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(b) Let r denote the length of the side

of the square being cut out. Let g

denote the lensth of the base.

13' z,L
The volumes of the resulting boxes are 1, 1.6875, and 2 ft3. There

appears to be a maximum volume of at least 2 ft3.

( c )  V o l u m e V : l e n g t h  x  w i d t h  x  h e i g h t  +  V : U ' A ' r -  * A '

( d ) L e n g t h o f c a r d b o a r d : 3  +  r * A l r : 3  +  y l 2 n : J

( e ) g + 2 r : 3  +  a : 3 - 2 r  +  V ( " ) : r ( 3 - 2 r ) '

(f ) Y(r) : r(3 - 2r)' =+

V ' ( r ) :  r . 2 ( 3 - 2 r ) ( - 2 )  +  ( 3 -  2 r ) '  .  t :  ( 3  - 2 * ) l - 4 n - t ( 3 - 2 r ) ) :  ( 3  -  2 r ) ( - 6 r - t 3 ) ,

so thecr i t i ca lnumbers  are : t r :  t  and  * :  * .  Now 0  1r  1 t  and l / (0 )  :  V( * ) :0 ,  so themax imumis

V (+): (+) (2)' :2 ft3, which is the value fbund from our third figure in part (a).

ra : L.5 x 106, so g : I.5 x 106f r. Minimize the amount of fencing,

w h i c h i s 3 r  f  2 A : 3 *  +  2 ( 1 . 5  x  t 0 6 l n ) : 3 r 1 - Z  x l 0 6 f  r :  y ( r ) .

F ' ( r )  - 3 -  3x l06 f  12  - -3 ( * "  -  10u )  f  12 .Thec r i t i ca lnumber i s

r : 1 0 3  a n d F ' ( r )  (  0 f o r  0 . , - n  <  1 0 3  a n d F ' ( r )  >  0 i f  r  >  1 0 3 , s o

the absolute minimum occurs when z : 103 and, y : 1.5 x 103.

The field should be 1000 feet by 1500 feet with the middle fence parallel to the short side of the field.

10. Let b be the length of the base of the box and h the height. The volume is 32,000 : b2h + h : 32,0001b2 .

The surface area of the open box is S -- b2 + 4hb : b2 * 4(32,0001b')b : b2 + 4(32,000)/b. So

,S ' (b)  :  2b-  4(32,00q1b2 :Z(b3 -  64,000)  fb2 :0  <+ t :  { -A+f f i :40.  Th isg ives anabsolu te

m i n i m u m s i n c e , S ' ( b ) < 0 i f 0 < b < 4 0 a n d S ' ( b ) > 0 i f b > 4 0 . T h e b o x s h o u l d b e 4 0 x 4 0 x 2 0 .

11. Let b be the length of the base of the box and h the height. The surface area is 1200 : b2 + 4hb +

h :  ( 1 2 0 0 -  b " ) l @ b )  T h e v o l u m e i s v  : b 2 h : b ' ( t z o l - b ' ) l 4 b : 3 0 0 b - b 3 1 4  +  v ' ( b ) : 3 0 0  -  
| u ' .

V ' ( b ) : g  +  3 0 0 : i b '  +  b 2 : 4 0 0  +  b : t / q 0 0 : 2 } . S i n c e V ' ( b ) ) 0 f o r 0 < b ( 2 0 a n d

V'(b) ( 0 for b > 20, there is an absolute maximum when b :20by the First Derivative Test for Absolute

Extreme Values (see page 280). I f  b:20,thenh: (1200 - 20') 1e.20) 
- 10, so the largest possible volume

isb2h:  (20)2 ( ro ;  :  4ooo cm3.

V :  luh =+ 13 :  (2tr)( tu)h:2w2h, so h :  51. ' .  The cost is

70(2u)2) + 612(2uth) + z1nu11 : 20ru2 * 36tuh, so

C(*)  - -  20ta2 + 36u(5lu ' )  :20ts '  *  r80lw.

