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1.5 Inverse Trigonometric Functions

1. (a) sin™?! <—3) = Z gince sin

i A3
2 3 =

*=Y3and Zisin [-3,3].
(b) cos™!(—1) = 7 since cos® = —1 and = is in [0, 7].
2. (a) arctan(—1) = —% since tan(—Z) = —land —Z isin (—%, Z).

(b) csc™12 = % since csc g = 2 and £ isin (07 E] U (TI', %’5}

. e A ST = . tad s
3. (a) tan ﬁ-%smcetang_\/gdnd%lsm (—%,5).

(b) arcsin(—%) ="—Zsince sin(—%) = ~% and —

4, (a) sec” 12 = 7 since sec 7 = v/2 and 7 isin [O, %) U [7r 3—")

e h e [ e e SRR e SR
(b) arcsinl = 5 since sin § = 1 and 5 1sin [ 5 2}.

. (a) arccos(cos27) = arccos(1) = 0

(b) tan(tan™'5) =5

6. (a) tan™! (tan :—341> = tan‘l(Al) = fg-

(b) cos (arcsin %) =

7. Letg =sin~'(2).

Q

T _ V3
«(3)-2

6

Then tan(sin71 (%)) = hanfi=

o
7

8. Let 6§ = arccos %

Then csc(arccos(%)) = cacl = %

. Let @ = tan™? \/5 Then

sin(2tan™" \/5) = sin(260) = 2sin 6 cos 6

(F)(3)-




10. Letz = tan~' 2 and y = tan™' 3. Then

cos (tan“1 2 4+ tan™

11. Lety = sin~* . Then = ises

12. Lety = sin~' . Then siny = z, so from the

triangle we see that

iy} T
tan(sin™ " z

plastany = 0 n——
s

14. Let @ = arctan 2z. Then tan 6 = 2z,

so from the diagram we see that

Vaz? +1
csc(arctan 2z) = csc = ———.
2z
15. =
G = gin = oy
s )
y=sinx
T m
<9 2.
y=sinx
(/ / 2y
L e IS S
y=sin~ " x D
The graph of sin ™' x is the reflection of the graph

of sin z about the line y = .

1. Lety =cos 'z. Thencosy =zand0 <y <7 =

e 2 Bl
V/1—cos?y V1I—gz?

dx siny

1¢ . 5
3) = cos(z + y) = cosx cosy — sinzsiny

e
cosy > 0, so cos(sin™ " x
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1

Y=cosy — /I —siny — 1 —u?

13:Lety = tan~! z. Then tany = x, so from the

triangle we see that
z

V1+z2

sin(tan™' z) = siny =

1
16. i
% y = tanx
/)
S ]
[~ y=tan "2
"
=0 jus
2 2
A
y=tan" 1 s
\ 2
Pt o
Y a5

The graph of tan~" z is the reflection of the

graph of tan x about the line y = .

d
—siny iJ i

[Note that siny > 0 for 0 < y < 7.]
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18. (a) Leta =sin 'z and b = cos™* z. Then cosa = /1 — sin? a = v/1 — 2 since cosa > 0 for =
Similarly, sinb = v/1 — z2. So

sin(sixf1 x+cos™! z) =sin(a +b) =sinacosb + cosasinb =z -z + /1 — 22 /1 — 22
=z +(1=2%) =1
Bute—5r< sinT'z4cosTlz < 321 andsosin™'z +cosTlz = =
(b) We differentiate sin ™! z 4+ cos ™' z = 5 with respect to x, and get
s +dcs’11 0:>dr7J :
— cos” Tz = —=—cosT i — ——— :
vV1—z2 dx dz V1—x2?

dy = 4 1 1

de ~  csc?y  1l+cot?y  1+a2

s
19. Lety =cot 'z. Thencoty =z = —csc’y Eﬂ ==
i

s

20. Lety = sec” ' x. Thensecy = z andy € (0,%] U [r, 2F). Differentiate with respect to :

d d 1 1 it
secy tany <_y> = e S = = : . Note that
dzx de  secytany secy,/sec2y—1 «vz2-1
tan?y =sec’y—1 = tany:x/soch—1sincetany>0when0<y<§0r7r<y<37".
=1 dy
i Eety — e ». Themesd i)' — 0> 7(:scy(:otyd— =l
z

dy 1

1 1
dx cscycoty  escyyfescly— 1 zv/aR—1
2.y = vtan! = (tan™* ;z:)l/Q ==

5. vl
= L(tan1z)71/2 . —(tan~ )

. dzx T 2vtan iz 1+a? 2vVtan~tz (1 + z2?)

