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. = 1=A 5z —1)+B(z—1)+C 5)2. Setti
(;r+5)2(33—1) m+5+(w+5)2+m*1 2 (z+5)(@~-1)+Bl@ J G+ e

x = —bgivesl = —6B,s0 B = -%. Setting z = 1 gives 1 = 36C, so 0= %. Setting x = —2 gives
L= A=)+ B{-3) +01°) = 94 3B +eU < - 0l & 11— 9A+3,509A=—7and

A= —3—16. Now
/ (Ha;(m = dm:/ {;11356 5 (:f;)z + i/_?ﬂ &

*7L1n|w+5]+——1——
=& 36 6(x + 5)

1
—1 -1
+36n|x =G

z? et = B 3 C
z-3)x+2? z-3 z+2 (c+2)

= z2=A(z+2)?+B(@-3)(z+2)+C(z—3)

Setting z = 3 gives A = %. Take z = —2toget C = —%, and equate the coefficients of z?togetl=A+B =

=10
B= %‘Then

e ad A E= = ol

9 16 4
e e e s e
= n|z l+25 n |z + |+5(m+2)+0

5m2+3xf2_5.r2+3m—2_é+£+
a0 e e B

mi 5 Multiply by z2(x + 2) to get

5:c2+3xr2:Am(x+2)+B(m+2)+Cx2.Setz: —2 to get C = 3, and take z = 0 to get
B = —1. Bquating the coefficients of 2givesb=A+C = A=2 So

522 + 3z — 2 ] 3 1
i e de=2In|z|+ = +3n|z+2|+C.
/ g3t 22 > /(m 7: :c+2> ’ o z njz+2/+C

1 B i)
—A+—+ ¥ +— = 1:As(s~1)2+B(s—1)2+032(s—1)+Ds2.

Set s = 0, giving B = 1. Then set s = 1 to get D = 1. Equate the coefficients of s2toget0=A+C or
A = —C, and finally set s = 2 to get 1 —924A+1—4A+4 or A=2.Now

ds 2 il 2 1 1 1
_ 8 |ty st ——lds= SEoAhb Ll e
/52(s~1)2 /L‘+32 5—1+ (s~1)2} da=2lals, s Biaxl Sl RO

z? A B C :
m o ST - Gilp - TS Multiply by (z + 1% togetz® = A(z + 12+ B(z+1)+C.

Setting z = —1 gives C = 1. Equating the coefficients of z? gives A = 1, and setting z = 0 gives B = —2.
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10 A Bz +C ; :
& - —— —_—. Itipl - 5
5 (z—l)(m2+9) e g Mutlpyboth31desby (z-1)(z +9) to get

10=A(2?+9) + (Bz + C)(z —1) (%) Substituting 1 for z gives 10 = 104 < A= L Substituting 0 for

5)°. Setting
S

and BhesH0 =94 ¢ - C=9(1p—1n0="21 The coefficients of the z2-terms in (*) must be equal, so

0=A+B = B = —1. Thus,

10 At o 1 x 1
/(w—l)(x2+9)dx_/<m—l+ x2+9>dx“/<x—1_m2+9*x2+9)d‘7”

=Injz - 1| — %ln(a:2 +9) [lety = g2 +9) =2 tan™! (%) [Formula 10

m2—a:+6 £ w2—x+6 e A ]

2. A RS ek =L Miliohb - t
3 3 + 32 z(z2 4 3) ot z2 43 Mutiply BaL +38) o get
xz—x+6:A(:cz+3)+(B:v+C)x. Substituting 0 for z gives 6 = 34 < A =2 The coefficients of the
z*-terms must be equal,sol=A+ B = B=1-2=_1 The coefficients of the z-terms must be equal, so
—1=C. Thus,
° —x 46 2 =z 2 o 1
e S e e
/m3+3x : /(m+x2+3>x /(m z2 43 x2+3>dx
1 1 i
=2In|z| - ZIn(22 1+ 3 ——=taneli Sl e
T O ik
7 x3+x2+2x+1 Az +B Cz i D

; = ———+ ——= Multipl id +1) (22 +2) 1
@1 D)@ 73 < i 2% 1 o - Multiply both si es by (2 + Y(=® + ) to get

4224241 = (Az + B)(2* + 2) t(Cz+D)(z*+1) &
& F22 21— (Am3+Ba:2+2Aa:+2B) + (C’:z:3+Da:2+Cz+D) &
2 +2? 4241 = 44+ 027 4 (B+ D)z? + (24 + C)z + (2B + D). Comparing coefficients gives us the
following system of equations:
Ac@ =1 (1) Ber D] =)
2A+C =2 3 2B =y

