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[1 INVERSE FUNCTIONS:

Exponential, Logarithmic, and Inverse Trigonometric Functions

1.1 Inverse Functions

10.

1.

16.

. (a) See Definition 1.

(b) It must pass the Horizontal Line Test.

. @ f'(y) =2 < f(z)=yforanyy in B. The domain of £~ is B and the range of f 1 is A.

(b) See the steps in (5).

(c) Reflect the graph of f about the line y = x.

. f is not one-to-one because 2 # 6, but f(2) = 2.0 = f(6).
. f is one-to-one since for any two different domain values, there are different range values.
. No horizontal line intersects the graph of f more than once. Thus, by the Horizontal Line Test, f is one-to-one.

. The horizontal line y = 0 (the z-axis) intersects the graph of f in more than one point. Thus, by the Horizontal Line

Test, f is not one-to-one.

. The horizontal line y = 0 (the z-axis) intersects the graph of f in more than one point. Thus, by the Horizontal Line

Test, f is not one-to-one.

. No horizontal line intersects the graph of f more than once. Thus, by the Horizontal Line Test, f is one-to-one.

. The graph of f(z) = §(z + 5) is a line with slope 1. It passes the Horizontal Line Test, so f is one-to-one.

Algebraic solution: If ©1 # xa,thenx1 +5# 22 +5 = %(1‘1 +5) # %(12 Sbl = f (i) Lif(@o)is0 F
is one-to-one.

The graph of f(z) = 1 + 4z — z? is a parabola with axis of symmetry x = —2—2 = fﬁél—) = 2. Pick any z-values
equidistant from 2 to find two equal function values. For example, f(1) =4 and f(3) = 4, so f is not 1-1.

L1 F Ty = A/TLF T = glxr) # glz2), S0 giis 1-1.

g(z) =|z] = g(-1)=1=g(1),so gis not one-to-one.

Eh(z) =2 +5 = A1) =6=h(-1),s0hisnot 1-1.
\mFxy = ziFAzy [sincex>0] = zt4+5#xE+5 = h(z1) #h(z),sohis 1-1.

. A football will attain every height h up to its maximum height twice: once on the way up, and again on the way

down. Thus, even if ¢; does not equal t2, f(¢1) may equal f(¢2), so f is not 1-1.

[ is not 1-1 because eventually we all stop growing and therefore, there are two times at which we have the same
height.
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17. f does not pass the Horizontal Line Test, so f is 18. f passes the Horizontal Line Test, 29
not 1-1. so fis 1-1.
4 4
y=x—x / e
—6 a 6 =6 6
4 -4 ‘
19. Since f(2) =9 and f is 1-1, we know that f~'(9) = 2. Remember, if the point (2,9) is on the graph of £, then the /
point (9, 2) is on the graph of f~!
2. f(x) =z +cosz = f'(z) =1—sinz > 0, with equality only if z = % +2nm. So f is increasing on R, and 30. y
hence, 1-1. By inspection, f(0) = 0+ cos0 = 1,s0 f (1) = 0.
x
N-h@)=atz = hilch=1F l/ (2+/z) > 00on (0,00). So h is increasing and hence, 1-1. By inspection,
h(4) =4+ V4 =6,s0h7(6) = y:
22. (a) fis 1-1 because it passes the Horizontal Line Test. Al
(b) Domain of f = [—3,3] = Range of f~'. Range of f = [—2, 2] = Domain of f~!. (z
(c) Since f(—2) =1, f1(1) = —2. 34
23. We solve C = j(F — 32) for F': Q)C =30 — .t =C + 32. This gives us a formula for the inverse
function, that is, the Fahrenheit temperature F' as a function of lhe Celsius temperature C. F' > —459.67 = 3. y =
%C + 32 > —459.67 = %( > —491.67 = ( > —273.15, the domain of the inverse function.
24.77'1,:%0*?_ = 1~i:ﬁ = gzlfli) = 2=¢2 1—ﬂ§>
V1—v2/c2 et o2 e m m
A s
v=c \/ 1-— “ . This formula gives us the speed v of the particle in terms of its mass m, that is, v = fi= (m).
N 3—y 3—zx
B y=f(r)=3-2x = 22=3-y = z= e Interchange x and y: y = . So
f"(ar)t‘ggw. o
z? 4
4z — 1 4z — 1 : p ©
26 fl) == s = Y= = gzt =dr—1 = "y l3y=Adril =
20+ 3 2z + 3 S
3 3z +1
y+1l=4dr—-2zy = 3y+l=4-2y)z = i Interchange  and y: y = & :
STE 2y’ 4 -2z negatiy
= 3z+1 ‘
S0 ' (z) = : | So f-1
o 4 —2x of
21. f(x) =v10-3z = y=+10-3z (y>0) = ¢y*=10-3z = 3z=10—y> = E
i z; + l“ . Interchange z and y: y = %;1,'2 + 17() Solfs (L= ¥l§ % Note that the domain of f~* + The fun
is 2 > 0. oot
S Lt iR Hiszed 3 3/y—3
28, = flr) =2 R 3V s i g phReE g = G

