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dicular to 16. (a) The primes less than 25 are 2, 3, 5,7,11, 13,17, 19, and 23. There 2[3|/]5] 6718210
(e*)=In2. are 9 of them, so 7(25) = 9. We use the sieve of Eratosthenes, and 11| V2113|341 18] 16|17 18]19] 20
arrive at the figure at right. There are 25 numbers left over, so 'ﬁ ﬁ; 2; ?2;2 gz ;g;g %
. m(100) = 25. 41|42|43|44] 45| 46| 47| 48| 48| 50
. oy 25 A172[5354]55]56]57| 58]59] 50
1e given 2 (b) Let f(n) = nW(IZ)n We compute f(100) = m ~ 1.15, 61]67]564|65]66|67|58| 58] 76
function . g f T12[73 74 78|76 71 78|78 86
‘ k' f(1000) ~ 1.16, f(10*) ~ 1.13, f(10%) ~ 1.10, f(10°%) ~ 1.08, | 32[83|34| 35| 36|37|3€]89| 96
| b £(107) o, O1[92193]94]38136]57 9859 190
(c) By the Prime Number Theorem, the number of primes less than a billion, that is, 7r(109) , should be close to
‘ 10%/1n10° ~ 48,254,942. In fact, 7(10%) = 50,847,543, so our estimate is off by about 5.1%. Do not attempt
this calculation at home.
z—0t,
g 14 Derivatives of Logarithmic Functions
."‘I. The differentiation formula for logarithmic functions, % (og, ) — PSR is simplest when a = e because
05 g Ine=1.
: e 5 , = i i 5 gl
- if(a:)—ln(x S L) H )= FoonE T (® +10) = b g
b A e Bl -
3. f(6) =In(cos®) = f'(h) = T (cosf) = i = tan 6
' > 1y —sin(lng)
y=Inx A f(z) = cos(lnz) = f'(z)= —sin(lnz) - S5 g s
‘ i o Fiad & 1 Rk = —3 3
:1 fe) =log;(1-3z) = f'(a)= B Siep el 1-3n)ln2 " Bz—1)In2
7% 10 ] = T = s 5t T it 5 1 __ 1
& /() lOglo(m = 1) g 23 Whplel 1Y =" £10) zlnl0 (z—1)In 10 i z(z—1)In10
- d for 1
7 :5 = 1/5 ! :l e — e
irpasses the . f(z) = VInz = (Inz) =  f(z) = £ (Inx) . (Inz) o {’/W
e i
= 5 = 1/5 = 1 4 b iy
e bfz)=ln ¥z =Inz = lng = Fi(n) A
i 1 1 Inz 24 Ing
e = 1 i = = 1 e el e el e GENE
jlO=vans > 1@ =va(7)+ma).plo oLy e 24l
- B Int
i) = 1—Int :
(t) = (1 =Int)(1/t) — (1 +Int)(-1/t) _ (1/9[A =1nt) + (1 +Int)] 53 2
= (1 —1Int)2 = (1 —Int)? — t{l = Int)?
3 3
and hence (t) — lnngﬁ& =In(2t +1)° ~In(3t - 1)* = 3In(2t + 1) - 4In(3t - 1) =
— F’(t)—3-—1—~2~4~ . o or combined o L
e 01 =1 ° BFET =1 T2+ 1)Bt—-1)
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12. h(m):ln(m+\/w2—1) =
e
W):,,l,,(u,-,, i iy g :
e Gl z?2 -1 o Aenfadil i Vo2 —1
13. g(z) =1n — zln(a—w)-lll(a+a:) —
L —(a+2x)— (a—2%) _ _—2a
=3 (a~m)(a+:ﬁ) prasE
it y ' o vy . i Y
14.F(y)—yln(1+e) D) =Y T ¥ +In(1+eY) 1—1+€y+1n(1+e)
Inu
15. )= ———"75.1
1@ 1+ In(2u)
0 1 1 + In(2u)) 1_lnu-g; 2 [1+1n(2u)—1nu]
u :/:
¢ i+ Inu)]” 4 n2u)]”
1+(1n2+1nu) Inus = 1+In2
ull +1n(2u)] u[l-}—ln(2u)]2
Ao 4 i : / 1 1 4
16. y = In(z" sin z)=Inz 4+ In(sinx) ~ iing 42 msine == =t ~—_———-c0s:c:—+2c0tm
B sinx z
1. hp) =t -3 = h’(t):3t2~3tln3
18.y = ol = y' = 1P (ln 10)(sec” 0)
1 S 1hn =l 10z 4+ 1
19. y =In|2— — 522 = f it (SIS el
y=n[2-7 2| Yo= o b (-1-102) = 55— 5a? O Ba2 +z—2
3u+2 1 3 3 —6
20. G(u) =1 = 1[n(3 9) — In(3u — SelOi= 9 e e
(w) ="y 3y -2 L [in(3u +2) ~ In(30 2) () 2<3u+‘2 3u-2> 9u? — 4
2. y=In(e"+ ze ") = In(e”"(1+ z)) = In(e™™) +l(1+a)=-7F +in(l+z) =
by ik ~—1—a:+1__ T
2= etEEET L S Lo
it 2¢” In(1 + €°)
22. y = [In(1 o2 = =) 1 S L e s
L e o el s g S
93, Using Formula 7 and the Chain Rule, y = g1z =y = 5-1/*(n5)[-1" e tl= 5-1/%(In5) /2’
Bt > — 9% () 5 (3w ) _ 98" (In2)3° (n3)(22)
25, y=zlnz = y':m(1/$)+(lnm)-1:1+lxlm aiaftele
2 —_— —_ —_—
26.y:1n—’2{ -y y': (1/xz) (12rlx)(2m):m(1 ilnm)zl 2lnz
T (22) B s
-~ 3( —Glz) =~ (1—2111:16)(3&3) w2(~2-3+6lnac)_61nm—5
(z z3)2 26 = 4
i 1 1 1 1 L
P e [ L ot e e e i S
Rele s b Y = 710 1n10<a}> ¥ 1n10( m2> 22110

