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Abstract

We compute the number of summands in g-averages of norms
needed to approximate an Euclidean norm. It turns out that these
numbers depend on the norm involved essentially only through the
maximal ratio of the norm and the Euclidean norm. Particular atten-
tion is given to the case ¢ = oo (in which the average is replaced with
the maxima). This is closely connected with the behavior of certain
families of projective caps on the sphere.

1. Introduction.

The starting point of this paper is a result from [MS1] which we would

like to recall. Denote by | - | the canonical Euclidean norm on IR". Given
another norm || - || on IR™ denote by a and b the smallest constants such that
(1.1) a x| <|lz|| < blz|, forall x € IR"

For X = (R™| - ), let M = M(X) = [gu- ||z]|dv(z) (where v is the
normalized Haar measure on the Euclidean sphere). Let, as in [MS1], k =
k(X) < n be the largest integer such that

k
n+k’

M
HG s ({E ; ?|x| <|lz|| < 2M|z|, forall x € E}) >1-—
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where g, , is the normalized Haar measure on the Grassmanian G, x, and
let t = t(X) be the smallest integer such that there are orthogonal transfor-
mations uy,...,u; € O(n) with

M 1<
(1.2) 7|$’ < i > wiz| < 2M |z, for all z € R™ .
i=1

For reasons that will become clear shortly, we shall also denote t by t;.
Combining Theorem 1.1 of [MS1] with the Observation following Theorem
2.2 there, we have

b~ M NM\/_l,

or let us write this in the form
t1 ~ (b/M )2.

(Here and elsewhere in this paper, @ ~ [ means ¢f < a < Cf for some
absolute constants 0 < ¢ < C' < o0o.) We shall see below that this last
equivalence contains a lot of information about the set K N M~15"~! where
K is the unit ball of X.

We would like to investigate in a similar manner the sets K N rS"!
for r € (b™', M~1). For that purpose we need to extend the result above
to include ¢ -averages of the norms |lw;z||. First extend the definitions as
follows: For 0 < ¢ < oo, let M, = M,(X) = (fgn_r ||2]|%v(x))*/9 and let t, =
t,(X) be the smallest integer such that there are orthogonal transformations
Uy, ..., u € O(n) with

M 1¢ e
Tq]x\ < <t > HuZ:UHq> < 2M,|x|, for all z € R™ .

As is well known (and follows from the concentration of the function ||z||
on S"71), for ¢ not too large, M, is almost a constant, as a function of ¢. It
is also clear that as ¢ — oo M, — b. In Statement 3.1 below we show that
the behavior of M, can be described more precisely:

(i) M, ~ M, for 1 <q < k(X),

M, ~ b\/%, for k(X) < ¢ <n,



(iii) M, ~ b, for ¢ > n.
The main generalization of the result from [MS1] mentioned above is:

Theorem 3.4.
(i) ty=ty, for 1 < q <2,
.o 2
(i) t2/9 ~ t, (%) , for 2 < gq.
Consequently,
(iii) 12/~ ty ~ (5, for 2 < ¢ < k(X)
qg 1 M, , I0r 2~ ¢ >~ ’
(iv) 12/ ~ o for k(X) < g <n.

Moreover, with the appropriate choice of constants (implicit in the notation
~2), a random choice of the orthogonal transformations u, . . ., us, works with
high probability. So, essentially, a random choice of orthogonal transforma-
tions gives the same result as the best choice.

We now turn to the case ¢ = oo in which case the norm max;<;<7 ||u; ' ||
corresponds to the body Koor = Koo 7(u1, ..., ur) = N u;(K). Fix r with
b=t <r < M~'andlet T(r) = T(r, X) be the smallest T for which there are
T orthogonal transformations uy,...,ur with Ko r(u1,...,ur) C rD. We

shall assume that b/M < C4/n/logn for some absolute constant C'. This
can be viewed as a condition of non-degeneracy, i.e., K is not an essentially
lower dimensional body. Recall also that any symmetric convex body can be
transformed, via a linear transformation, to a body satisfying this condition.
In fact, it is enough to transform the body in such a manner that for the
resulting body the Euclidean ball is the ellipsoid of maximal volume (see,
e.g. the proof of Th. 5.8 of [MS2]). Theorem 4.1 below is a refinement of the
following

Theorem. Under the non-degeneracy condition above, for some universal
constants 0 < ¢ < C' < oo and for r in the interval [2b~!, (2M)~!],

cn Cn
xp () < T0) < e (Lggs)-



The geometric interpretation of this theorem is that, for r as above and
t > exp ﬁg;), there are t rotations of the set 7S™"1\ K whose union covers

rS™1 (and one can choose them randomly) while, for ¢ < exp (TSTI;) no

t rotations provide such a covering. It came as a surprise to us that the
parameters involved in the Theorem and its geometric interpretation depends
on the body K only through b and M. Moreover, the dependence on M is
only to determine the range of r’s for which the statement holds.

Next we would like to observe the relation between this theorem and
Theorem 3.4. For r in the range above, pick ¢ such that M, = r~'. Note

that, by the formulas for M, above, ¢ =~ . It then follows from the

formulation of Theorem 3.4 (iv), that log(t,) ~ m%gb)

between the two approximate formulas for ¢ and ¢,.

The results described up to now are contained in sections 3 and 4. In
particular, in section 4 we treat the case ¢ = co. In section 2, we gathered
some of the more geometric preparatory results. It contains (Lemma 2.2.1)
a separation lemma in a quasi convex setting. It also contains a theorem
(2.3.1), which is an adaptation of Lemma 2.1 of [MS1], expressing b of (1.1)
in terms of the corresponding quantity for the g-averaged norm (or quasi-
norm) (1.2). We also give some geometric interpretation of this lemma,
pertaining to the behavior of family of caps on the sphere. Let us mention
here a curious application of the material in section 2.

. Notice the similarity

Application. Let || - ||1,...,|| - ||z be norms on IR*. Then
mase (lolly - [zl - lallz) > max LL g 1l
Sn—1 i max —,

In section 5 we adapt these results to the quasi-normed case and to the
range 0 < g < 1.

