nz=:2 s diverges by the Integral Test (Exercise 12.3.21), the series Z =t

nlnn

is conditionally
n=2
convergent.

2 2 e s} 2 n
T l ol 1 : Z X 1 ;
23- nIEI;o { |(11n‘ = nh—l:lgo 27’:12—:- ]. 2 77.111;1(.)10 2 i 1;22 5 —é - 1, s the g ( ; + ) - abSOIUtely

—=\2n? +1
convergent by the Root Test.
g lim /|a.| = lim et ol e < 1, so the series i B is absolutely convergent by the
" n—oo " nowarctann  w/2 7 e - 4~ (arctann)" . e
Root Test.
’ 139 12954, e e
25. Use the Ratio Test with the seriesl—lg—!3 53! g 37!5 74—-~~+(71)"‘1 = 5(an 1()2!71 )
= R e S
5 Z(_l)n 25 5 ( '7L )
oed (2n —1)!
S s o = =P
E | |(1)71085 @n—D2n+1) 1] (2n — 1)
TR e 2(n+1) - 1! (FDest i gvge. e
- 1 —1)!
- i (-1)2n+1)(2n —1)

n—oo | (2n +1)(2n)(2n — 1)!

=i —L:0<1.

n— oo n

so the given series is absolutely convergent and therefore convergent.

6-10_’_2~6~10~14+
el 58 .11 - 14

9 S
26. Use the Ratio Test with the series = + LN
Gt 5 BUEh

“_i2~6-10-14 ----- (4n — 2)
n=1

B 8.1l Bn+2)
- lany 2:6-10-----(4n—2)[4(n+1)—2] 5-8-11----- (3n+2)
lim = lim .
Bisns ot o nesuod BB - 110k (Br+2)[3(n + 1r-+2) 326 100 - (4n —2)
n+2 4

]
7L1—>rrc103n+5 3

so the given series is divergent.
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