28. y = In(secT +tanz) = Y T

secz tan® + sec’ T =
— gecx tan®

secx + tan®T

—gecwi=" Y




SECTION 7.4  DERIVATIVES OF LOGARITHMIC FUNCTIONS O
5
e -
-1 (z=1[1-In(z—-1)]+z
fl(x)_[l—ln(x—l)]l—xm—]._ r—1 _515_1—(1?—-1)111(:11—1)+1:
z [1—In(z — 1)]2 3 [1—In(z —1)]2 i (z— 1)1 —In(z — 1)]2
_22-1-(x—1)In(z—1)
= (z=1)[1-1In(z - 1)]?
BN Do (f) = {2 |z —1>0 and 1-In(z-1)#0}={z|e>1 and In(z—1)#1}
i ={z|z>1 and r=l#elt=loln>1 am r#l+e}=(1,1+e)U(l+e 00)
1 ek e L 3 e 1
m'f(x)—l-i—lnw = flo)= TENTE [Reciprocal Rule] = o B L
Dom(f) ={z |z >0 and Inz#=1}={z|z>0 and z#1/e} = (0,1/e) U(1/e, ).
2 3
| i ni o PR E5 '73(‘2:”)_ o gy e O
3. f(z) =2’In(1-2?) = T =2 I m)+——1_w2 =2zIn(1 — z?) gy
Dom(f):{:c|1—x2>0}={x|Iml<1}:(—1,1).
4 | 4 o et o E
:;+2cotz n.f(z) Inlnine = f(w)_lnlnx e
Dom(f)={z|lnlnw>0}={m|lnx>1}={x|w>e}=(e,oo).
[ g oy mz—z(l/z) Ihzx-—1 el L e
33'f(z)_lnq: =l 4 Ll (In )2 = (In )2 e 12 el
U f(z)=2’Inz = f’(m):2xlnm+w2<;1;>:2mlnw+x = S i) =2in] 1 =1
-6 ; ] 1 ! 1
) R  B.y=f(z)=Inlnhz = f'(x)=m<;> = f’(e):E,soanequationofthetangentlineat(e,O)is
i 1
y—()—g(x—e),ory—gx—l,orx—ey—e.
3 ’ 1 2 / 12 4 ¢ 2
By=ln=z*-7 = y =z3_7-3m = y(2)=8T7:12,soanequatlonofatangenthneat (2,0) is
B0 12(c—2) or y— 122 24
05)/z? 3. f(z) =sinz +Inz = f'(z) =cosz + 1/x. This is reasonable,