Recall that a body K is said to be quasi-convex if there is a constant C
such that K + K C CK, and given a p € (0,1), a body K is called p-convex
if for any A, p > 0 satisfying \? + ¢ = 1 and for any points xz,y € K the
point Az + py belongs to K. Note that for the gauge || - || = || - || k associated
with the quasi-convex (p-convex) body K the following inequality holds for
all z,y € R"

[z +yll < Cmaxflzl, lyll} (= +ylI” < [l=[ + [y )



and this gauge is called the quasi-norm (p-norm) if K = —K. In particular,
every p-convex body K is also quasi-convex and K + K C 2Y/PK. A more
delicate result is that for every quasi-convex body K, with the gauge || - ||k
satisfying

lz+yllx < C(llellx +llyllx)

there exists a g-convex body K, such that K C K, C 2CK, where 21/9 = 2C..
This is the Aoki-Rolewicz theorem ([KPR], [R], see also [K], p.47). In this
paper by a body we always mean a centrally-symmetric compact star-body,
i.e. a body K satisfies tK C K for any t € [—1, 1].

Section 5 deals with averaging of general quasi-convex bodies while section
6, following [MS1], with averaging quasi-convex bodies in special positions.

Throughout this paper, ¢, C' always denote absolute constants. These
constants might be different in different instances.

We thank the staff of the MSRI where part of this research has been
conducted while all three authors visited there. The second named author
worked on this project during his stay in IHES also. The first named author
thanks B.M. Makarov for useful conversations concerning the material of this
paper.

An extended abstract of this work appeared in [LMS].

2. Behavior of family of projective caps on the sphere.

In this section we introduce a few auxiliary statements concerning choices
of a special vectors on the sphere possessing certain special properties with
respect to a given family of projective caps on the sphere. These statements
will serve as a technical tool mainly in the next section, but we also use them
in the proof of Theorem 2.3.1. Some geometric interpretation of these state-
ments regarding the behavior of families of caps will be discussed towards
the end of this section.

2.1. We begin with a standard inequality.
Lemma 2.1.1. Let {x;} be a set of vectors in IR". Then

1/p sup; || for p > 2,
su y» L P > 2;:
o, (S 2 (Silf#5) 7 for1<p<z



Equality holds if and only if the {z;} are mutually orthogonal. Moreover, for
every p > (0 we have

1/p 5
1 -1 P
sup <§ f|<y,:vz~>|p> >y kT <§ j|x,~|p> :
yest—t \ 'y i

where k is the dimension of Y = span{x;}; and ¢y = /2¢7 < 2 (7 is the
Euler constant.)

Proof: Assume first p > 1 and let ¢ be such that 1/q+ 1/p = 1. Then

1/p
A = sup (ZI(y?min) = sup sup yzaas
yesrLfl i yGSn 1“qu71 -
Zaixi

Zsza,xl
7
> ¢ sup a2 Jz,?

llallq=1

= sup
lallq=1

= sup max
llallg=1 1=

by the parallelogram equality. Here a = {a;}; and || - ||, denotes norm in /.
Equality holds if and only if the {x;} are mutually orthogonal. The desired
result follows by duality.

Assume now p > 0. Let v be the normalized rotation invariant measure
on the Euclidean sphere S¥~! =Y N S"~ 1. Then

= s (Sladl) > [ Sl at)

1
yesn— gh-1

There is an absolute constant ¢y such that
1/2

[ lwaraw| = [ il ]| =l

Therefore,
AP > ¢ PEP? > @l

which proves the lemma. O



Remarks.
1. In fact ¢y can be exactly computed through the I'-function and estimated

by co = v2e7 < 2.
2. A straightforward computation gives, for p > 1,
1/p 1/2
[ lwaaPaviy) | ze|min@mr) [ 1.2 dviy)
k—1 Sk—1
Thus, for p > 1, we have also

1

s (Sl ) o gl (Sar).

yesn—1

7
An immediate corollary is:

Corollary 2.1.2. Let {z;}, be a set of vectors on S"~'. Then there exists
ay € S" 1 such that

T/ for p > 2,

1/p
1 ~1/2
ZKy,xmp) > T for1 <p<2,
(T i o' T™? for0<p<1.

2.2. The following lemma can be viewed as “non-linear” form of the Hahn-
Banach theorem for p-convex sets.

Lemma 2.2.1. Let || - || be a p-norm. Let zy € S*™! be vector such that
Jeoll = b= mas, .
Then e
p 1/p <ZL‘,$0> - 8
ol = ()b o
2 ]

for any x € IR".

Proof: Denote the unit ball of ||- || by K and the unit ball of | -| by D. Fix
some « € (0,7/2) and let z be a vector in IR™ such that (z,z) = |z|sina.
Denote r = 1/b then rD C K. To prove the claim we are going to find a
lower bound on |z| which will ensure that ¢ K. For that we represent the

7



vector vz for some v as a p-convex combination of x and some y € rD. The
p-convexity of K and the maximality of b imply then that, if v > r, then
r ¢ K.

Without loss of generality we can assume that n = 2, o = (0,1), x =
(x1,22) = |z|(cosa, sina). Choose a vector (v, w) = r(cos (3, sin 3), where
€ (0,7/2) will be specified later.

By maximality of b the point y = (—v,w) € K. Thus if x € K then
AVP(zy 29) + (1 — \)YP(—v,w) € K for any 0 < A\ < 1. Take

VP

)\_

af +op

then

sin (o + f3) ) c K
(lz|P cos? o + rP cosp B)/P .

