8 (1 TECHNIQUES OF INTEGRATION

8.1 Integration by Parts

Blciu=Ing, dv=xdz = du=dp/z,v= %acz. Then by Equation 2, [udv = uwv — [ vdu,
_f.?:lna:dx:%mglnz—f%xz(dw/m) =ir’lnz -1 [zdr= se?lnz— 1 1224+ C
:%x21n17~1—111:2+c

2Letu=0,dv=sec®’0dd = du=df, v=tanh. Then
[Osec?0df = Otan6 — [tanfdd = tan6 — In |sech| + C.

d letu==zx,dv =cosbzdr = du=dz,v= % sin 5z. Then by Equation 2,
f:ccos51’dx — %a:sin&r — f % sinbrdr = %zsinB:c — 2—15 cosbzx + C.
Bilctu = o, dv = e *dz = du=dzr,v= —e ® Then

fmeiz dr=—-ze ™+ [e "dz = —ze™ —e® +C.

B.Letu=r,dv=ce"/?dr = du=dr,v=2e"2 Then

[re"/?dr = 2re™/? — 1267 2 dp-=iopeti3el 42 o -

6. Letu = ¢, dv = sin2tdt = du:dt,v:—%cos%. Then

[tsin2tdt = —%tcos?t-}—%fcos%dt: —%tcos?t-i— %sin?t—l—C.

1 Letu = 2% dv =sintzdr = du=2zdzandv = —1 cosz. Then
o S = i e 2
I-fx sintzdr = ~z” cosTx + focosmcd;r(*).

iNextlet Ul — o, dV =cosnzdr = dU =dz, V.= % sin 7z, SO
fzcos Tpda— %CCSiIlW:E — % f sinTxdr = %xsinﬂ'm-k -73—2 cos mz + C7. Substituting for f T cos wx dx in (%),

2 1

™

rsinmr + #COSW@"FCl) =—122cosmr + %xsinwx+ 7T%COSW&:—&—C,

™

weget] = —2z

where C' = %Cl.

coswm-#%(

1

8 Letu = 22, dv = cosmzdr = du= 2xdr, v = = sinmx.
m

iPhens = /:L'2 cosmzdxr = %372 sin mx — % /xsin max dzx (x). Next let

U=z, dV =sinmpds = dU:dm,V:f#cosmx,so

i
pe

[zsinmadz = — Lz cosmaz + % Jcosmadr = —Lxcosma + sinmx + C4.

Substituting for [ z sinma dz in (), we get

Ze e B el =
sin mx m( m:ccosmz+m2

ik < =il i iy
I=—x slnmw+CI) = -Z° sinmz + =3z cosmz — =3 sinmzx + C,

where C = —2C}.

m
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2
Letu = In(2z+ 1),dv =dz = du= 2m+1dm,v =z Then
SR B
/111(2m+ 1)dz =zln(2z+1) — /22+ dr= sln(2n+l) = /(EQ—I+)~1—da:
=zln(2z+1) ( 2I+1>dx:xln(2x+1)—$+%ln(21+1)+0

=1(2z+1) In(2x +1) -2+ C

dx

Letu =sin"'z,dv=dzr = du= ——,v = z. Then
' V1—z?
e as =] T : 2
[sin” wdx = zsin™ z — /———da:. Setting t = 1 — z*, we get dt = —2x dz, so
J V1—x2
gdE - o SRR A e _ S
e 2 t (f§dt)7§<2t >+C—t +C = +/1 — 2+ C. Hence,

J sin"'zdr =zsin 'z ++v1—-22+C.

A= — dt, v = t. Then

4 4
Let u = arctandt,dv =dt = du= ¥ (402 T

At 1 32t
/arctan 4t dt = tarctan 4t — / 111662 dt = tarctan 4t — 8 / 1+ 16t2 =

Lin(1+ 16t2) + C

= tarctan4t — 3

1 -
Letuw = Inp,dv =p°dp = du= —dp,v= %pb. Then
p
[p*Inpdp=3p*Inp—} [p°dp = ip8np— 5p° +C.
Firstletu = (Inz)?,dv =dz = du=2Inz-1dz,v=z. Then by Equation 2,
I= [(nz)?de =z(lnz)? -2 [alnz- 2dr=z(Inz)® -2 [Inzds. NextletU =Inz,dV =dz =

dU =1/xdz,V =ztoget [Inzdr =zlnz — [z-(1/z)dz = zlnz — [dz = zlnz — z + C1. Thus,

I =z(nz)?> = 2(zlnz — x4+ C1) = z(Inz)® — 2zlnz + 2z + C, where C = —2C1.