Subtracting equation (1) from equation (3) gives us A — S0 Gi— 0, Subtracting equation (2) from equation (4)

) x3+z2+2x+1 i 1 T
glvesusB:O,soD_—_l.Thus,Iz mdm:/<$2+l +m>dm.For/$2+ldx,

letu:x2+lsodu:2wdxandthen/ dx:%/ldu:%In[ul-l—C:%In(f%—l)#—C.For
u

2 + 1
/ X dxuseForrnulalOwitha—\/ESo/ 1 dx—/ 1 dw“itan‘lx_f.o
o st S et MEWE Vel
1 1 T
Thus, I = = In(22 + 1 s —atan= e e
BEES0h A B Cz+D

.(11—1)2(.1‘2+1):-T—1+($—1)2+ZC2+1 T

=21 Az —1)(2* +1) + B(z®+1) + (Cz + D)(z — 1) Setting z = 1 gives B = —1,
Equating the coefficients of z gives 4 = —C. Equating the constant terms gives —1 = —4 — 1 4 B soddi— 4,
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and setting = = 2 gives —1 = EA—5—2A+Aor A= 1. We have 33 L
/ B 20— d:c:/{ e 2_5()2——1](1:]3 .
(x—1) 2(x2 +1) 5= b 4l z2+1
_1n\x—1\+——1—1——1n(m +1 )+tanﬂla:+C 34. -
x+4 z+1 3 (2z +2) dz 3dx
29 | ———dz= - ——d LY e aee e s o O
/m2+2:1:+5 ¥ (/m2+2m+5 m+/m2+2m+5 i m2+2m+5+ (x+1)2+4 :
1 2du where = + 1 = 2u
Ll tet R ol R = ;
2 n e It / 4(u2 +1) { and dz = 2du ]
ik
:—1n(x2+2m-{—5)+§tan'1u+0:lln(w2+2m+5)+§tan“1 2 +C
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SRR e T R TR o
74 4+ bz? +4 (m2+1)(m2+4) z2+1 x2 44
£ oo petl=lAe ¥ E) )(z® +4) + + (Cz + D)(2* +1). Equating coefficients gives A+ C =1, &
BrD=-2 A O=13R =i A 0iCim 4, Bt 1 Po= 3. Now -
2 -2+t dz z—3
B A i T _ PR — 1 __.—
/ R d —/w2+1 /w2+4dm—tan T+ 5 1n(x +4) tan~"(z/2) +C
1 1 A Bz +C
B i e R T (Bt S o0t (e B -1).
z3—1 (m-l)(w2+z+l) m—1+:c2+w+1 @ ot e z+0)e 1)
Take z = 1to get A = l. Equating coefficients of 22 and then comparing the constant terms, we get 0= % + B, 36
1———C’ soB—-é :—% =
1 = - elp-3 1 x+2
dx = 3 d 3 3 T o e = e are
,/:c3-1 = /a:—l $+/:n2+a:+1dw B \ 3/m2+9:+1 ;. 3
il i 2) d:
:—élnlw-l‘ _/_fi’/g—dx_l ’_E/’)ET’———
3] 22 toti (w+1/2) +3/4
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~3inje -1l ln<m2+w+1>—%(%)ta“1(@2)”‘
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:%1n|x-1\~%1n(:1:2+1’+1)~—\—/1—§tan—1(\/§(2w+l))+K

. 1 12z +4 1
32./ ,——L~-dm:/ ,z_(f_,)adx,2/ da
o T2 +4r+13 o x2+4x+13 o (@+2)2+9
/185&_14#2/1 3du where y = «° + 4z + 13, dy = (2z +4) da,
e 2/39U2+9 ¢+ 2 = 3u, and dr = 3du

finy]l3= & e o]y, = 312 B~ 3 — tan™" (3))

1
3
:%1111_8 ~5+§tanﬁl(%)
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B Letu = 2® + 32> + 4. Thendu = 3(2% +2z)dz =

5 2 204
x° + 2z i a2 o0d= i1 204 iy
/Zmdng‘/zll Zzg[lnu}m :§(ln204 1n24) 2511’17
® (z®+1) -1 1 A Bz+C
U, = =1 = =1- =
41 3 +1 x3+1 z+1 z2—-z+1

1= A(z® — 2 +1) + (Bz + C)(z + 1). Equate the terms of degree 2, 1 and 0 to get 0 = A + B,
0=-A+B+C,1=A+C. Solve the three equations to get A = 3, B= —1,and C = 2. So

& ke
a5 = 1— d
/w3+1 /{ ac+1+ +1} %
1 2 —1 1 dz
e ] 1 —/——d __/_—_
e |+6 P el (x_l)z_,_é