)\l/p(xl,xg) +(1- /\)l/p(—v,w) = (0, || r

Hence, by the definition of xq we have, if x € K,

sin (a + )

(|z|P cos? a + ¥ cosp 3)'/7

|| r <r,

or, as long as, sin”(a + 3) > cos? a,

2] < rP cosP (3
x .
~ sin’(a+ () — cos? «

Taking 8 = § — «a, we get

. . D .
and, since 1 — cos?Pa =1 — (1 —sin®a)2 > gsm2 a,

2] < 7(2/p)"/"(sina) > =7 (2>”p <<x,%>>1—;

p ||

and the lemma is proved. a

2.3. Corollary 2.1.2 and Lemma 2.2.1 imply the following extension of
Lemma 2.1 of [MS1].



Theorem 2.3.1. Let uy, ..., ur be orthogonal operators on IR™. Let || - || be
a p-norm on IR" and for some q > 0 put

1T 1/q
ol = (7.3 huell)

Assume |||z||| < C|z| for every x in IR™ and some constant C'. Then

1 2
TVa foquﬁ,

Io1 < CpaCkl-{ Tupvs 2 58

where C(p, q) = (C(q)) 7 Cy(p) with

{1 foquﬁ, 1 for p =1,

Clo) = Co forq<ﬁ, Cl(p):{@/p)l/p forp <1

and ¢y < 2 is the same number as in Lemma 2.1.1.

The following two corollaries follow immediately from the statement of
the theorem; the second one, by sending ¢ to zero.

Corollary 2.3.2. Under the condition of Theorem 2.3.1,
(i) ifp=1,0 < ¢ < oo then

TYe  for q > 2,

|z|| < C(g)C|z| - { T2 forg <2 for all z € IR",

(ii)) if 0 <p<1,q=2, ie if

L 1/2
llll = (33 tuel?) - <€ Lo,
=1

then ||z|| < Cy(p)CTz|z| for all x € R™.

Corollary 2.3.3. Let uy,...,ur be orthogonal operators on IR" and let || - ||
be a norm on IR" then

. 1T
|z|| < VT <r£1€a[>)<z:1_[1 Husz> |z], for all x € IR".

9



Proof of Theorem 2.3.1: Let 25 € S ! be a vector such that

loll = b = max ]

and set z; = u; 'xo. By Corollary 2.1.2 there is a y € S™!, such that

” T-1/4 for q% > 2,
(% > \<y,xi>\q2”p> > T ol sgfR <2,
- p=2

¢’ T~YPt1/2 for q% < 1.

Hence, using Lemma 2.2.1,

1T 1/q
cbl = ¢ 2 (33 tuo)
=1
e 2 p 1/q
> (€ 3 )

- 1/q
= )0 (3 Sl )

_ ez [ T for ¢ > &
> (Ci(p)) 1b(C(Q)) L { T-1/p+1/2  for q< Lp
—p )
which implies the theorem. O
2.4. Some of the results above have what seems to be an interesting

geometric interpretation.
Fix a set of points {z;}, 1 < i < T, on the Euclidean sphere S™1, let
b > 1 and define the family of seminorms

pi(x) =b|{z;,x)|, 1<i<T.
Choose ¢; = £1 such that the Euclidean norm of

T
z = Z Ei;
=3

is maximal. Denote A = |z| and let y = z/\ € S"L.

10



Lemma 2.4.1.
(i)
VT <\ <T,
A = /T if and only if the points {z;} are mutually orthogonal and
A =T if and only if x; = +x, for every i.

(ii)
T
(y,eiz;) > 1/X\ for every i and sz(y) = DA\
i=1
(iii)

< pily) <b, foralli.

> o

Proof: (i) Since
2

B =T

T
Z E;X;
i=1
we get the lower bound. The upper bound is obvious.

(ii) By the maximality of z, (z — g;x;,€;x4;) > 0. Hence (z,&;2;) > 1 for
every 7. Clearly,

|Z > Aveai::tl

T T

Z:pz'(y) = b2<y>5i$i> = b(y,z) = bA.

(iii) follows from (ii) and the definitions. O

The following claim gives some information concerning the behavior of
family of projective caps on the Euclidean sphere.

Claim 2.4.2. Denote

Ai(t) = (t5"1) N e | pule) 2 1)

and
Then

11



(i) the projective caps A; (A\/b), 1 <i < T, have a common point
(ii) for b > 1 at least
. bA—T
T b—-1
of the projective caps A; have a common point.

Proof: Lemma 2.4.1(iii) implies that 2y € A;(A/b) for all 1 <i < T. Let
k =1|{i | pi(y) > 1}|. Then, by Lemma 2.4.1(ii) and (iii),

T
bA =) pily) < T —k+ bk,

from which (ii) follows easily. O

Remark. The case T' = 2 is easier. One may directly check that A;(v/2/b)N
Aa(v/2/b) # 0. We leave this easy exercise to the reader.

Corollary 2.4.3. Let || - ||1,...,| - ||r be norms on IR™. Then
[E4IB [ s
maxc (ol - ol .- o) > max .

Proof: Without loss of generality we may assume that

for all i < T. Let z; € S"!, for + < T, be such that ||z;]|; = 1. By Claim
2.4.2 there exist an € N A;(A). Note that x € A;(\) implies that ||z|; > 1,
S0

T
max ([ylls - - lyllr) = T (l2fl:/A) = A7
i=1
Lemma 2.4.1(i) now gives the result. O

For T > 3 we have a better result.

12



Proposition 2.4.4. Let || - ||1,...,|| - ||[r be norms on IR". Then

-7
ma (Jols - ol - fele) > (coy/min{Zon}) " ma ol ... mae o]
Proof: Let z; € S ! be such that

lzilli = bi = max [l]};.

Let k be the dimension of the span of the z;’s which, we assume without loss
of generality, is JR*. Then

ap TLlw )l = exp (ysup i (I 1t1)

yesn—1,_4 eSk-1 i=1

IV
D
i
o}
R
e
m
ol
L
™
g
<
=
~
oW
=
=
~_

G

where the last inequality follows from (2.1) and ¢q is the same constant as in
Lemma 2.1.1. The fact, already used above, that b;|(y, z;)| < ||ly||; concludes
the proof. O

Remarks. (i) It should be clear from the discussion above that the extreme
case in Corollary 2.4.3 and Proposition 2.4.4 is attained for the seminorms
Il |l: = [{xs,-)]. The optimal constant in the right hand side of the inequality
of Proposition 2.4.4 is thus C% where

T 1T
Cr=  min max (H |{x;, x>|> :
i=1

Z1,.@p ST zesn—1

Taking x4, ...,z to be orthogonal, if T" < n, and an appropriate repitition of
an orthogonal basis, if T' > n, and using the inequality betweed the geometric

13



and arithmetic means, one gets easily that Cr < 2min{T,n}~/2 i.e., the
constant in Proposition 2.4.4 is optimal except for the choice of the absolute
constant cy. As one of the referees pointed out it may be of interest to
determine the actual value of Cr.

