Quiz # 3

Problem 1. Complete the sentence ...

Solution.
a. By the definition, in order to prove that x = —a, we have to check that a +z = 0.
b. By the definition, in order to prove that z = a~!, we have to check that a -z = 1. O

Problem 2. Using only definitions, axioms, and 2 facts (given below), prove that
a. 17! =1; b.ifz<yand 2<0theny-z2<z-z2.

Solution.

a. We have to check that 1-1 = 1 (indeed, apply Problem 1b with x = a = 1). The equality
1-1=11is true by the definition of 1 (recall 1 is the number w from axiom A7).

b. Assume x < y and z < 0.

Way 1. By O5 we have x + (—x) < y + (—x). By the definition of (—z) it implies 0 < y + (—x).
Applying O6 with a = 2, b = 0, ¢ = y + (—x), we obtain z - (y + (—x)) < 0- (y + (—x)).
By A9 and Al it implies z -y + 2z - (—z) < (y + (—x)) - 0. Applying Facts 1 and 2, we have
z-y+ (—(z-2)) <0. Hence, by 05, (z-y+ (—(2-2))) +2z-2 <0+ z-x. Applying A2 and A1,
we get z-y+ ((—(2-2)))+2-2) < z-2+0. By Al and the definition of 0 (recall, 0 is the number
6 from A3), we obtain z -y + (z-x + (—(2 - z))) < z-x. By the definition of —(z - z) it implies
z-y+0 < z-z. Applying the definiton of 0 again, we obtain z-y < z-x, which implies the desired
result by Ab.

Way 2. By O5 we have z + (—z) < 0+ (—z). By the definition of (—z) and Al, it im-
plies 0 < (—z) + 0. By the definition of 0, we get 0 < (—z). Now we apply O6 with a = =z,
b=y, ¢c = —z Weobserve, - (—2) < y-(—z). By Fact 2, —(z-2) < —(y-2). By O5,
—(z-2)+x-2<—(y-z)+x-z By Al it implies, z - 2+ (—(z - 2)) < z-z+ (—(y - 2)). By the
definition of —(z - 2), we have 0 <z -2+ (—(y-2)). By 05, 0+y-2<(x-z2+(—(y-2)))+y- 2.
By Aland A2, y-2+0<z-2+((—(y-2)) +vy-2). By Al and the definition of 0, it implies
y-z<x-z+(y-z4+(—(y-2))). By the definition of —(y-z), we get y-z < x-z+0. The definition
of 0 implies the desired result. O