TR piaa T Bl e Lo aasies M e
B A VEey BN e d:c(‘/z)“1+:c<2gg >*2\/5(1+a:)

24. h(z) = v/1 —z?arcsinz =
K(z) =+v1-2x22.

Note that cot y > 0 on the domain of csc .

1 1 1

T arcsin x
Vv1—122

1 ? ;
e —— +arcsin:r{:l~ e E o } =1-
%y =sin'(2r+1) =

’ 1

d
Yy =—=-—(2z+1
1= (22 41)2 dx( )

V1— (422 + 4z +1) V—4z2 -4z -z? -z

26. f(x) = zln(arctanz) =

1 T
= : + In(arctanz) - 1 = .

+ In(arctan x)

arctanz 1+ 22 (1 + z2?)arctanz

21. H(z) = (1 +2®) arctanz = H'(z) = (1+2?) + (arctanz)(2z) = 1 + 2z arctanx

14 22
1 d esecflt
BAi =" o Hiheer Tt i e = AE
) ®) B VT mn
s 1 d Dea=
29. y = C()S_l 62‘" Syl i P e (321 = —_—_—_—
Yy ( ) y ((233)2 T ( ) m
0. y=zcosTlz—1-22 = 3y =costz— - FRRE. =cos !z

(SIE

3. y

32 y

33. h(

But

Thu

36. f(z

Don
Don

37. g(z)

Don
Don
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1 sin 6

——— ’_ 3 —
.<_aS_72£ 31.y—arctan(cost9) = Uy —W(—Slne)———m
: Ry=tan~' (z—V22+1) =
3
i 1 (1_ x )_ 1 (\/$2+1~m)
4 1+ (z— /:1:2—1—1)2 2+ 1 1+22-2zva?+1+22+1 z2 41
= Vai+1l-—z 5 iR
20+22—2v22+1) Va2 +1  2[V22 +1(1 +22) — z(2? + 1)]
¥ vat+1l—z o 1
2[1+22) (Va2 +1-z)] 2(1+2?)
1
el B. h(t) = cot ™' (t) + cot™(1/t) =
2
Bwiuca it 5 - e il ol e BEITLRISE 2
1412 14(1/5)2 dtt 1+ 241 - 1+¢2 241
Note that this makes sense because h(t):gfort>0and h(t):—g fort < 0.
34.y=tan_1<§)+ln1/zlz:tan_l(g)+%ln(x—a)—%ln(m+a) =
= a Y2 A4/27°7 1 8 d . Jaw
1. ¥ T PYa -6 cia Dta 7B ahig
b+ acosx
3. y = arccos[ ————
a+bcosx
T 1 (a+bcosz)(—asinz) — (b+ acosz)(—bsinz)
= A L R (a+ bcosz)?
—<a—|—bcosa:>
= 1 (a® — b%) sinz
Va2 +b2cos?z — b2 —a2cos?z |a+ beosz|
- 1 (@®—b*)sinz _ Va®—b? sinz
Va2 —b2/1—cos?z |a+bcosz|  |a+bcosz||sinz]
But0 <z < 7,50 |sinz| =sinz. Alsoa >b>0 = bcosz > —b> —a,s0oa+bcosz > 0.
CHaETY
ey = Y
i a+bcoszx

1) = arin(e) = [0 = e

Domain(f) = {z | -1<e®* <1} ={z|0<e® <1} =(—00,0].
Domain(f') = {z | 1 - €** > 0} = {z | e*® <1} = {z | 2z < 0} = (=00, 0).

) — o 13220 = J(o)= _\/ﬁ(—m > \/_1:(%——7@2
Domain(g) = {z | -1<3-2r <1} ={z|-4<-22< -2} ={z|2>z>1} =[1,2].
Domain(g') = {x | 1 - (3-22)* >0} = {z| (3-22)° <1} = { | |3 - 22| < 1}
={z|-1<3-2zs<1}={z|A<-2s<-2}={z|2>2>1}=(1,2)