(ii) A related question is the following: Given 7" and b find the configuration
of T projective caps, A; = {x € S*™1; b|{x;, z)| > 1}, with centers x; € S"7!,
for which the measure of their intersection is minimal. We remark that it is
not hard to see that even for T' << n the extremal situation is not when the
x; are orthogonal. We may even have projective caps {A;}1_; with orthogonal
centers with non empty intersection but such that N’ u;(A;) = 0 for some
orthogonal transformations u;, ¢ = 1,...,7T. The analogous question for
(non-projective) caps was solved by Gromov [G] for 7' < n. For the best of
our knowledge the case T' > n is still open.

(iii) Let || - || be a norm on IR™ satisfying (1.1) then, specializing to the two
norms || - || and || - ||*, we have the following curious inequalities,

L1

ab 2 max ||z|[|z]|" = Fab.
The formal use of Corollary 2.4.3 gives 1/4 in the right side. However the case
of two norms (i.e. 7' = 2) is simpler and stronger as we noted in the Remark
after Claim 2.4.2. We may use v/2 (instead of T = 2) twice in the right
side of the displayed inequality of Corollary 2.4.3 which gives a factor of 1/2.
Simple examples show that 1/2 can not be improved even in two-dimensional
(n = 2) case.

3. g-averages of norms.

In this section we consider averages of norms under unitary rotations.
The expression in Theorem 2.3.1 is a typical one.

We will study a normed spaces equipped, in addition, with an Euclidean
norm, i.e. the spaces X = (IR",||-],|-|), where || - || is a norm and |- | is some
fixed Euclidean norm on [R™ which, without loss of generality, we assume is
the canonical one. The parameter M, = M,(X) below was introduced at the
beginning of the Introduction. Throughout this section, as before, we denote

b=|lId: (R",|-[) — (B" [ - Il = max|l,
i.e. the best possible constant in the inequality x| < b|z|, z € IR™.

14



Statement 3.1. For 1 < ¢ < n and any normed space X = (IR™,|| - ||)

b b
max{Ml,cl \/\/_6} < M, < max{2]\/[1,cg \/\/_a},
n n

where ¢y, ¢y are some absolute constants. Moreover,

Proof: By the usual concentration inequalities ([MS2])

v({zes s |llall - My| > t}) < 2exp (—ct’n/b?).

So,
/ 1 | z|| = My|*dv(x) < 2q/ t7 ! exp (—cth/b2)dt =
S 0

() etz ().

where C' is an absolute constant. Thus
N
Mg =My < || [lz]l = My |, < C\/ﬁ,
which gives the right hand side inequality.
To prove the left hand side inequality, notice that the unit ball K of X

is contained in a symmetric strip of width 1/b. Indeed let 2y € S™"~! be such
that |||l = b then K C {y| |(y, xo)| < 1/b}. It follows that for every ¢ > 0

tK C{y; [{y,wo)| < t/b}

and
{x e S" 1 |lz|| > t} DS = {y e S" 1 Hy, o) > t/b}.
So,
’ v({zesm; flall > t}) > v(S).

We shall show below that v (S) > ¢y/n{ exp (—cnt®/b?), for t < b/3 and
some absolute constant ¢. Thus, for every t € (b//n,b/3),

M, >t (1/ ({x e s s |z > t}>>1/q > ctexp <_q6;t2>.

15



Choosing t = 5% we get the result.

It remains to prove that v (S) > cy/n ¢ exp (—ent®/b?) for t < b/3. Let

/2
I, = / cos™ 0d#,

—7/2

then 1 < I,,,/n < /7/2 (see, e.g. ch. 2 of [MS2]) and

2 /2
v(S) = 7 / cos™2 06,

for € = arcsin (¢/b). Hence,

\/ (n = / cos" 2 0df > (g1 — €) (n —2) cos" 2 g

for some 1 € (g,7/2).
So, if t < b/3, we can chose ; = arcsin (2¢/b) and obtain

v(S) > c\/bﬁt exp (—cntQ/bQ)

for some absolute constant ¢ and n > 3. O

Remarks. 1. Obviously M, < b. It follows that if b is of order of magnitude
larger than M, then M, is of the same order as b if and only if ¢ is larger
than a constant times n.

2. It follows from a recent results of [La] that for every 0 < ¢ < 1 and every
normed space X we have cM; < M, < M;.

Let ¢ > 0 and let T" be a positive integer. Denote

1T 1/q
Bur= B (33 lal)
=1

where E is the expectation with respect to the product measure on (S”_l)T.

16



Lemma 3.2. Let 1 < ¢ < n and o = 1/ max{q,2}. There is an absolute
constant C' such that for any normed space X = (IR",|| - ||, |- |)

N
0<M,—E,r <C :
- ot = /nTe
In particular, there exists some absolute constant Cy such that, if T* > Cj,
then
E,vr < M, < 4/3E,.

|7 1/q L /T 1/2
aninq) <L (anm)
(T =1 T =1

we get from concentration inequalities for (S"1)" (cf. [MS2], 6.5.2) that

1T 1/q
Prob ( ( Z ||:v,||q> —E,r
Ti=

for some absolute constant c¢. Following the first part of the previous proof

we get
1T 1/q
(FXlelr) - Eur
i=1

Thus, for 1 < g <n,

Proof: Since

>t) < 2exp (—ctznTza/bQ)

Vab
< .
<O te

Lq

1/q 1/q
1 & 1 & Vab
Fyr = ( ||xi||q) < M, = ( ||as@-||q) < Brro Y2
By (3.1)
b
Mq Z Clﬂ.
Vn
So, if
b/ Vb
A Yo At
Vo JnTe
then \/_b
q
E. ;> 3C
o= nTe
ie. if T¢ Z CQ then Eq,T S Mq S 4/3Eq,T- O
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Proposition 3.3. Let X = (R", || - [|,[ - |) and let ¢ > 1. For every e € (0, 1)

there exists a constant C., depending on € only, such that if T* > C. & i

with o = 1/ max {q, 2}, then there exist orthogonal operators uy, ..., ur such
that

