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If we define & to be 0 when Ax = 0, then & becomes a continuous function of Ax. Thus,
for a differentiable function f, we can write i

(5] Ay = f'(a) Ax + £ Ax where & —>0 as Ax—0 |

and ¢ is a continuous function of Ax. This property of differentiable functions is what
enables us to prove the Chain Rule.

Proof of the Chain Rule Suppose u = g(x) is differentiable at ¢ and y = f(u) is differen- ,
tiable at b = g(a). If Ax is an increment in x and Ax and Ay are the corresponding incre- ‘
ments in « and y, then we can use Equation 5 to write |

(6] Au = g'(a) Ax + & Ax = [g'(a) + &] Ax i
where &, — 0 as Ax — 0. Similarly
Ay = f'(b) Au + &, Au = [f'(b) + &,] Au

where &, — 0 as Au — 0. If we now substitute the expression for Au from Equation 6
into Equation 7, we get

Ay =[f'(®) + e21lg'(a) + &] Ax

A
so Z =[O + &:llg@ + & |
Ax i
As Ax — 0, Equation 6 shows that Au — 0. So both er—>0and &, — 0 as Ax — 0.
Therefore
dy . Ay : ; , 1
dr ~ alhay 400 ell@ + el :
= f'(b)g'(a) = f'(g(a))g'(a) *
"y i
This proves the Chain Rule. — ‘
_ |
1S 7 i i
3.6 Exercises \
Write the composite function in the form f(g(x)). 13. y = cos(a® + x3) 14. y = a’ + cos’x |
ify the inner function u = g(x) and the outer function 473 A |
flu)] Then find the derivative dy/dx. 19 Famieis) L 1
. glyl Givas 17. g(x) = (1 + 4x)°(3 + x — x2)®
£ (1 ) e 18. (1) = (+* — 1 + 1)* ‘1‘
e, = y/sinx 6. y = sin/x 19. y = @x - 5'8x* — 5)7 ;
1 3 e ; v 2. y=(*+ 12 +2
Ll Find the derivative of the function. 21. y = x° cos nx 22. y = x sin+/x :
i) = (x° + 4x)’ 8 F(x) = (x> —x + 1)° i
23. y =i 24. =—
)= {17 22+ = 10. £(x) = (1 + x4 i s T ‘
)-—" 12. £() = YT + tant R SN 2. G() = 2= |
&+ 1) . s z+ 1 e L D
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gy cos X 53. Suppose that F(x) = f(9(x)) and g3) = 6,9'3) = 4, i
e B. Y T G w08 r £1(3) = 2, and f'(6) = 7. Find F'Q).

54. Suppose that w = u°v and u(0) = 1, v(0) = 2, u'(0) =3,

i sin’x
& !l \ | 29. y = tan(cos x) 30. y= ik 5 () =4,0(0) =5, and v'(2) = 6. Find w'(0).
£ 815 2 sin m 3. y= an?(36) 55. A table of values for f, g, f',and ¢’ is given.
1 1 ’
3.y = (1 + cos’ . y=xsin— o)
6

x
1 2] 2 4
35. y = sec’x + tan’x 36. y = cot(x?) + cot’x 2 1 8 5 7
. B 3 7 2 7 9
37. y = cot’(sin ) 38. y = sin(sin(sin x))

39. y = Jx + Jx 80, y=+x+x+x (@) Tf h(x) = f(g(x)), find A'(1).

(b) If H(x) = g(f(x)), find H'(1).

41. y = sin(tan J&Tx) 42. y = ﬁm
: B B . 3 v i - 1 L g g 56. Let f and g be the functions in Exercise 55.

(a) If F(x) = f(f(x)), find F'(2).
4346 1 Find an equation of the tangent line to the curve at the (b) If G(x) = g(g(x)), find G'(3).
given point. 57. If f and g are the functions whose graphs are shown, let
3. y=0+20" 01 M. y=sinx + sin’x, (0,0) u(x) = f(g(x), v(x) = g(f(x), and w(x) = g(g(x)). Find ez
45. y = sin(sin x), (. 0) 15 = m’ 2.3) ((i:)nl\:c}(ti\)ie, if it e(xbl)stis}.,(llf) it does ?:)t ;:))I((lig, explain why.

o o o o o a o o o o o o

47. (a) Find an equation of the tangent line to the curve
y = tan(mx’/4) at the point (1, 1).
(b) Tlustrate part (a) by graphing the curve and the tangent line
on the same screen.

48. (a) The curve y = |x[/¥2 — x%is called a bullet-nose curve.
Find an equation of the tangent line to this curve at the
point (1, 1). ‘
79 (b) llustrate part (a) by graphing the curve and the tangent line 58. If f is the function whose graph is shown, let h(x) = f(f(d
| on the same screen. and g(x) = f (x?). Use the graph of f to estimate the value 0
s each derivative. ‘
Al 49. (a) If f() =1 — ¥2/x, find f'(x). () ' (2) ®) ¢'(2)

A (b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of fand f'.

50. The function f(x) = sin(x + sin2x),0 S x < ™, arises in
applications to frequency modulation (EM) synthesis.
(a) Use a graph of f produced by a graphing device to make a
rough sketch of the graph of f".
(b) Calculate f '(x) and use this expression, with a graphing
device, to graph f'. Compare with your sketch in part (a).

L 59. Use the table to estimate the value of #'(0.5), where
i 51. Find all points on the graph of the function h(x) = f(g(x)).

f(x) =2sinx + sin’x
o T [ [ o [osll
at which the tangent line is horizontal. : ‘

!1 % 52. Find t.he x-coordgxates of al.l points on the c.uth.e . o) | 058 0.40 037 026 | 017 0.10 l-
It | y = sin2x — 2sin x at which the tangent line 1s horizontal.




