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2 k
81. (a) By Exercise 85(a), the result holds for n = 1. Suppose that e %T e % forz > 0. 1. 1
Z 2 iz s : 5 o
Letf(a:):e —l—x——Q—!——---——H-m.Thenf(cc):e ——1-ZE——"'———H 20 12_ 13
by assumption. Hence () is increasing on (0,00). 800 = implies that
* LRt ZF ! 13. 1
g="foy< flz)=¢ Slporamare (k+1)!,andhencee 21+x+---+—]§+m
11,‘2 " 14. 1
for z > 0. Therefore, for 5> 0,6 2l T o ek for every positive integer 7, by mathematical
induction. 15. 2
(b) Takingn = 4 and z = 1in (a), wehave e = e >14+1+ :+ 5= 9. 7083 2.7 16. I
©e>1+a+ +£+__.r_ki el e L RE e
= B (k+1D)! S L PR CES RN CES =
: z e
But lim =gy = %% et = P 18. In
9. (2
7.3 Logarithmic Functions
(c
1. (a) Itis defined as the inverse of the exponential function with base a, that is,log, =Y < ay =1z
(b) (0, 00) ©R (d) See Figure 1. 20. T
2. (a) The natural logarithm is the logarithm with base e, denoted In . T
(b) The common logarithm is the logarithm with base 10, denoted log . th
(c) See Figure 3. &
3. (a) log;o 1000 = 3 because 10° = 1000. Or: log;, 1000 = logyo 10 = 3 by (2). fi
By E AL} bediuae 1812 =4 OF log,q 4 = log 162 = 3 bY @ e
4. (a) By (6), Ine~**° = —100. (b) log, 81 = 4 since 3t —81 21. T
5. (a) logs 5z = 1085 5—2 = —2by (2). (b) €1 = 15 by (6). !
o
6. (a) log;o 0.1 = —1 since e = :
tl
(b) logg 320 — logg 5 = 10gs 320 — Jogg 64 = 2 since 8 = 64. 5
7. (a) log5 3 +10812 48 = log;,(3 - 48) = 10812 144 = 2 since 12° = 144. in
(b) log, 5 — log, 90 + 2108, 3 = log, 5 + log; 3* — 102,90 = log,(5 - 9) — log; 90 SO
—log,(22) = log, (%) = —1 since gl -
3+ logo 5) = 210g2 18 = 15 [Or: 2(log23+10g2 5) = 210g23 : 210g2 o8- 2% e 15] 2 W
th

8. (a) 202

/N2 eln(23) o Mg O B2 — (eln2)3 2 ERd

(b) e

3
z
9. log, (%) = log,(z’y) — 10g2 22 =log, «° +108, Y

ariables are positive)

— log, 22 = 3log, © + 1085 0= 2log, z

(assuming that the v

10. In /a(®? + %) = In(a(d® + PR -%hl(a(b2 SR
=1lna+ %ln(b2 +c?)

[Ina-+ In(b* + )]
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1. In(uv)'® = 101In(uv) = 10(Inu 4+ Inv) = 10lnu + 10Inv

2
12, 1n3L)5 =In3z> —In(z + 1)° = In 3 + In 22 —5In(z+1)=In3+2Inz - 5n(z + 1)

(z+1
13. log,ga — log,y b + log,, ¢ = logy, % + log,, ¢ = log;, (% . c) = logyg %

2 _ 42

W.In(z+y) +In(z — y) — 2lnz = In((z+y)(z —y)) —In22 = In(z® —y?) —Inz2 =In Z

o
5204 -In2=In4’-In2=16-n2=In1 = ng
16. 1n3+§1n8=1n3+1n81/3:1n3+1n2:1n(3.2):1n6
VT
7. %lnm—Sln(azQ—I—l):lnml/z—ln(m2+1)5zlnm
18. lnm—l—alny—blnzzlnx—l—lnya—lnzb:ln(x-y“)—lnzb:ln(xya/zb)
Ine 1 In13.54
19. (a) 1 = = —— ~0.402 1 shd = =~ 1.45424
(a) log,5 € S s 0.402430 (b) logg 13.5 6 454240
Inm
(©) log, m = o ~ 1651496
2. To graph the functions, we use lo 2o 1 . etc
. To grap ctions, = g2$—ln2’0g4m_ln4’ :

These graphs all approach —co as z — 0", and they all pass through

the point (1, 0). Also, they are all increasing, and all approach oo as
& — oo. The smaller the base, the larger the rate of increase of the

function (for z > 1) and the closer the approach to the y-axis

(asz — 0™).

