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7 T INVERSE FUNCTIONS:
Exponential, Logarithmic, and Inverse Trigonometric Functions

7.1 Inverse Functions

But near the

7, will be negative

volume of the

r 52.94 occurs

(a)  See Def in i t ion l .

(b) It must pass the Horizontal Line Test.

(a) /-t (A) : , <+ f (") : y for any .t1 rn B. The domain of ,f 
-t 

is B and rhe range of /-1 is A.

(b) See the steps in (5).

(c) Reflect the graph of / about the line A : r.

3 .  /  is  not  one- to-one because2 + 6,  but  f  (2)  :2 .0 :  f  (6) .

4. / is one-to-one since for any two different domain values, there are different range values.

5. No horizontal line intersects the graph of / more than once. Thus, by the Horizontal Line Test. / is one-to-one.

6. The horizontal line gr : 0 (the r-axis) intersects the graph of / in more than one point. Thus, by the Horizontal Line
Test, / is not one-to-one.

7, The horizontal line y : 0 (the r-axis) intersects the graph of / in more than one point. Thus, by the Horizontal Line
Test, / is not one-to-one.

L No horizontal line intersects the graph of / more than once. Thus, by the Horizontal Line Test, / is one-to-one.

9. The graph of /(r) : L@ + 5) is a line with slope j. It passes the Horizontal Line Test, so / is one-to-one.

A l g e b r a i c s o l u t i o n : I f r t * r z , t h e n r r * 5 l r r + 5  = +  | ( u + 5 ) + + ( r z + 5 )  +  f ( " r ) * f ( r z ) , s o f
is one-to-one.

l 0 . T h e g r a p h o f f ( r ) : 1 * 4 r -  1 2 i s a p a r a b o l a w i t h a x i s o f s y m m e t r y r , : - * . : - i l + T : 2 . P i c k a n y r - v a l u e s

equidistant fiom 2 to find two equal function values. For example, /(1) : 4 and /(3) : 4, so f is not 1-1.

11. 11 f 12 => \/"t  + \ /r ,  + g(rt) I  g@r), so g is 1-1.

12.  g( r )  :  l r l  +  g( -1) :  1  :  9(1) ,  so g  is  not  one- to-one.

1 3 .  h ( r )  :  1 4  t 5  +  h ( 1 )  :  6  :  h ( - I ; s o h i s n o r  1 - 1 .

1 4 . q f  1 2  +  r t + #  [ s i n c e r > 0 1  = +  n t + s * " t + 5  +  h ( r t ) * h ( r r ) , s o h i s 1 - 1 .

15. A football will attain every height h up to its maximum height twice: once on the way up, and again on the way

down. Thus, even if fr does not equal tz, f (tt) .uy equal f (tz), so,f is not 1-1.

16, / is not 1-1 because eventually we all stop growing and therefore, there are two times at which we have the same

heisht.
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17. / does not pass the Horizontal Line Test, so .f is

no t  1 -1 .

rl

\ ' : - t ' t - , 1

A

18. / passes the Horizontal Line Test,

so  /  i s  1 -1 .

2 5 . u : f ( r ) : i l  2 r  +  2 r : 3 - , ! J

r  t ,  '  l ] - r

2

/1

\ r : x 3 + x

+ 2r'g l3! l  :  4r - |  =+

. Interchange r and ?J: A : f:*

- +

1 9 .  S i n c e  f ( 2 ) : 9 a n d / i s 1 - l , w e k n o w t h a t . / - t ( g )  : 2 . R e m e m b e r , i f  t h e p o i n t ( 2 , 9 )  i s o n r h e g r a p h o f  / , t h e n t h e
point (9, 2) is on the graph of /

20. f (r) : :r * cos r + ,f 
' (r) : 1 - sin r ) 0, with equality only if r : $ + 2rtrr. So / is increasing on R. and

hence ,  1 -1 .  By  i nspec t i on ,  / ( 0 )  :  0  *  cos0 :  1 ,  so  /  
t ( t )  : 0 .

