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3. With a CAS, we type in the definition of 6, substitute in the proper values of a and b in terms of = and
=00 = 5 radians, and then use the differentiation command to find the derivative. We use a numerical root

finder and find that the root of the equation df/dz = 0 is x ~ 8.253062, as approximated in Problem 2.

4. From the graph in Problem 2, it seems that the average value of the function on the interval [0, 60] is about 0.6. We
can use a CAS to approximate g5 j‘oﬁo 0(x) dz ~ 0.625 ~ 36°. (The calculation is much faster if we reduce the
number of digits of accuracy required.) The minimum value is 6(60) ~ 0.38 and, from Problem 2, the maximum

value is about 0.85.

1.6 Hyperbolic Functions
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5. (a) sech0 =

6. () sinh1=1(e' —e™') &~ 1.17520

(b) Using Equation 3, we have sinh ™' 1 = 111(1 + /12 + 1) = ln(l + \/5) ~ 0.88137.
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8. cosh(—z) = % [e"” + e"(f””)] =1(e® +e") = 3(e" +e™®) =coshz
9. coshz +sinhz = 2 (" +e7%) + L(e* —e™™) = 3(2e%) = ¢€”
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10. coshz — sinhx = %(e” -+ (171) —
11. sinh z cosh y + cosh x sinhy = [% (e’” - c’m)} [% (ey - (*y)} + [% (e”” - 67'1)} [%(ey - efy)}
= %[(G’Ier S e i e C—r*y) I (€w+y e e~ "ty _ e—zfyﬂ
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cosh coshy + sinh z sinhy = E (e + e )] [3 (e¥ + e )] + (3 (e® - e )] [3 (e¥ — a4}
= i{(eﬂy eFsl (- aEnty 34 eﬂf*y) 1 (er+y e of e*Z—y”

= 1(2e°Y + 2¢~7v) = %[emﬂ; 4 e»(z+y)J = cosh(z + )

Divide both sides of the identity cosh?® z — sinh? z = 1 by sinh? z:
sh? inh? 1
C,Ob 12 e s?n 5 O S < coth?z —1 = csch?z.
sinh®x sinh’z  sinh?z
sinhzcoshy = coshzsinhy

sinh(z +y)  sinhxcoshy + cosh z sinh y coshzcoshy ~ coshxcoshy

tanh(z + y) = = : : = - :
cosh(z +y)  coshzcoshy+sinhzsinhy  coshzcoshy  sinhz sinh Y

cosh zcoshy  coshzcosh y

_ tanhz + tanhy
"~ 1+ tanhz tanh Y

Putting y =  in the result from Exercise 1 1, we have

sinh 2z = sinh(z 4 z) = sinh z cosh & + cosh z sinh & = 2 sinh z cosh z.

Putting y = x in the result from Exercise 12, we have

cosh 2z = cosh(z + z) = cosh x cosh z + sinh z sinh z = cosh? z + sinh? .

; B
ik 61111 *e—ln.t 2 T — 8lna: S
il ) = sinh(In z) £ ( )/ o ( )_1 _zT—z
cosh(lnz)  (elme 4 e-ln=z)/3 = 1 (eln=) z+z-1
_z=1l/z (2®-1)/x Lozt 1
S z+1l/z (®+1)/z 22 +1
l+tanhz _ 1+ (sinha)/coshz  coshz + sinhz (e +e®) + 1(eF—e®
l—tanhz 1—(sinh ) /coshz coshz —sinh & (e +e-®) — 1(er — e—)
2 e gt o 0p® _ o2
e teT_ete T 2e-v
cosh z + sinh e i

Or: Using the results of Exercises 9 and 10, e
coshz —sinhz e—=

By Exercise 9, (cosh z + sinh z)™ = (e®)" = €™ = cosh nz + sinh nz.

sinhz =2 = csche =1/sinhz = . cosh’z =sinh?z+1 = 2 +1= 22 = coshz= 2 (since
cosh x > 0). sechz = 1/ coshz = %, tanh = sinhz/ coshz = % =2 andcothz = 1/tanhz = 5.
tanhx = % > 0,0z > 0. cothz =1/tanh z = %,sechzx =1—tanh’z=1— (%)2 = 2—95 =3