because the graph shows that f increases when £ is ositive, and
grap p

f'(x) = 0 when f has a horizontal tangent.

38 f(CL') — gcosz _ elnzcosm = 15

f'(z) :el““"”[lnw(— sinz) +cosa:<l>:' f
z
0 15
=ac°°”[c—os—ac —sinrlnz} (&
This is reasonable, because the graph shows that f increases when
f' (z) is positive. 2
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3 y=@c+1)°@-3)° = ly= 1n((2a; R 3)6> =

246 A =

ol 4 —3

4.3 3
y’:y( e +———2f3):(2$+1)5(m4—3)6< 4 -+ o >

Dl ot OF et g
[The answer could be simplified to y =22z +1)* fu* — 3)5 (292" + 12z% — 15), but this is unnecessary.]

1
Iny = 5In(2z + 1) +6In(z* -3) = —Z;y’ =9

40.y:\/:fex2(:c2+1)10 = lnyzln\/E—HneEQ+1n(m2+1)10 — 1ny:%1nx+:c2+101n(x2+1)
i

G s 1 , e T 20z

B gt e o B T 92 = y =T N =422+ ——

vl e TR g =vEe® () ety
sin z tan’ z ur 4 2 2

My=——"" = Iny = In(sin” z tan m)—ln(az +1) =

. L)
Iny = In(sin z)* + In(tanz)* — In(z? + 1)2 — Iny=2In|sinz|+4In |tanx| — 2 In(2® + 1) =
it

1
=gl =9 : 4. .secip —2- .9r =
yy sin CER L tane R | =
7 sin? z tan® dsec’z 4z
et 2cotx i
(2 +1) tanx 241
2
P <. 9 1 9 il i 1 i
42. y = =1 = Iny —ln(a: +1)—Zln(az —1) = = 5 Z-———w2+1v2x—z-————m2_1‘2m =

1 Lo
= V=
; 4;v2+1 i; ) i #14:132—%1 —2z H T 4m2+1
y:\/m2~1-§(w2+1-m2—1>-§Vm2—1<$4—1>‘1—:ﬂ4 22 —1
3. y=z" = Iny =lnz® = lny=zlnz = y’/y:m(l/x)+(lnx)-1 =
v =y(l+Inz) = y =z°(1+Inz)

4 el 1 1-1
M.y:gr:l/I = 1ny:§1nm = %:—<E>+(1H$)<';5> = y/le/m 2II$

Z T

!

; t it
85, y=2z""" = Iy =1naTH . == lny =sinzlnz = %:(sinm)-;%—(lna:)(cosm) =

i sinx ' sine | S0 T
1y =1 4+ Inzcosx = Y=z g +Inz cosz
x

!

86. y = (sinz)® = lny= zln(sinz) = Y -z =
Y sinz

.cosz + [In(sinz)] -1 =

y = (sinz)® [xcot + In(sin z)]

i
4. y = (Inz)® = lny = In(lnz)® = Iny =xzlnlhz = %:m~——~—+(lnlnm)-1 =

1
y/:y<xlﬂ;m+hllnx> = y/:(lnz)“E(l—n—;—Flnlnw)

: 1k 24
4. y=2z"" => 1ny:1n:clnm:(lnm)2 = %z?lnx(;) = y':mmz< 2m>

/

® 1 x 1
9. 9y=z" = lny=ens = yy—:e”;%—(lnm)-em e ex(lnz—kE)