~a:——ln|$—i-1[+lln( :c—}-l)—%tan“l(%(zc—l))—l—l(

3 1 TaE e D
3, = _4,. 5 ‘ - i s
-2 22z—-1)(z+1) = o 72 +—x—1 +—x+1 Multiply by z*(z — 1)(z + 1) to ge

1=Az(z — 1)(z + 1) + B(z — 1)(z + 1) + C2®*(x + 1) + Dz?(x — 1). Setting z = 1 gives C' = 1, taking
z=-1gives D = —%. Equating the coefficients of z* gives 0 = A + C' + D = A. Finally, setting x = 0 yields

dz =P8 Uiy ;
B:—l. = —_— —_— = — S
Now/m4~x2 /[x2+x—1 :v—}—l}d +21

Bletu=2*+52>+4 = du= (43:3 - 10$) i = 2(213 - 5:5) dx, so

1 3 10 10
/dezl/ @-:%[IUM} =3i(n10-In4)=1Ind.
] ey 4

r—1

! e

4+ 522 + 4 2

37‘/_m—‘z)’_2dx:/—w__f—2dm:/u;42du [withu =z + 1]
(22 + 2z + 4) [(;1:+1) —0—3} (u2 +3)

i / udu 4/ du / V3 sec? 0df v = u® + 3 in the first integral;
S (

u? +3)2 u? + 3)2 2 9sect 0 u = /3 tan 6 in the second
=3 ~1 4f/cos GdG—T——:—_—?)—T\/—(Gﬁ-smécosé)) C
- -1 243 Pt Ly e V3 (z+1) G
- 2(z2 + 2z +4) 9 5 242z 44
= ~1 A2\/§tam,1 ¥ iy aml +C
2(z? + 2z + 4) 9 3 3(z2+ 2z +4)

gt +1 A Bx+C Dz+FE i : : ‘
22 +17° < 1=A(z+1 B 241)+ (Dz + E)z.
m(z2+1)2 a:+ = +(;v2+1)2 = T + (z o ) +( a:—|—C)ac(m A5 )+( z + E)x

Setting z = 0 gives A = 1, and equating the coefficients of z* gives 1 = A + B, so B = 0. Now
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(& Dz + FE ] 1 il $4+1A(x4+2x2+1) 92

5 S ; S 5 = 5, so we can take C' = 0,
gl (2 ] z(z2+1)° = = (z2+1) (z2+1)

4
D:—Q,andE:().Hence,/L%dx:/{l~i——2} dm:1n|a:\+—51—+c.
Joam(z? 1) z  (x241) zf
39. Lletu =+/z+ 1. Thenz = w—1,dzr =2udu =
= Ve rl=1

/ dz :/ 2u du :2/ dur ik u—1 i z+1 e

vz +1 (u? =1)u u2—1 u+1 R

40. Letu = /7 + 2. Thenz = u? — 2, dx = 2udu =
I:/ dx :/ 2u du :2/ udu 2 u = A & B
T —Vr+2 u2 —2—u u2 —u—2 w2—-u—2 u—2 wu+l
u = A(u + 1) + B(u — 2). Substituting —1 for u gives -1 = —3B < B = 3 and substituting 2 for u gives
2=3A4 & A=g Ths

e 2 1 s 2
143/{U7Q+U+1}du-3(2111}11 2| +Inju+1))+C
=22ln|vz+2-2/+In(Ve+2+1)] +C

M. Let u = \/z, so u> = z and dz = 2udu. Thus,

16 4 s e 4
wﬁ4 dx = / u2u 42u dui= 2/ u2u . A= 2/ (1 + 1124 4> du [by long division]
9 = 3 = 3 = 3 =

¥ s (u+2)(u—2)
. 1 A B 3
Multiply = - by (u + 2)(u — 2) to get 1 = A(u — 2) + B(u + 2). Equating

(u+2)(u—2) u+2 u-—2
coefficients we get A + B = 0 and —2A + 2B = 1. Solving gives us B = % and A = —2,s0

1 Fiia T1/4 .
BET B gk BGR Ly

Sl it
2+8/ <ﬂ+_/_4> du:2+8[—%1n|u+2|+%ln|u—2
Js3

4
u+2 u-—2 ]3
u—2

4
:2+{21n|u—2|721n[u+2|] :2+2[ln o
3

:

=2+2(lnZ-mmi) =242
2
=2+2In% or 2+In(§)" =2+ %

42. Letu = Yz. Thenz = wd, dr =3 du =

L 1 L 3u? du L 3 1
— _dz= - Ju—23 du = [3u® — 3u +3In(1
/0 1+ ¢z /0 1+u /0 (u +1+u) i DSl

:3(1112 - %)
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8 Letu = /22 + 1. Then z° = v® — 1, 2zdz = 3udu =

—1 u?d
/m /u - =3/ (u' —u)du= v’ —$u? +C
=36+ -3+ +C

M. Letu = \/z. Then z = v?, dz = 2udu =
3 BEY L V3
N dx:/ U 2udu_2/ du
1 1

s 22+ qEuttu?r o T pu2 41

V3 x
1/\/522(%_3):%

=2 [‘cam_1 u]

45, If we were to substitute u = +/z, then the square root would disappear but a cube root would remain. On the other
hand, the substitution u = {/z would eliminate the cube root but leave a square root. We can eliminate both roots
by means of the substitution u = /z. (Note that 6 is the least common multiple of 2 and 3.)