1
To graph these functions, we use log i = e and

P In1.5

—-—

y=logysx
y=Inx
y=logox

foe v — lln—5x0 These graphs all approach —oo as & —s 0", and
n

they all pass through the point (1,0). Also, they are all increasing,
y=logsyx

and all approach oo as & — oo. The functions with larger bases

increase extremely slowly, and the ones with smaller bases do so

somewhat more quickly. The functions with large bases approach the
y-axis more closely as z — 0.

2. We see that the graph of In z is the reflection of the graph of e about sy e

. . , =
the line y = z, and that the graph of log,, z is the reflection of the =
graph of 10" about the same line. The graph of 10* increases more y=lx
quickly than that of e®. Also note that log,, ¢ — 0o as * — oo more o % ;’ =log,,x
slowly than In z.
g )
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23. Shift the graph of y = log; « five units to the 24. log,(x — 3): Start with the graph of y = logy &

left to obtain the graph of y = log;,(x + 5). and shift 3 units to the right.

Note the vertical asymptote of x = —5.

y=logyez y = logyo(z +5) y =logy y = log,(z —3) I
s : i % x=3§
(2/ | (SV
9 L “ _Si S J 2 0 i X 0 E 4 4;

25. Reflect the graph of y = In x about the z-axis to 26. y = In(10z): Start with the graph of y = Inz .

obtain the graph of y = —In . and compress horizontally by a factor of 10.

y=Inda y=-—Inz Or: y = In(10z) = In 10 + Inz, so we could
. § start with y = In  and shift In 10 units upward.
/ y=Inz y = In(10z)
y ¥
: : - : l\x
Ol X off 1 b
10

21. y = 5 + In(z — 2): Start with the graph of y = In, shift 2 units to the right and then shift 5 units upward.

y=he y = In(z — 2) y=5+In(z —2)
g x=2
V : x=2 3.5
0| /1 x 0 3 x
0 '3 X
28. Reflect the portion of the graph of y = Inx to y—lng y = In|z|
the right of the y-axis about the y-axis. The y y
graph of y = In |z| is that reflection in addition ) / 01
to the original portion. 0| /1 x -1 1 x
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e 2inz =1 = lnw:% = mzel/zz\/é

e =5 = —z=In5 = z=-In5

L

B 70 o Pt Li2p i3 it = SeelnT-3 = z=3(n7-3)

B s . oo oeinf z=3(5-e7)

M @5°°=10 & log, 5" % =log;,10 < (z—3)log;p6=1 & z-3=1/log,,5 <

z=341/log,,5

b)logip(z+1)=4 & z+1=10" < ¢=10,000—1= 9999

R@e*'=k © 3z+1=lnk o z=1(lnk-1)

B)logy(mz) =c & mr=2° & z=2°/m

B =1 & 9 ol o Ip—eloe o T o T=cf

e =10 ln(eez):lnlo © e'lne=e"=In10 & Ine” =In(nl0) < z = In(In 10)

% 2lhz=In2+InBz-4) = hz’=m]2Bz-4)] = Inz? =In6z—-8) = z’=62-8 =

©—62+8=0 = (z—-2)(x—4)=0 = =z =2orz =4, both are valid solutions.

BIn2r+1)=2-Inz = Inz+In(2x4+1)=Ine? = hz@z+1)]=he? = 2’+r=¢ =

—14 1+ 8e2
4

-0 = g-— [since z > 0].

e =Cc” o Ine*® =In[C(e”)] & az=InC+br+he® < ax=InC+br &
InC

a—b

B =12 < (®)-7"+12=0 (e” — 3)(e® — 4) = 0, so we have either e® = 3 <
z=In3,ore* =4 < z=In4

@-bz=nC & (a-bz=InC & z=

8.7 =100 = In(**°) =In100 = 2+5c=1n100 = 5z—1n100—2 =
z=1(In100 — 2) ~ 0.5210

Bin(l+yz)=2 = 1+z=e = Jz=¢*-1 = z = (e? — 1)? ~ 40.8200
fln(e®-2)=3 = e"-2=¢ = =612 = z=In(e®+2)~3.0949

03/ 7 o n3V/e-9_p7 o

1 In3
w_4ln3—ln7 — m—4—m
:c=4—|—1n—3 ~ 4.5646

In7

B@e"<10 = mne®<lhl0 = z<nl) = x € (—00,1n10)

iz > — 1. = ePPS el o psel o z € (1/e,00)

B nz <0 = EcelfToell s Zogo g8 o xe(ez,eg)

B -4 = i’ Poind o 2 -Zald s, Seahi o
t<—3(nd4-2) = z¢€ (=00,3(2 —1n4))

. 3 ft = 36 in, so we need « such that log, = = 36 & & = 2% = 68,719,476,736. In miles, this is

s i 1 mi
68,719,476,736 in - 2 5280 f

~ 1,084,587.7 mi.