1/q
1 T
B 0-9Fld < (7 ") <0 Byae
i=1
for all x € R™ and E,r < M, < 4/3 E, 7. Moreover, one can take

ln(3/5)'

3

C.=c

Proof: Let § = ¢/3 and let N be a d-net in S"~!. By Lemma 2.6 of [MS2], N/
can be chosen with |N| < (%) . Using again the concentration inequalities

on (S™ 1" (IMS2], 6.5.2) we get, for the normalized Haar measure Pr on
(O(n))", that

1T 1/q
(| (FX o) - E
=1

for all x € S*!. Hence, if

> (5Eq7T) < ¢ exp (—c & E;TnTQO‘/bQ)

In(1/8) v

T > ¢ —
2
62 E;r

then, with positive probability {u,...,ur} satisfy

1/q
(1-8)E,r < ( ZHuszq) <(1+9)E

for all z in M. A standard successive approximation argument gives (3.1) for
all z € S"1 as long as

In(3/¢)

T > ¢ )
g Eq,T
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Take

In(3/e
C. :max{2c(/),00},

€

where Cj is the constant from Lemma 3.2. By this lemma if 7% > C.b/M,
then M, < 4/3 E, 1 and hence

c. b ZC,/ln(?s/s) b

ﬁq 3 Eq,T ’

Thus if T > C.b/M, we get the result. O

Remark. The case ¢ = 1 is implicitly contained in ([BLM]). The proba-
bilistic estimates there are obtained in a different form (using the fact that
one can estimate the ¥s-norm of sums of independent random variables in
term of the ¥9-norms of the individual variables). A similar proof can also be
used here. One needs to use a generalization, due to Schmuckenschlager ([S]),
of the fact concerning ¥»-norm above to the setting of general ¥s-norms.

We turn now to the study of k£(X) and ¢,(X), which we introduced in the
Introduction.

It was proved in [MS1] that for every n-dimensional normed space X the
product k(X) - t;(X) is of order n, or, in other words, t1(X) ~ n/k(X) ~
(b/M;)*. We will study now the relation between ¢;(X) and t,(X) for any
q > 1. This will provide a similar asymptotic formula (in n) for ¢,(X).

Theorem 3.4. There are absolute constants ci, ¢y such that for every
normed space X = (IR™, || - )

(i) if ¢ > 2 then
M 2 2
c1 - t(X) - (Ml> < t21(X) < ey ti(X) - () :
(ii) if 1 < q <2 then

(X)) < 1,(X) < e ti(X).
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Proof: By Corollary 2.3.2 we have for every ¢ > 0 that

b S
0= )

{1 for g > 1,
A=
co forg<1

where

and s =max{2, ¢}.

Since ¢1(X) ~ (b/M;)* we get the left side inequality.

Proposition 3.3 and Lemma 3.2 imply that, if T > CMiq, with a =

1/ max {¢,2} and C' = (3 an absolute constant, then there exist orthogonal
operators uq, ..., ur such that

1 2 1 & Va
3lel < 3 Eurlel < (3 X lhwel?) < 4/3 Byrlel < 20l
=1

for all x € IR". Hence we get that, for ¢ <1,

b
(X)) <C—.
() <0qp

Thus

4. oo-averages (intersection of rotated bodies).

Let || - || be a norm and K be the unit ball of this norm. Let ¢ > 0 and,
given orthogonal operators uyq, ..., ur, denote

1T 1/q
felir = (2 bsel)  ond il = gl

To avoid cumbersome notation, we ignore, in this notation, the concrete
choice of the operators {u;}, which of course influence the resulted norms.
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We shall be mostly interested in the dependence of the quantities above on
T. Let K,r denote the unit ball of || - ||,r. Of course,

T
KooT = ﬂ Uz_lK
i=1
and, for ¢ > InT, Koor C Kyr C eKor.
The question we would like to study is: Given r with M;' > r > b1,
how many orthogonal operators we need in order to have

KorCcrD?

More precisely, what is a correct order of the minimal number T (r) such
that there exist 7' = T (r) orthogonal operators such that

KooT crD?

In the following theorem M denotes the median of the function || - || on
the sphere S"~!. A similar statement with almost identical proof holds when
M denotes the average of || - || (in which case M = M).

Theorem 4.1. There are absolute constants c¢i, C1, co, Cy such that if
b>1/r > M then

n(1—rM)° 2
Chexp (2(104))2]\4)) < T (r) < Con®?log (1 +n) (1 - (;})2) :

In particular, if 8 > 1/r > 2M (say) and 2 > (/182 then

n ’

o () <70 <o ().

Moreover, for

T —

Cyn®/?1 Ly
on?log (1+n l——=
s )< <rb>> ]

(or T = exp ((%g) in the case ¢ > 1/r > 2M and i > \/loi"), a random

choice uy, ..., ur satisfies, with high probability, K. C rD.
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Proof: Let zgp € S"~! be such that ||2o| = b and let € [0, 5] be such that
cos = . For z € S" ! and ¢ € [0, 2] denote by S(z,¢) the cap

S(we)={yes " plyx)<ecp={yesS"; (ya) > cose},

where p is the geodesic distance on S™1.
For (3 to be chosen later, choose § = (36-net, N, on the sphere S"~! (with
3

respect to the geodesic distance p) satisfying |[N| < (ﬁ)n(cf. Lemma 2.6

of [MS2]). Tf, for some set {x;},_, of points on the sphere, the union of the
caps S (5,6 — §) covers N, then the union of the caps {S (z;,6)},_, covers
S™=1. In this case for any orthogonal operators u; with x; = u;zo we have

1
max |lu; x| > bcosh = -
1<i<T r
for any z € S" !, ie. Koor CrD.