21. h(r) :  r  ' l  t / i  -+ l t , ' (r)  -  1 + r lQ v .E) > 0 on (0, oo). So h is increasing and hence, 1-1. By inspecrion,

h(4)  :  4  +  \ /4 :  6 ,  s6 L t -L  (6)  :  + .

22. (tr) / is 1-1 because it passes the Horizontal Line Test.

( b )  Doma in  o f  f  - -  
[ - 3 ,3 ]  :  Range  o f  f - t .  Rangeo f  . / :  l - ' 2 , 2 ) :  Doma ino f  . f - t .

( c )  S i n c e  f  ( - 2 )  : 1 .  . f  
' ( 1 )  :  - 2 .

2 3 .  w e s o l v e ( , ' : ; ( F  - : l ' 2 ) f i r r F :  
l C : F ' - 3 2  +  r ' : I C : + 3 2 . T h i s g i v e s u s a f o r m u l a f o r t h e i n v e r s e

functitrn, tlrett is, the Fiahrenheit tempererture lr as a function of the Celsius temperature C. F > - 4Sg.6T =+

ic + 32 > -41t9.67 .+ iC > -491.67 + C > -27:3.15, the domain of the inverse funcrion.

24 .n t : - . :11q- :  -  l - f  =4  == '  , ' ,  :  n t '  2  /  ^2 \

V  l  t ' - / ( : -  ( ' :  t t t 2  7  
l  -  +  >  L ) ' :  . - ' ( 1 -  + )  *

r---- r

u :  c  t l  t  -  { .  f f r i r f i r r r nL r l l g i vesus thespeec l  uo f  t hepa r t i c l e i n tennso f  i t s  mass  rn , t ha t i s , u :  f - t ( ^ ) .Y  n t 2

f nterchange r ancl A: lJ :  ? 
t , ,

4 : r - 1 4 t : - 1

3 - , u
n
z

J

30 .a

a:
Att

(r

3 7 .  v :

r :

so "f

3 2 . s - J

r '  + :

f : -

negativ

So  / - t

33. The fun

can be o

26. f (:r) :

3 9 + 1

. ) -  r  ' )
LJ 1-  . )

:  l r  ) r r t- * Y

o , ,  . l
LJ 

-1- 
,-)

3 y l I ,

'!J : y ( 2 r 1 3 )  : 4 , r - l

:  (4  -  2y) : r  .+  ,  :7 '+:
4 - 2 v

S o  f  r ( . r )  -  3 r  -  I
-  l  

J -  ' 2 . r '

2 7 . f ( r ) : v { 0 - 3 r  +  A : v f \  \ r  ( y > r ) )  +  U 2 : 1 0 -  3 r . +  i ) r : 7 0 -  ! t 2  = +

x ) :  - i a ' +  { l . I n te r changenandg :  a  -  -  
t r n "  +  * .Su . /  

t ( r )  :  _ - t * ,  +  + .  No re rha r rhec loma ino f  , f - t

28. y : f (,:r) - 2,rit +:J

Interchange r and g'.

A  3 : 2 : r : t  +

t : ,

i l t ;  S,. '  /- ' ( ' )

y  - : J

2
l:-)

: r /  {  -  t )

u2

y - 3
2



; the graph

ample, if

raphs

+

( c ) E : t l @ - t )  +  r - 1 : t l A  +  r : I + l l A . I n t e r c h a n g e

r a n d A :  ! /  : 1 I l l r .  S o 9 ( r )  : 1 J -  l f  r , r  >  0 ( s i n c e  A  >  I ) .

Domain :  (0,  m),  range :  (1,  oo) .

( d )  g ' ( r ) :  - 7 / 1 2 , s o  g ' ( z ) :  - 1 .
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(e) Y

v : r

!-l

3 9 .  / ( 0 )  : 1  +  / - t ( 1 )  : 0 , a n d  f  ( r ) :  1 3  + r + t  +  f , ( " ) : 3 r 2  - 1 _  1 a n d . f , ( O ) : 1 .  T h u s ,
/ r - j \ / , , r  1  1  1
\ /  -)  (r) :  pG-1D : 

/10) 
:  

T 
:  1.