2w C'(.) : 4otu - r8olu2 : 4o (us - il|.' + rD :

critical number. There is an absolute minimum for C when t.u : iE since C'(tr) < 0 for 0 < tr, <

c ' ( - )  )  0  foru u,  i f t  "GE) 
: ,o  ( lE) '  +  6= $163 54
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19 : (2u)(tu)h :2u2h, so h : Sl. ' .  The cost is

c (-) : to(2.') + 6[z(2uh) + znul + 6(2u2)

: 32u:2 * 36tuh : 32ut2 -l 180lut

C'(*) : 64u - L80lu2 : 4(I6u3 - aS) lut2 + - : 
ffi isttre

cr i t icalnumber.  C'(r)  (  0for0 < t r  a 
{#andC'(ut)  )  0for . ,  

iF*.  
Theminimumcost is

/  t - \
c( i/ ** ) 

: zz1z.sr2s)2 /3 + rco [E.Br% = $1e1.28.

f4. (a) Let the rectangle have sides r and g and area A, so A : rA or a : Alr. The problem is to minimize the
pe r ime te r :2 r *2A :2 * *2A l r :  P ( r ) .  NowP ' ( z )  -  2 -2A l12  : 2 ( r ,  -  A )1 " r .  So thec r i t i ca l

number isr :  rA.  S ince P ' ( * )  (  0 for  0  <r  < , /Aandp, ( r )  )  0 for  ,>  t /A, rhere isanabsolure
minimum at r : JA. tn" sides of the rectangle are t/A and, AlrtA - JA,so rhe rectangle is a square.

(b)  Letpbetheper imeter  andrandy the lengthsof  the s ides,  so p :2r  *2a =+ 29:  p-2r  +

a  :  *p - r .  Thea rea i s  A ( r )  :  
" ( i p  

-  r )  :  i p "  
- r 2 .  Now A , ( r )  : g  +  | n  

-2 r  :  0  +
Z r : i p  +  r :  i p .S inceA" ( r ) :  -Z  (  0 , t he re i sanabso lu temax imum fo rAwhenz  :  *pby the
Second Derivative Test. The sides of the rectangle are ip una *p 

- 
ip : ip, so the rectangle is a square.

| 5 ' T h e d i s t a n c e f r o m a p o i n t ( r , g ) o n t h e l i n e a : 4 r * 7 t o t h e o r i g i n i s @ : \ 6 2 + a 2 .

However, it is easier to work with the square of the distance; that is,
I  - : 2

D( t ) :  
l / * ' +a2  )  

: 12  *a2 :12  * (4 r+7 ) " .Because thed i s tance i spos i t i ve , i t sm in imumva luew i l l

occur at the same point as the minimum value of D.

D ' ( r ) : 2 r i 2 ( 4 r * 7 ) ( 4 ) : 3 4 r t  5 6 , s o  D ' ( r ) : g  < +  , :  - # .

D" (r) : 34 > 0, so D is concave upward for all r. Thus, D has an absolute minimum at tr : -ff. The point

closest  to  the or ig in is  ( r ,y) :  ( -  # ,+(-#)  + T)  :  ( -# ,+) .

f6. The square of the distance from a point (2, g) on the line A : -6r * g to the point (--3, 1) is
D ( r ) :  ( r + 3 ) 2  +  ( a  - l ) '  :  ( n + B ) 2  - f  ( - 6 r + 8 ) ,  : J T r 2  _  9 0 r + T Z .  D , ( * ) : T 4 r - 9 0 , s o D , ( r ) :  g

<+  * :  # .D " ( r ) : 74>  0 ,  soD isconcaveupward fo ra l l r .  Thus ,  Dhasan  abso lu tem in imum a t r :  &sz .

The point on the line closesr ro (-9, t) is (S, ff ).

4x2 +

From the figure, we see that there are two points that are farthest away

from ,4(1,0). The distance d from Ato an arbitrary point p(r,gr) on the

ellipse is d : M and the square of the disrance is

S :  d2  :  t r 2  -  z r ] - r+a2  :  t r 2  -2 r t r+ (4 -4 r2 ) :  - 3 r2  -2n *b .

S '  :  - 6 r - 2 a n d S '  : 0  +  r :  - $ . N o w  S t ,  : _ 6  <  0 , s o w e

knowtha t ,Shasamax imum a t t r :  - ] .  S ince  -1  <  n  {  l ,S ( - t ;  : 4 ,
= 

i\ is the

< ift ana S(-+) : lq,and S(1) : 0, we see that the maximum distance is 
V/+ 

The corresponding E-values are

u : +$- +14y : +VE - +f t/ i  x+1.8e. rhe points are (- t,+tJ|).