Interchange x and y: y = {
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©@y=1/(z-1) = z-1=1/y = z=1+1/y. Interchange (¢)
zandy: y=1+1/z. Sog(z) =1+ 1/x, z > 0 (since y > 1).

Domain = (0, 00), range = (1, 00) .

@ g'(2) = ~1/2% 50 ¢/(2) = -

1 o
4 0"

#f0)=1 = f'()=0adf(z)=2z4+z+1 = f'(xz) = 3z° 4+ 1 and f'(0) = 1. Thus,

ST 3 1 = 4
T e et

) =2 = f'2=1adf(z)=2"-2°+2z = f'(x) = 52* — 32® + 2 and f'(1) = 4. Thus,

S B 1 ] 71
U0 = sy mFm T

M. f(0)=3 = f'(3)=0,and f(z) =3 +22+ tan(rz/2) = f'(z) =2z + Z sec’(rz/2) and
F0)=% 1=3 Thus, (f71)(3) = 1/f(f1(3)) = 1/£/(0) = 2/.

—

> . : 322 + 2z +1
B () =2 = Y2) =1, and f(z) = B+zr2+z+1 = f(z)= and
#) @ f@) =V B =
3+2+1 B!

= R R R TNIE Thus, {f~*)(2) = VI @) =101

, L e e e e D
B.f(4)=5 = g(5)=4.Thus,g'(5) = FEE) ~ 7@~ 33 =3
¢ ¢ e £ / S 1 Rt 1 = D T S 1 =
. f3) =2 = g(2) =3. Thus,¢'(2) = m =S 9. Hence G (x)— — =
L ORNE T e
e @ T O P

45. We see that the graph of y = f(z) = V2?22 + = + 1 is increasing, so
fis1-1. Enter x = \/y3 + y2 + y + 1 and use your CAS to solve the

equation for . Using Derive, we get two (irrelevant) solutions involving

W

imaginary expressions, as well as one which can be simplified to the

following:

e ;
: )
-1
where D = 3+/3 /2721 — 4022 + 16. Maple and Mathematica each give two complex expressions and one real
expression, and the real expression is equivalent to that given by Derive. For example, Maple’s expression simplifies
1 M?/% — 8 —2Mm1/3

y=F"'@)=—L (YD 2122 + 20— YD+ 2= = 20 + 3)

Y e B c g ma
to 6 YYEE , where M = 108z* + 12 /48 — 12022 + 81z — 80.
4. Since sin(2nm) = 0, h(x) = sin z is not one-to-one. h'(z) = cosx > 0 on (-1, Z), so h is increasing and hence
1-1on [fg, ﬂ Lety = f~'(z) = sin™! z so that sin y = x. Differentiating sin y = x implicitly with respect to
‘ d; d; 1 ; : :
T gIves us cos y e il £% & . Now cos? y + sin? y=1 = cosy==++/1—sin?y, butsince
dx dx | cosy

d 1 1
cosy >0on (—%,Z), we have =

dx \/1—31112317\/1*41?2'
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