4 0 .  / ( 1 )  :  2  +  f - t ( z ) :  1 , a n d  f ( " )  :  * t  -  r t  + 2 ,  +  f , ( * )  : S r a  - J r ,  + 2 a n d  f , ( t )  : 4 .  T h u s ,
/ r - 1 \ / z o r  1  1  1
\ . /  /  \ - /  -  

f , ( I_ ,  Q) )  
-  

f , (1 )  
-  

4

4 1 , / ( 0 )  : 3  = )  / - t ( 3 )  : 0 , a n d f ( " ) : Z + r 2 1 _  l , ; l n ( t r r l 2 )  = +  f , ( r ) : 2 r + [ s e c 2 ( . t g f 2 ) a n d

/ ' (0)  :  i  .  |  :  f .  rhus, ( / - ' ) ' (3) :  r l  f ,  ( f - ' (3))  :  r l  f ,e)  :21r.

42. f(1) : 2 + f-t(z) : 1, and f(*) : t/F aV* 
" 

1 1 =+ f, (r) :
3 r "  + 2 r - t 1

and
2 J ; r + r r + r + I

f t (  l \  - 3 + 2 + 1
2 \A+ r+ t+ r

:  ! .  rhur,  ( / - ' )  '  (2) :  r l  f  ,  ( f  - ' (2))  --  r l  f  ,e)  :  Z.

jl
,..|
ll
t

\....-
9 x

4 3 . f ( 4 ) : 5  +  g ( 5 )  : 4 . T h u s , g ' ( I '  i  1  1  3' )  :  
f , ( s (bD 

:  
f , (E  

:  
13 :  t '

4 4 . f ( 3 ) : 2  +  g ( 2 ) : 3 . T h u s , e ' ( 2 ) : - + - : - 1  ' /  \  1'  
f  , (g(2))  f  \A 

:  9 '  Hence'  G ( r )  :  
n@) 

+

G' (r) : - !'j",).u + G' (2) : - -q' (2)- : -+ - -1.\  /  
lg@)t lg(z)l '  (3) '

45. We see that the graph of y : f(") : JF 4p a 
" 

a 1is increasing, so

/ is 1-1. Enter r : v@W + y + I and use your CAS to solve rhe

equation for y. using Derive, we get two (inelevant) solutions involving
imaginary expressions, as well as one which can be simplified to the
following:

a : f-r(r) : -# tf i l- 2l it +n - iD +n;, _ 20 + W)

whereD:315f f i .MapleandMathemat icaeachgivetwocomplex. ,o , . , , ,on,andonerea l

expression, and the real expression is equivalent to that given by Derive. For example, Maple's expression simplifies
I M 2 / 3 - 8 - 2 M 1 / s*  
i f f i ,  w h e r e  M  :  1 0 8 r '  +  1 2  f f i  -  8 0 .

4 6 . S i n c e s i n ( 2 n r ) : 0 , h ( r ) : s i n r i s n o t o n e - t o - o n e . h , ( r ) : c o s r  > } o n ( - t , i l , s o h i s i n c r e a s i n g a n d h e n c e

1 - 1  o n l - ; , t l . L e t y : f - I @ ) : s i n - 1  r s o t h a t s i n y - r . D i f f e r e n t i a t i n g s i n E : r i m p l i c i t l y w i r h r e s p e c r r o

'  d Y : r  
+  

d a :  1  - -  '  r " i , . 2  t r -  1  t . , i  *r g i vesuscosg  j "  
d , r  

- . " *  Nowcos2g*s in2  l l  : 7  +  cosy  :  + \n  -  
" i tPa ,bu t s i nce

coss )  oon (-  t , i l ,  wehave # 
:  

# 
:  

#.

5

/