Let Pr be the normalized Haar measure on (O(n))". Then

Pr (%e]\/; v ¢ LTJS(ui:L’O,G—(S)> < Y Pr (mgsmixo,e—a))

i=1 zeN
IN|(Pr (z ¢S (uz0,60 —6)))"
= N1 = v (S (20,0 —6)))"

< exp (nln <2§> —Tv (S (x9,0 — 5))) .

So if

then there are u; such that

max [lu; ]| >~
1<i<T

<

for all x € S™!. To estimate B note that as we saw in the proof of State-
ment 3.1
2(n — 2)

™

(e —&1)sin™ ¢y,

v (S (zg,e)) >

22



for any 0 < ¢; < €. Therefore

A = v(S (0,0 —0))

> 2(7:2) ((60 — 36) — (0 — 30 — af)) sin" 2 (0 — 30 — ab)

as long as a+ 8 < 1. Set a = 3 = ﬁ then, since sinyf > ~ sinf for
7€ (0,1) and 6 € [0, 5],

_ n—2
2n=2) (n—2) (1 1) A sin” 2.

- T n 2n

Hence,

26

5 n In (3—”> - n (ln (g—g) +1In (2n)) - cn3/2 l.n (}—i—n)
A A 62 sin"? ¢

Since 0 > 1 — cos? 6 for § € [0, 5], we have

cn®? In (1 +n)
(1 — cos? §)™/*

B<

and we get that, for

—n/2
T = |Con®?log (1 4 n) (1_0’19)2) ]

with an absolute constant C5, there are orthogonal operators uy, ..., ur such

that Koor C rD.
To prove the lower bound let us point out that if

T
ﬂuiK crD

i=1
then, for S; = {x € S ' ; ro ¢ int u;K}, where int K is the interior of K,
I S; covers S So, if A:=v(S;) = v (S) for

S = {x e Sy |x|| > i}
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then T-A>1, ie. T > %.

Denote a = ﬁ —1,ie r= m Recall the concentration inequality
(see, for example, ch. 2 of [MS2]. See also Proposition V.4 in the same book
for a similar inequality when M denotes the average):

v({z; ||z|]| > M +be}) < \/Z exp (_8271 ; 2)

for any € > 0. Take ¢ = %, then, since be = % - M,

T M?*a* n—2 T n—2(1-rM)?
A< =exp|—5—— | = /- exp|— .
8 » o2 8 2 (rb)®

Hence

which proves the theorem. a

Remarks. 1. Let K be a strip {z ; |z;| < 1} (or a bounded approximation
of the strip). Then M/b ~ 1/y/n and we need at least n rotations to get a
bounded K. This shows that a condition ensuring that M /b is of order of
magnitude larger than 1/y/n is necessary. In fact a more careful examination
shows that M /b > cﬁ is the right condition.

2. It may be instructive to notice that, for any (fixed) C' > 2, the in-
equality in the “In particular” part of the theorem for r in the interval
[(CM;)~, (2M7)7Y] can be written as

(TM)_Clk(X) <T(r) < (TM)_CQI“(X).

The left hand side inequality continues to hold also for r close (but smaller
than) M~!. More precisely, for 1/r = (1 + )M one has

Ciexp (CQQk(X)) <T(r)

for C; being the constant from Theorem 4.1 and some absolute constant c.

Note that in contrast to the exponential behavior of T'(r) above, if 1/r =
(1—-0)M,0<6 <1, then



This easily follows from the main result of [BLM] (see also [S]) together with
the fact that

1 T
o> E -1
IISIIZ%),%HU’L z|| > T & [|u; |-

5. Averages of quasi-norms.

We explained the notion of p-norms in section 2. The results of section 2
can be applied to the case of p-norms in a similar manner as they were applied
for norms. However, the use of the p-triangle inequality, leads sometimes to
gaps between the upper and the lower estimates. We still get some interesting
versions of the convex case. As the proofs are quite similar to the respective
ones in the convex case, we do not repeat them here. The real difference
between the proofs here and those in the convex case is the use of the non-
linear separation result, Lemma 2.2.1, in the proof of Theorem 2.3.1 and
through it in Corollary 5.4 below.

Claim 5.1. Let 1 < ¢ < n and let X = (IR",|| -||) be a p-normed space.
Then

1/p—1/2 b
maX{Ml,clb(q> } < M, < max{2M1,CQ \/6},
n \/ﬁ

and

b
Eq,T < Mq < maX{QEq,Ta f/_\q/ﬂa}’
T

where a = 1/ max {q, 2} and ¢, ¢, co depend on p only.

Let us point out, that using ideas of [La] one can get that for every
1> ¢ > 0 and every p-normed space X

CMl < Mq < Mla
where ¢ depends on p but not on ¢ ([L1], chapter 5). In [La] this is proved

in the normed case.
Note also that if || - || is p-norm then for every integer T’

1T 1/q
ol = (3 sl

25



is s-norm for s = min {p, ¢}. For s-norm it is more convenient to use concen-

tration inequalities not for the function |lz|,7 but for the function |[z[5.
Thus if we define

Lz = (B leljr) "

where E is the expectation with respect to the product measure on (O(n))”,
which is equivalent to £, r by Latata’s theorem, then repeating the proof of
Proposition 3.3 we obtain

Proposition 5.2. Let ¢ >0,1>p >0 and X = (IR",|| - ||) be a p-normed
space. For 1 > ¢ > 0 denote

1/s 2
C. = <C> log —,
se \ €

where s = min {p,¢}. If T* > C. > with o = 1/ max{q,2} then there are
q
orthogonal operators uy, ..., ur such that

1/q
1 T
(I —¢e)Lgrlz| < (TZ ||uv:fv||q> < (1+¢e)Lyrlz|
=1

for all x € IR™.

These statements allow us to extend the results of [MS1] and of the pre-
vious section concerning the relation between k(X), t;1(X), and ¢,(X) in the
following way.

