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7.5

! CHAPTER 7 INVERSE FUNCTIONS

Inverse Tri gonometric Functions

1 . ( a ) s i n - l ( f )  : g s i n c e s i n f  :  f  a n d f  i s i n  l - t , t l

(b) cos- l ( -1)  :  n 's ince cos?r :  -1 and a' is in [0,  r ] .

2 .  (a )  a rc tan( -1 )  :  - f ,  s ince tan( - t ) :  -1  and - i  i r in  ( - t , ; ) .

( b )  c s c - 1  Z :  E  s i n c e c s c  t : Z  a n d  f ,  i s i n  ( 0 ,  t l u  ( " , T 1 .

3. (a) tan-l !5 : $ since tan $ : J3 and f is in (- t, ;).

( b )  a r c s i n ( - * )  :  - i  s i n c e s i n ( -  i l  
- -  - f t a n d - i  i r  ' " I - t , t ) .

4. (a) rec-t \/t : f; since sec f, : t/2 and f, is in [0, i) u L",T).

(b) arcsin t : t since sin t : t and $ is in [- ;, i ].

5. (a) arccos(cos 2tr) : arccos(l) : g

(b) tan(tan*t 5) :  5

/  q * \

6 .  ( a ) [ a n - r f  t u " T ) : t a n - l ( - 1 )  : - 1
\  4 /  4

( b ) c o s ( u r . r i n ] \  / r \  J s
\  ) ) : ' o ' ( 6 ) :  z

7 . L e t B : r i " - ' ( 3 ) .

T h e n  t a n ( s i n - 1 ( 3 ) )  :  t u n 0 : 4 .
v o

8. Let 0 : arccos 3.

Then csc(arccos($)) : .t" 0 : 1.

Let0 : tan-1 yO,.tnen

sin(2tan-l *,  
:r?ri : fr i : t  :"1*

\ / 3 /  \ / 3 /  3

,/1,
J

f;v )

/

/1.
/J

a
J

/,/ l,
TI

I
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10, Let tr  :  tan-1 2 andg: tan-1 3. Then

cos (tatt-1 2 * tan-i  3) :  .ot(,  + A) :  coszcosE - sin rsiny

1 1 2 3

tfb Jrc \/s vin
- 5  - 5  - 1

t/so b \/, O

1 1 .  L e t U : s i n - l r .  T h e n  - t  < A  < t  = +  c o s E  )  0 , s o c o s ( s i 1 - 1 r )  : c o s A :  \ F : 5 i i i f r : l T - 1 2

12. Letg : sin 1 r. Then sin g * z, so from the

triangle we see that

t an (s in -1 / )  : tany : - fu ."  J 7 - * z

Y : s i n - l x  
- t

The graph of sin- 1 r is the reflection of the graph

of sinr about the line U : r.

17.  LetE:  cos- l  r .  Then cos!  :  r  and 0 I  y  1  r

13. Let U : tant-'r. Then tany: tr, so from the

triangle we see that

s i n ( t an - l u )  :  s i n  g :  - p .
"  J r+ r '

14.  Letd :  arc tan2r .Thentan0 :2r ,

so from the diagram we see that

/ ,
csc(arctan 2r) : csc I :

16.t5' 
I -Y : sin-r x

4':,

t y : Ianx

y :  s i n r

1

-"""fl

) : t a n ' x

17

2
7f-=
I

y :  s i n x

- a

,  _ l

Y : t a n ' x

d a : -  1  - -  1  -
dr sins J=*F,

y:  tanx - t

The graph of tan-1 z is the reflection of the

graph of tan z about the line a : r.

. d a
+  - s i n Y # :  I  +

o,r

[Note that sin y > 1for 0 { A < ir.]
JT _7

'l+t' + t
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! CHAPTER 7 INVERSE FUNCTIONS

(a )  Le ta :  s i n -1  r  and  b :  cos -1 r .  Thencosa :  JT :m ; :  f i  -  12  s i nce  cosa  )  0 fo r  - f ,

Similarly, sin b : vT- 
" ' .  

So

s i n ( s i n - l r + c o s - 1  u )  : s i n ( a + b )  :  s i n a c o s b + c o s o s i n b  : t r . r +  \ , t r  -  r ' z  V r I  -  r ' z

: 1 2 * ( I -  3 r 2 ) : L

Bu t  - f  (  s i n - t  r  +  cos -1  r  <  ! ,  andsos i r r - 1  r  f  cos -1  r  :  ; .

(b) We differentiate sin-r r * cos ' n : f with respect to r, ancl get

1 d 1 ^ d _ 1  1- - : - .  c o s  I " r : 0  +  - - ; c o S  . r : -
lT - :F dt 

--- 
dr 

"- 
!/T -7

1 9 . L e t 9 : c o t - l r . T h e n c o L y : a  = +  * . . c ' A + : 1  +  r y : - - i - : - - - - l  .  : - - l  ^ ."  d , r  d , r  c s c 2 y  L + c o t z y  l + r z '

20 .Le tg :  sec -1  z .  Then  s€cg :  r  anc l y  e  (0 , t l u l " ,  f  ) .  o i ne ren t i a tew i t h respec t t oz :

/ d u \  d u  I  I
s e c u t a n u l - i l : I  -  - : -, '  r \ d r /  d t  s e c y t a n y  , " . y i / r " . r y L  # ' N o t e t h a t

t a n 2 y : s c c 2 , g  - l  +  t a n y :  / * A A - I s i n c e t a n y > } w h e n 0  < A  <  $ o r r  < A  < + .