Letu=13,dv=eldt = du=3t>dt,v=ce'.Thenl = [t3e'dt =1t — [ 3t’e’ dt. Integrate by parts
twice more with dv = e’ dt.
I=t%" — (3t%e' — [ 6te' dt) = t’e’ — 3t’e" + 6te’ — [6e di
=1 — 3t%¢" + 6te’ — e’ + C = (t* —3t> + 6t —6)e’ + C
More generally, if p(t) is a polynomial of degree n in ¢, then repeated integration by parts shows that

[p(t)etdt = {p(t) —p @) +p"@) —p" () + -+ (=1)" p™ (t)] e+ 0.
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15. First let u = sin30, dv = €’ df = du = 3cos30df, v = Le*. Then
I=[e*sin30d0 = 1e*’sin30 — 2 [ €’ cos 30 df. Next let U = cos 36,
dV=e*d) = dU=-3sin30d6,V = 1e® toget
f620 cos 36 df = %eze cos 360 + % i 2% sin 30 df. Substituting in the previous formula gives

= %626 sin 360 — %629 cos 36 — %fezo sin 360 df = %629 sin 30 — %629 cos 30 — %I —

21 = 3€*sin30 — 2% cos 30 + C1. Hence, I= £¢**(25in 30 — 3cos 30) + C, where C = £C).

16. Firstletu = e %, dv = cos20df) = du= —e%dh,v= %sin 26. Then
I=[ecos20df = %e‘e sin20 — [ 3 sin26 (—e"e do) = %e‘e sin260 + fe*e sin 26 d6.
Nextlet U = e™®, dV =sin20d0 = dU = —e%df,V = —1cos26, s0
fefe sin 20 df = —%679 cos 20 — f(—%) cos 20(7679 d0) = —%e_e cos 20 — %f e~ % cos 26 d6.
Sel = %e‘g sin 26 + % [(—%efe 00529) — ;I} = —%e*gsin29 - %6_9 cos 260 — i[ =
%I = %e‘o sin 260 — 211-679 cos20 +C1 =
= %(%e"e sin 260 — i679 cos 26 + Cl) = %e“e sin 20 — %6*9 cos 260 + C.
11. Letu = y, dv = sinhydy = du = dy, v = coshy. Then
fysinhydy = ycoshy — fcoshydy =ycoshy — sinhy + C.

inh
8. Letw = y, dv = coshaydy = du=dy,v= o ay. Then
a

: iih 1 o .
/ycoshaydy: e —/sinhaydy: YeIDUp o {os Qay E ok
a a 7 a

19. Letu = t,dv = sin3tdt = du = dt,v = —3 cos3t. Then

Jo t sin3tdt = [—3t cosi%t};r + 3 [y cos3tdt = (i —0) + %[Siniﬂt}g =z,

2 Firstletu =22+ 1,dv=€e%de = du=2zdr,v=—ec*. By (6),
fol (z® + e " do = [~ (2 + 1)6*1]3 L fol 2ze dr = -2t 4+1+ 2f01 ze * dz. Next let
—z,dV —e “de = dUi=dz,V = -e = By.(6)again,
fol e do = [Axefz}(l) + fol e ®dr=—e14 [~e_ﬂ(1) = —entt o=l gee L Gy

Jo(@Z®+1)e*do=—2e"1+142(-2e " +1) =2 +1—4de 1 +2=—6e"1 +3.

NLletu=Inz,dv=c2dr = du= idm, v=—z L By (6),

’Inz Inz]? e 1 Bk 1 1 1
—2d:c: —— + z 'de=—3In2+Inl+4 [—— = —sln2 0 ohml =5 — sn2,.
z TP i T
2. Letu = Int, dv =+tdt = r="dt/tv= §t3/2. By Formula 6,

4 4

JiVimtde = 36021t -3 [ Vidt=%-8:mn4-0-[2 22| —Bln4-4E-1)=¥ma-Z.
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23. Letu =y, dv = e%% —e Wy = du:dy,v:—%e‘zy.Then : 31. Letu =
1yd_ { ks e 1—2yd_ Le==2u 580y 1—2y1__1—2 e e 3 -2 24
O'ez—yy~[—5ye otz © y= (-3 +0) —}le Tt e e o G i

24. Letu:m,dv:csczmdm — du=dzx,v=—cotZT. Then Let i
/2 2 = /2 /2 L % . /2 ’

f/4 x CsC mdm—[—mcotw]w/‘l—l—f a cotzdr=—-%-0+7%-1+ In |sin x| [see Exercise 5.5.75]