Corollary 5.3. Let ¢ > 0. Let X = (IR",| - ||) be a p-normed space for
some p € (0,1]. Denote s = min {p, ¢} then there exists an absolute constant

¢, such that for q > 2
c qa/p b \?
X)< | = —
wo= () (i)

A b\
t,(X) < |- — | .
olX) < (s) (]\/[q>
As we noted after Claim 5.1 in the second case, ¢ < 2, the term (b/M,)* can
be estimated by c, (b/M,)?, where ¢, is a constant depending on p only.

and for 0 < ¢ <2

The proof of this fact is analogous to the proof of Theorem 3.4.
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The following fact is a corollary of Theorem 2.3.1. Recall that, for the
p-convex part of Theorem 2.3.1 a crucial role was played by the “non-linear”
form of Hahn-Banach theorem for p-convex sets (Lemma 2.2.1).

Corollary 5.4. Let X = (IR",||-||) be a p-normed space for some p € (0, 1].

Let ¢ > 0. Then
b B
X) >
tal )_<2AMq> ’

where

q for g > 5, 2-p
i-{ paZh ad A-C)CW)

2—p

for Cy(p) and C(q) defined in Theorem 2.3.1.

Claim 5.5. Let X = (IR™,|| - ||) be a p-normed space for some p € (0,1].
Then there exists a constant Cy(p), depending on p only, such that

Proof: The standard concentration-phenomena methods ([MS2]) on the
sphere implies the lower bound. This fact was already used by S.J. Dilworth
in [D].

Using the same scheme as in the proof of Theorem 2.2.b of [MS1] and
p-convexity of || - || we get that

o\ /P12
< N
il <e(zss) W

for all x € IR"™. That proves the upper bound. O

We conclude this section with a variant of Theorem 4.1 for p-norms.
Proposition 5.6. Let X = (IR",[| - ||) be a p-normed space for some p €
(0,1]. There are absolute constants Cy, Cy such that if b > 1/r > M then

n(1—(rM)")’ 2p \ ~"/2
Ciexp <2w> < T (r) < Cyn*?log (1 +n) (1 — (cprb)_Q—P> :
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where ¢, = (p/2)"/?. In particular, if ¢,b/2 > 1/r > 2M (say) and £ >
2—p

(%) " then there are constants Cps Cp

depending on p only, such that

exp (c;,n (rb)_2p> <T(r)<exp (cgn (rb)_;pp)

Proof: The proof of this proposition essentially repeats the proof of Theo-
rem 4.1. To prove the upper bound we only need to substitute the inclusion

1 1
n—1 . > - n—1 . >}
{IEES ) ||l‘||_r}3{l‘€8 ] |<$7x0>|—rb

with the inclusion

n—1 1} n—1 1 ﬁ
: > — : > ——
{xES el 2~} 2 e s (a0 2 o ,

which follows from Lemma 2.2.1. In other words, in the proof of Theorem 4.1
one should chose 6 € [0, Z] such that cosf = ( L )ﬁ

) cprb
To prove the lower bound we have to apply concentration inequalities to
the function || - [|P. O

6. Averages of quasi-convex bodies in M-position.

Recall that for any subsets K7, K5 of IR™ the covering number N (K7, Ks)
is the smallest number N such that there are N points ¥, ..., yny in IR™ such
that

N
Ky i+ Ky).
i=1

Define the volume radius r of a star-body K by the formula |K| = |rD|,
where |K| denotes the n-dimensional volume of K.

Let C, (for p € (0,1]) be the constant from J. Bastero, J. Bernués, and
A. Pena’s extension [BBP] of the second named author’s reverse Brunn-
Minkowski inequality for p-convex bodies, i.e.

c/p
2
= <p>

(see [L2] for the dependence of the constant on p). Let us recall this result.
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Theorem 6.1. Let 0 < p < 1. For all n > 1 and all symmetric p-convex
bodies Ky, Ky C IR™ there exists a linear operator U : IR" — IR" with
|det(U)| =1 and

UK + K|V < Co(| K[V + [ Ko

In terms of covering numbers this theorem can be formulated in the fol-
lowing way.

Theorem 6.1'. For every symmetric p-convex body K in IR™ with volume
radius r there exists a linear operator U : IR" — IR™ with |det(U)| = 1 such
that

exp (n (C'p/t)p/Z) fort > C,,
max {N(UK,trD), N(rD,tUK)} <{ exp (nln (31/pCp/t)> for1 <t < Cp,
Cy fort = 1.

If the operator U in Theorem 6.1’ can be taken to be the identity operator
then we say that the body K is in M-position.

Remark. If the bodies K, K>, ..., K; are in M-position then, as in the
convex case ([P], pp. 120-121),

Ky Ko+ o+ K7 < G- P (R [RGB

The following theorem has been recently proved in [MS1].

Theorem 6.2. Let || - || be a norm on IR" and assume that its unit ball
K is in M-position. Assume further that for some T orthogonal operators
U1, ..., ur and for some constant C,

1 T
ol < 23 el < Clal
=1

for all x € IR™. Then there are an orthogonal operator u and a constant C',
depending on T' and C' only, such that for some R
Rlz[ < |lz| + |luz]] < CyR[x|

for all x € IR™.

By duality this theorem is equivalent to the following statement.
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Theorem 6.2'. Let a symmetric convex body K be in M-position. Assume
that for some T' orthogonal operators uy, ..., ur and for some constant C,

1 T
i=1

Then there exist an orthogonal operator u and a constant C', depending on
T and C only, such that for some R

RD ¢ K+uK < C1RD.

In this section we shall extend both theorems to the quasi-convex case.
Because duality arguments can not be applied in the non-convex case these
two theorems become different statements.

Lemma 6.3. Let ¢ > 0 and B > 0. Let K be a star body such that for any

t>B
N(K,tD) < exp (n <§>q>

Then there exists an orthogonal operator u such that

KNuK CC™aBD.

Remark. An immediate corollary is that if a p-convex body K is in M-
position then there exists an orthogonal operator u such that for all x € IR"™

rC(p) "

el + luzlx =

where r is the volume radius of K. Here and everywhere in this section we
denote a function of the type (2/p)¢/? by C(p). The absolute constant ¢ may
be different in different places. Therefore the product of two functions of
that type is again a function denoted by C(p).