Letu = ¢/z. Then z = u®, so dz = 6u® du and \/z = u®, ¥z = u®. Thus,

v /f:—d;;: /uzdtil)d“:

= 6/ (u e b ——1—) du [by long division]

=6(3u°+ 30" +uthlfu—1)+C=2vz+3¥z+6 Yz +6ln|¥z—1|+C
6. Letu = ¥z. Thenz = u'?, dz = 12u't du =

120 du ubdu 1
= 12 — 2 — = = haE =)
/\/__l_\/_ /u4+u3 /u—|—1 /(u W+’ —ut e —u? = +1>u
3

=3u® — 207 4+ 20° — 24° 4 30 — 40 4 6u® — 12u+ 12Infu+ 1|+ C

=322 2572 4 o\ r - 225 1 3 Yr -4 YT+ 6 Yz —12 Yo+ 12In( ¥z +1) +

BBty — . Thenz = lnwu, dz = pel =
u

/ e*® dzx _/ u? (du/u) _/ udu _/ -1 T 2 o
e +3e+2 | u2+3u+2 ) (u+Duw+2)  J |u+1 u+2

=2Inju+2|—Inju+ 1|+ C =In[(e” +2)%/(e” +1)]+C

8. Letu =sinz. Thendu = coszdr =

/ cosz dx __/ du ﬁ/ du ~/ e il
sinz +sinz  J w+u ) w(wt1) u u+l

sinx

—n

1+C:In}

u+1 1+sinz
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49. Letu = In(z? — = + 2), dv = dz. Then du = F ot
; = s T x2—z+2

22 — z—4
Sl FUES 1 i gt
de xn(az z+2)— /( ey 2) dx

:zln(m2—$+2)—2$-/ (—x+2d 37 /(

dz, v = x, and (by integration by parts)

/ln(wz—m+2)dm:xln(ac2—:z:+2)—/

h _l:ﬁ‘
= gnlz? 2) - 2 — = In(? Ak 4‘1“ jeu N W
;mn(a? -+ )— 1}—5 n(w —x+ )+§ m dm:Tdu,

(@—3)7+1
:(m—%)ln(w2——x+2)—2m+ﬁtan_1u+0

2x — 1
=(z—Yn(x2—z+2) -2z ++Ttan ! =——— +C
(z — 3)In( ) 7

50. Letu = tan 'z, dv =xzdr = du=dz/(1+2%),v=32"

2
Then [ tan 'z dr = % z?tan "tz — 5 / 1 _T_ 5 dz. To evaluate the last integral, use long division or observe
: 2
i (1 + 22
that/1+$2dm:/ 1+:n2 /1dw—/ 5 dr = — tan~ 'z 4 Ch. So

fmtanflxdm:%w tan = w—%(at—tan a:+Cl):%(x tan‘1w+tan_1x—w)+0.

51. 0.05 From the graph, we see that the integral will be negative, and we guess

0( t w2

that the area is about the same as that of a rectangle with width 2 and

height 0.3, so we estimate the integral to be — (2 - 0.3) = —0.6. Now
1 1 A B

22 -2x-3 (z—3)(z+1) & a:~3+a:+1 =

1=(A+B)z+A-3B,soA=-BandA-3B=1 & A=;

=0.35
and B = ~i, so the integral becomes
2 5 ;i
dx 1 dz 1 dz 1 2 |
P SR o = 1lipje—3 -1 1} :
/0 L2200 3 4/0 z—3 4/0 z+1 4[n|$ HEelne lo
1 &3l
:Z{ln m+1L:}i(ln%—ln?)):—%ln3z—0.55
1 1 A =B )
2 e - e BRI 0 s B—24A=
el o (A+C)a® + (B —2A)z — 2B,50 A+ C = 0
andi=2B—1 = B:—%,A:—%,andC:i.Sothegeneralantiderivativeofm—g_iﬁis
e e e :
oot cRd G L e e )

=—iln|z| - i(-1/z)+ jInjz-2[+C

We plot this function with C' = 0 on the same screen as y = gy <
x3 — 2z