P w/ /4 Then
= o o R :
—Z—}—lnl—ln%—z—FO—an =2 +3In2 So |2

25. Letu:cos'lm,dv:dm = du:———l\/ﬂ—zyv:w. Then 32. Letu

-
1/2 1/2 o 3/4 1 ‘~ =

o= L A / x S / t—1/2 _=dt|, wh TEalira 2

fo cos ~rar [mcos :c]o - : e el : 2 where T I
T 5 — T 1 pis A —

L dt=—2zds Thus, I=F+ 3 [t 1/2dt:€+[\/ﬂ3/4=—6+1—§—%(7r+6——3\/§). I

2. Letu = z,dv=5"dz = du = dx, v = (5/In5). Then 43

1 z1 1 pe z 11 33. Lett
/xg,wdw:[%’)} _/ - dw:iﬂo__l_[i_] e o, B e
o Inb5 |, o Inb Inb In5 |Ind |, In5 (Inb) (In5) dv =
ifig o
5 (In5)*
cosT

dx,v = sinx. Then

; S : : : 34. Let
a fcosmln(sma:) dz = sinzIn (sinz) — [coszdz = sinzIn (sinx) —sinz + (67

27. Let u = In(sinz), dv = coszdr = du=

Another method: Substitute t = sin x, so dt = cos T da. Then I = [Intdt — tInt — t + C (see Example 2) and 4
soI:sin:E(lnsinm—l)—}—C, 35. Let
28. Let u = arctan(l/z),dv =dz = du:———l——’-idm: = ,v = z. Then No
ERET LN x2 4+ 1
V3 V3 V3 :
1 V3
/1 arctan(l/z) dz = {xarctan(i)]l +/1 ;Cfl :ﬁ%—l.%+.2_[1n(m2+1)}1 :
V3 w1 A e bt TV s
w3 T Lies idlady S Fo S a G ST Ty Zn2
Yot S = S R 20 h Rl i %. |
29, letw=Inz = dw:dm/m.Thenx:ewanddac:ewdw,so
[ cos (Inz) dz = [ e” coswdw = lev (sinw + cos w) + C  [by the method of Example 4]
In Exer

= 1z [sin (Inz) + cos (Inz)] +C

A 3. L
dr => du=2%drs = /4 +r2. By (6),
Vi e : 15

/1 s drz[ﬁ 4_\_7&]1_2/17" 4+r2d7’:\/—5—2[(4+T2)3/2} ;
o VA+r? ¥ %, 5

90, Letu =12, dv =

-3+ AE =B R+ B = -0
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5
B (0 o) = e R ) D S % By (6),
7 44

2 b0 2 2 4 2 4
/ z*(lnz)’dz = | = (Inz)? —2/ —lnwda::¥(ln2)2—0—2/ = Antrd
1 5 : D Uie5
4 5

LetU:Inm,dV:%dx = dU:ldx,V:;—s.

T .4 572
Then/ %lnmdm:[—lnx} /—dw~321n2—0~{%5] :%IHQ—(%_T;ES).

So fl (Inz)®dz = $(In2)? —2(£In2- &) =2(n2)? - S22+ 2.

32 Letu = sin(t — s),dv =e’ds = du = —cos(t — s)ds, v = e°. Then
= f(f e’ sin(t — s) ds = [e*sin(t — s)]} + fot e cos(t — s)ds = e'sin0 — e’sint + I1. For
I, letU = cos(t — s5),dV =e’ds = dU =sin(t —s)ds, V = e°. So
I = [e° cos(t — s)], — 5 "e®sin(t — s)ds = e* cos0 — e®cost — I. Thus, I = —sint + e —cost — ] =
2l =e¢' —cost —sint = I=2%(e' - cost—sint).

33. Let w = /z, so that = = w? and dz = 2w dw. Thus, [ siny/zdz = [ 2wsinw dw. Now use parts with u = 2w,

dv = sinw dw, du = 2 dw, v = — cosw to get

f2wsinwdw:—2wcosw+f2coswdw: —2wcosw + 2sinw + C
= —2+/zcosv/z + 2sin\/z+ C = 2(sin\/_— \/Ecos\/a?) +C

3. Letw = /7, so that z = w® and dz = 2w dw. Thus, [} V" dz = 2 €“2w dw. Now use parts with u = 2w,
dv = e" dw, du = 2dw, v = e" to get ff €“2wdw = 2we*]? — 2f12 e dw =4e* — 2e — 2(e® —e) = 2¢%.