2 1 . L e t g :  c s c - 1 r .  T h e n  c s c |  -  r  +  - c s c  g c o t g +  : 1  +
Lr

1 a 1 * .

33.

3 1 . a

32.a

a

h( t

h ' (

No

3 4 . u =

A =

3 5 . g =

U -

=

But

Thur

36. f (r',

Don

Don

37. s(r)

Dorr

Dorr

,r.E1/r.rr2 y - t

-t *1t"/z =+

zt. y : tan-I y/i => u, : f irAy *,A) : 
h G,

24. hQ') :  1yT * f  arcsirrr +

h'(r) : JT=;F 
# 

* arcsirr " [* lr 
- r ')* 'r, 1-zr)f

25. y : sirr-1 (2r + 1) +

't

. Note that cot y > 0 on the domain of csc-1 r.
rt/r2 _ |

z t/t""-\ (L + r.2)

- r  i , r \  1

) -  2 f r ( t + r )

_ -l _ r arcsin r^  
v f -T

da
d,:r

1

csc y cot y

/ t -  / ,
v t a n  - 1  -  ( t a n

j ( t a n - 1  r ) - t 1 z  '

2 2 ' v :

,!J, :

26. f (n) : z ln(arctan r) =>

f '( ') : t ' =4= t+-- f In(arctanr) ' 1 :
Arctan J'  |  - f  t '

21.  H( r ) :  ( f  +  12)  a rc tann =+ H ' ( * ) :  (1  +  f lTh  f  (a rc tan  r ) (2 r ) :  1J -  2 rarc tanr

2 8 .  h ( l )  :  e " "  
t t  

-  h ' ( / ) :  
" " '  

' ' {  
1 r " .  

' 1 )  :  " ' * ' ' - r r
dt '*"" -/ 

t r/tr-

2g. y :cos-t1e2,; =+ a' : -fu . *r"r,) : 
- 
#

3 0 .  y :  r c o s - 1  r -  f t - a z  = +  ! ) '  : c o s - '  ,  -  - #  +  - L : c o s - 1 i D
y r - 1 2  J T : T

. )  -
r/:T;t - 4r J-F  - ,

(7 + r2) arctan r
* ln(arctan r)
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sin 0

n i l t

1 a ( * .

1-ffi

- l
n  - f r .

rl- "r
\  J r 2  + t /

l * c o s 2 0

1 ( , /Fq -r \

\  t / n2  + I  )

31. g :arctan(cos 0) + U' : 1 yfu(- sin d) :

32 .  g :  t an - l  ( r  -  t@11)

a ' :

Gz+r -n

r + n z  - 2 1 1 / 7  4 ] - 1 2  + L

! E ' + 1 - n
2(L + n2 - r l /7 + L) JF n

@ 1 t - r

2l\F + t (r + z.2) - r(n2 + L))

z[(r + rr)(1r * - ')] - 
2(L-r r ' ,)

33. h(t) : cot-l(t) + cot-'(1/t) +

h,( t1 : - .L- - - ] - , *  ! ! : - "  1  = -L f -1) : -++ f  :0 .. " \ " /  
L + t 2  L + G l t ) 2  d t t  7 + t 2  t 2 + I  \  t " )  i + F - 1 z t r 1

Notethatthismakessensebecauseh(t) - l  fort > 0 andh(t):  - !  fort < 0.'  2  \ '  2

i l ' a : t a n - l ( ; )  .  n l 4 , * " :  t a n - 1  ( ; )  .  | n @ -  a ) -  | r n ( n + a )  +

^ . t a l / 2  1 l 2 a a 2 a r 2
"  a z l s z  t r - a  r * a  r 2 + a 2 ' f r 2 - a 2  f r 4 - a 4

/  h  + acosr \
i l 5 . g : a r c c o s {  - l  = +

\ a f o c o s r /

a ' : -
(a  *  bcosr) ( -a  s inr )  -  (b  *  ocos r ) ( -bs in  r )

(a -l bcos r)2

(a2 - b2) sinn

la + bcos r l

1 (a2 - b2) sinr G -F sinr

1ffi - 6z lT -ffi la + bcos rl 
- 

lo + b cos rl lsin rl
B u t 0  (  n l n , s o  l s i n z l  : s i n z .  A l s o a >  b  >  0  +  b c o s r  >  - b  )  - a , s o a * b c o s r  )  0 .

,  JF -bz
InUS Y : ----:--;-.

e  +  ocos r

36. /(r) 
- arcsin(e') + f'(r) . sa : L.

Jr:@P 
- /T-e'

Domain(/) : {r | -1 < e" I l} : {r | 0 < e' < 1} : (-*,01.
D o m a i n ( / ' )  :  { *  l I  -  

" "  
>  0 }  :  { *  |  " ' *  

<  1 }  :  { n  l 2 r (  0 }  :  ( - * , 0 ) .

r+ ( r - JV t+ \ ' z

37. g(r) :  cos-t  (3 -  2r)  + g ' ( r )  :  -

D o m a i n ( e )  :  { r l  - 1  <  3 - 2 n  <  1 } :  { * l  - a 1 - 2 n  <  - 2 } :  { n l 2 }  n  2 1 } :  [ L , 2 ] .
Domain(e ' )  :  { ,  |  1 -  (3  -2 r ) '>  0 }  :  { r  |  (g  -2 r ) '<  1 }  :  { r  I  13  -zn l  < I }

:  { r  |  - 1  <  3  - 2 1  1 1 } :  { r  |  - 4 <  - 2 n  1 - 2 } :  { * 1 2 }  r }  1 } :  ( 1 , 2 )

1  / - r \ -  2

\Fnt-r"Y\ ' / -  {4:W