: ; .
sechz = % (since sech z > 0), cosh z = 1/sechx = % sinh z = tanh z coshz = g . 5’ = %, and

cschz = 1/sinhz = %
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1__
0 1 X
= eechip =l
¥ S oacha sinh x
T _ /-:1: -z s —2x =0
(a) lim tanhz = lim s et lim —L =——=1
T— 00 z—ooc e +e % e * z—oo 1 + 67‘21 1+ 0
i —z iy 2z
e’ —e e et —1 0-1
by lim taphz= lm ———— - —= llm ——=——=-1
( )J;—vfoc . e et +e® e azo-we®41 O3
(c) lim sinhz = lim %— =00
) b ssmhig=—~lim s S —00
T— —00 T— —00 2
(e) lim sechz = lim ——— =0
—00 z—oo €T 4+ e~ %
- . ; T lfm ,— . 1. 1721 1 0
(f) - lim*'coth 2= "lim H—; B e L = L =1 [Or: Use part (a)]
z—00 z—oo ef —e T e"% z—oo ]l —e 2% 1=0
shz ; . i
(g) lim cothx = lim M = 00, since sinh z — 0 through positive values and coshx — 1.
5 o+ z—0+ sinhz gnp
osh z ; 2 :
(h) lim cothz = lim C?T L= —00, since sinh z — 0 through negative values and coshz — 1.
z—0— z—0— sinhx
():2lim ‘cschz= lim ————— —0
T—r—00 z——oco ¥ — e~ %

(a) % coshz = = [JE (91 + e*‘r)} — %((:I - e"") = sinh

dx
d d |sinhz coshz coshz —sinhzsinhz  cosh® z — sinh?® z 1 2
(b) — tanhz = — = > = > = >s— =sech’z
dz dr | coshzx cosh” x cosh” x cosh” x
d d 1 cosh x ik cosh z
) — cschx = — = - — = — . = — csch z cotl
© dz " T dg Linh 1} sinh? z sinhz sinhz e
d d 1: sinh z 1 sinh x
d) —sechz = — = — = — . = —sech z tanh :
@ dz e dzx I:COShl‘j' cosh? z coshz coshzx et S
d d |coshzx sinhzsinhz — coshzcoshz  sinh?z — cosh? z 1
() —cothz = — | — = D) = . SRR
dx dr | sinhz sinh® z sinh” z sinh” x
= —csch?z

Let y = sinh ™! z. Then sinh y = 2 and, by Example 1(a), cosh?y —sinh?y =1 = [with coshy > 0]
coshy =+/1 +sinh? y = v/1 + 22. So by Exercise 9, ¢ = sinhy + coshy =z + V1+ 22> =
y=In(z+v1+a2).
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d
29. (a) Lety = cosh™ z. Then coshy = xandy > 0 = sinhy Eg =dli—
7
dy 1 1]

1
dz ~ sinhy \/m =)

(b) Lety = tanh™' z. Thentanhy =2 = sech? y

(since sinhy > 0 for y > 0). Or: Use Formula 4.

dy dy il 1 1
=L e ] — e = ) = 4
dx dz ~ sech?y 1—tanh®’y 1-—x2

Or: Use Formula 5.

dy

1
(c) Lety = csch ' z. Thencschy =z = —cschycothy s 1 L 3%
)

dz ~ cschycothy’
By Exercise 13, cothy = £+/csch® y + 1 = £v/2%2 + 1. If z > 0, then coth y > 0,so cothy = vz2 + 1.

If z < 0, then cothy < 0, so cothy = -m. In either case we have
dy _ 1 4% 1
dz =~ cschycothy  |z|va2+1

d
(D Lety = sech ™ z. Thensechy = x = —sechytanhy a—g— =l
iy_ Sl il e 1 o 1
dzr sech y tanhy sechy /1 — sech?y zv/1—z2

(Note that y > 0 and so tanhy > 0.)

d
(e) Let y = coth™ z. Then cothy =z = —csch?y a’_y =l
i
L Honsg L 2

dz  csch? Y 3 1 —coth®y T 1-

5 by Exercise 13.
T

30. f(z) = tanh4z = f'(z)=4sech’4z

31. f(z) =zcoshe = f'(z) =z (coshz)’ + (coshz)(z)' = zsinhz + coshz
32. g(z) =sinh®’z = ¢'(z) =2sinhzcoshz

33. h(z) =sinh(z?) = hK'(z)= cosh(z?) - 2z = 2 cosh(z?)

34, F(z) =sinhztanhz = F'(z) =sinhz sech® z + tanh z cosh z

1 —coshzx
ey e
B o) 1+ coshzx
G'(z) = (1 + coshz) (—sinhz) — (1 = cosh ) (sinh z)
(1 + coshz)
—sinhz — sinhzcoshz — sinhx + sinhzcosher -2 sinh z
(1 + cosh x)2 (1 + cosh x)2

36. f(t) = e'secht = f'(t) = e'(—sechttanht) + (secht) e! = e*secht (1 — tanht)

= tcsch? /1 + 2
3. h(t) = cothviT 8 = R()=—csch® VITEZ-1(1+¢3) V2 @2) = ———e—
() () (1+89)7 7 (20) 3

38. f(t) =In(sinht) = f'(t) = cosht = cotht

sinht
39, H(t) = tanh(e®) = H'(t) =sech’(e') e’ =¢' sech?(e")

40. y = sinh(coshz) = ¢ = cosh(coshz)-sinhz

41. y = ecosh 3 = y/ o ecosh 3z | sinh3z -3 = Sec()sll 2% sinh 3z