35. Letz = 0%, so that dz = 20 df. Thus, [ V7 6° cos(6%) df = [YZ_ 6 cos(6%) - 1(20d0) = & [7 2 cos z da.
Now use parts with u = x, dv = cos z dz, du = dz, v = sin z to get

1

prcoszdzr=1([zsinz]", — [rpsinzdr) = 1 [zsinz + cosz]T,,

:%(Wsinﬂ'+cos7r)—é—(%sin%+cos%) =2(r-0-1)— 3(3-140) =

36. fx5ez2 do = f(x2)26x2:cda::ft2et%dt [where t = 22 = %dt =]
=3 (t®—2t+2) e’ +C [by Example 3] :%(m4—2x2+2)e’“‘2+0

In Exercises 37-40, let f () denote the integrand and F'(z:) its antiderivative (with C' = 0).

3. Letu =z,dv =cosmrdr = du=dz,v= (sinmwz) /7. Then

sinx sin Tx rsinTr cosTx
zecosmrdr =1z - — de = + gkl
T s s s

We see from the graph that this is reasonable, since F' has extreme values
where f is 0.
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(b) Using n = 3 in part (a), we have f0”/2 sin® zdz = 2 jgr/Q sinz dr = [—% cos z] 3/2 s
Using n = 5 in part (a), we have fOW/Q sin® z dz = %fow/z sin’ rdr = 2. 2=-35

(¢) The formula holds for n = 1 (thatis, 2n + 1 = 3) by (b). Assume it holds for some % > 1. Then

/2 e b e 2k
/O sin®* ! g 4y — % . (21(4: +)1) . By Example 6,

Kils L e R L (2k)
. 2k43 B - 2k41 = :
/o sin :z:dx—\/o sin zdr TR 3-5-7-----(2k+1)

L0 2 4840 28 2(p)
‘3-5-7~---(2k+1){2(k+1)

L

so the formula holds for n = k + 1. By induction, the formula holds for all e 1%

. Using Exercise 43(a), we see that the formula holds for n = 1, because

/2
/2 s i L | =
Jo /" sin zdr = 3 [ 1d$—5[x]0 =

(SIS

X
5 -

] 15 8ueh e (2k—1)7
22k ¥ i€
SIS e 2'4-6~~~--(2k) 2

/2 Pkl /2 2k+1 1-3-5--...(2k—1)
nd. o . 2k = )
/0 sin rdr 2k+2/ 8in_ & zdz %132 VT 25)

1B-500 Ck-1)2k+1) =
BAG s (2k)(2k+2) 2

Now assume it holds for some k > 1. Then

S,

. By Exercise 43(a),

so the formula holds for n = k -+ 1. By induction, the formula holds for all' > 1.

Letu = (Inz)", dv=dr = du— n(lnz)"~(dz/z), v = z. By Equation 2,
J(n2)"de = z(Inz)"” - [ nz(ln )" (dz/z) = z(lnz)" —n f(Inz)"! de.

Letu=2"dv=e"dz = du=na"ldg v=c". By Equation 2, [ 2"e® dz = z"” — n, [ 2"~ 1¢® 4.
Letu=(2"+a") " dv=ds = du=n(2?+a®)" 2 ds, v =2 Then
[ @ +a)" do =2 (2 +.0%)" — 20 [ 2 (2% + 0®)"" d
=o(@®+0")" ~ 2 [[ (&® +a%) " do—a® [ (a2 4 a®)"" da| [sincea® = (2 + o) — o7
= Crt+1)[(2®+0")" do =2 (s® +02)" + 2n0% [ (a2 + a®)" " dz, and

2 2\ _-T(-T2+a2)n 2na? 2 2\n—1 ]
/(az +a?) dz—w+m/(x o) dz  [provided 2n + 1 # 0],

. Letu = sec™ 2z, dv = sec? z do = du=(n—2)sec" 3 rsecztanz dx,v = tanz. Then by Equation 2,

Jsec” xdz = tanzsec” 2z — (n—2) [sec” 2 ztan? ¢ do
=tanzsec" ’z — (n - 2) Jsec" 2z (sec? z — 1)dz
=tanzsec" >z — (n — 2) [sec” zdz + (n - 2) [sec™ 2 zdx

s0 (n —1) [sec™ xdx = tan zsec™ 2 +(n—2) fsec™ 22dx. Itn—1 # 0, then

&)
tamrsec” fx =9 iy
sec"mdx:\+—— sec™ " “ z dz.
n—1 n—1