Proof of Lemma 6.3: Let the constant C satisfy

B q
~ (=) <1
« (%)<



By the definition of covering numbers for N = [e®"], there exist {z;}} such
that

N
K C U(ZEZ + C()D)

i=1
Consider the normalized rotation invariant measure on the sphere R Cy S™ 1,
where R > 0 will be specified later. Since the measure of the intersection

(z; +4CoD) (R Co 5™

A \/ZeXp (_7# (1 —4/;%)2 (n — 2))

for any z; ([MS2], ch. 2), we obtain that if N4 < 1 then there exists an
orthogonal operator, u, such that

does not exceed

for any ¢ and 7. But the union of (uz; + CyD) covers

u (K RCyS") = u(K)(\RCoS"".

Therefore
KOuwEK)RC,S" " = 0.
Take N 4
q
then N2A < 1 and RCj < 4e5l/q%B. This completes the proof. O

Lemma 6.4. Let B > 0. Let K;, i =1, ..., T, be symmetric p-convex bodies
such that |K;| = |D| and for any t > B

N(D, tK;) < exp <n (f)q>

for all1 < ¢ <T. Then

1/n

> f(T)- D',

fALs
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where .
F(T) = (c-B-2". AY9)

PR PR RS -

In particular, if all the K;’s are in M-position then

4 2/p\ ~!
f(T) = (C(p)'ZT/p-min {T, 1} )

—-Pp

for

This lemma easily follows from the following claim.

Claim 6.5. Under the assumptions of Lemma 6.4
B\¢
N(D,t2™/» () K:) < exp (n (t) A).
Proof: Let two star-bodies B; and By satisfy

N
B1 C U([EZ + Bg)

=1

Then it is not hard to see that there are points y; in B; such that

(6.1) B, C L]j (yi + (B2 — By)) .

=1
Indeed,
N
B, C U ((JTZ + BQ) m Bl)
=1

and if
Zi € Bl m(.iljz =+ Bg)
then
Bl ﬂ(ZL‘Z + Bg) C %z + (B2 - Bg) .
Analogously,
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for any x € B;. Hence, using p-convexity and the assumptions of the claim,
we get from (6.1) that, for Ny = N(D, ¢, K;) and for z; € D,

D U((mtn27K)AD) ¢ U nt (n2/ 5 0)2D)).
=1 =1

For Ny = N(D,t,K>) and for y; € 2D N, 2Y/? K, we get by (6.1) and (6.2),
that

1=1

N N.
D C U (I’z—l— (2Dﬂt121/pK1ﬂLj (yj+221/pt2K2>)) C
j=1

N1Na

c U (z+(4DN0 2" K162 22'7 K))
=1

for z; = x; + y. Continuing in this way we get
Ni..Np
Dc U (u+ (@ DO62" K Nt22" VP Ky 2" 27 Kr)),
i=1

for some v;’s, where

N, = N(D,t; K) < exp <n (f)q>

Setting
t, = t.90-D(1+1/p)

we obtain that

T
N(D,t2"" N K;) < [[ N(D,t:;K;) <

=1

B\? T ) B\ ¢
< exp <n <t> ;2_‘1(1_1)(_”1“’)) < exp <n (t) A).
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Lemma 6.6. Let K;, i« = 1,...,T, be symmetric p-convex bodies in M-
position. Let || - ||; denote the gauge of K;. Assume that for any x € IR"

2] < max||z[;.
T
Then there exist a number k € {1,...,T} and an orthogonal operator u such

that
f(T)
C(p)
where f(T) was defined in Lemma 6.4.

Proof: Since |z| < max;<7 ||z]|;,
ﬂKz cD.

Let rq, ..., rr denote the volume radii of K1, ..., K7 and

] <l + [Julx,

Ty = minr;.
i<T
Then by Lemma 6.4
N K LINK"" 1
77<‘ - —— < —.
0= S =5, opm = 7

Hence by Lemma 6.3, there exists an orthogonal operator such that
] |z

rC(p) = f(T)C(p)

2/l + fJuzlx =
O
Now we are ready to extend Theorem 6.2 to the quasi-convex case.

Theorem 6.7. Let || - || be a p-norm on IR" and assume that its unit ball
K is in M-position. Assume further that for some T orthogonal operators
U1, ..., ur and for some constant C,

1 1/p
ol < llelll = (7 IuaalP) < Clo
for all x € IR™. Then there exists an orthogonal operator u such that
f(T)

z| < |lz|| + |lux §2Tl/pCa:.
C@ﬂl 2| + [Juz]] ||

This theorem is a direct consequence of the previous lemma. To extend
Theorem 6.2" we need the following two lemmas.
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Lemma 6.8. Let B > 0. Let K be a symmetric p-convex body such that

for anyt > B
B q
N(rD,tK) < exp (n (t) ) ,

where r is the volume radius of K. Then there exists an orthogonal operator

w such that

C(p)-B- cl/a

D cC (K +uK).

The proof of this lemma is almost identical to the proof of Theorem 2’ of
[LMP]. Note also that if the body K is in M-position then B - c/? = C(p)
and C(p) - B - c¢'/? can be replaced by C(p).

Lemma 6.9. Let K;, i« = 1,...,T, be symmetric p-convex bodies in M-
position. Assume that for some constant C' > 0
1

1 T
Dc—=>» K,CD.
cPer2tic

Then there exist a number k € {1,..., T} and an orthogonal operator u such
that
D c CCp)TY? (K + uky) .

Proof: Let rq,...,rr denote volume radii of Ky, ..., K7 and

T = IMaxr; .
k i i

By the assumption of the lemma and the remark after Theorem 6.1’ we have

1/n
12T KT T,
< < COp) TP ==L < O(p) TP, .
- = D < Cp) 7 S C@)T7n,

Therefore, by Lemma 6.8, we get
Clp)

Tk

DcC (K + uky) € CC(p) TP (Ky, + uky)

for some orthogonal operator u. O

This lemma gives us the following extension of Theorem 6.2’
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Theorem 6.10. Let a symmetric convex body K be in M-position. Assume
that for some T' orthogonal operators uy, ..., ur and for some constant C,

1 T
i=1

Then there exists an orthogonal operator u such that

1
C C(p> T—14+2/p

DCK+uK C2TD.
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