Minimal dispersion on the sphere
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Abstract

The minimal spherical cap dispersion disp(n, d) is the largest number ¢ € (0, 1]
such that, for every n points on the d-dimensional Euclidean unit sphere S%, there
exists a spherical cap with normalized area € not containing any of these points. We
study the behavior of disp;(n, d) as n and d grow to infinity. We develop connections
to the problems of sphere covering and approximation of the Fuclidean unit ball
by inscribed polytopes. Existing and new results are presented in a unified way.
Upper bounds on dispg(n,d) result from choosing the points independently and
uniformly at random and possibly adding some well-separated points to close large

gaps. Moreover, we study dispersion with respect to intersections of caps.
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1 Introduction and results

Given a point set P = {z1,...,x,} on the d-dimensional Euclidean unit sphere

S? ¢ R where d > 1, define its spherical cap dispersion by

dispe(P) := sup{o(C): C N {x1,...,z,} = 0},
ceC
where C denotes the family of spherical caps of S? and o is the normalized Lebesgue
measure on S% which we also call the spherical measure. We define the minimal
spherical cap dispersion by

dispe(n,d) :=  inf  dispe({z1,...,2n}). (1.1)

Z1,...,Tn €SY
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We are interested in the asymptotic behavior of dispy(n,d) as n and d grow to
infinity.

In the case of the unit cube [0, 1]d equipped with the Lebesgue measure and the
family of axis-parallel boxes, the minimal dispersion was introduced in the context
of uniform distribution theory by Hlawka [40] and Niederreiter [50]. We refer to
[2, 15, 45, 46, 62, 63] and references therein for history and recent progress.

In the case of S, the minimal dispersion has been studied for spherical slices
(intersections of half-spheres) by Rote and Tichy [56] and subsequently by Prochno

and Rudolf [51] for intersections of two spherical caps, that is for the family
L= {01 NCy: C1,Cs € C},

which we refer to as spherical lenses. The corresponding notion of minimal lens
dispersion is then given by
dispy(n,d) := inf  sup{o(A): AN{x1,...,z,} = 0}. (1.2)
Z1,..,2n €S Acl
The study of spherical dispersion is motivated by a question of Erdés [25, p. 54]
who asked for a lower bound on the minimal spherical cap discrepancy

D(n,d):= inf sup Wiz zi € C}
z1,...,2n€S4 CeC n

a(C)],
where the supremum is taken over the system of spherical caps C (see Bliimlinger
[10] for the spherical slice discrepancy). A lower bound for D(n,d) was given by
Schmidt [58] and improved by Beck [6], who had provided an almost matching upper
bound in [5]. It is a well-known open problem to determine the asymptotic behavior
of D(n,d) as n — oo for d > 2. Clearly, D(n,d) > dispg(n,d) and, as we present
below, the behavior of disp(n, d) is better understood than that of D(n,d). At the
end of the introduction we will comment on disp,(n, d).

Recall that a family C of spherical caps coincides with the family of geodesic
balls

B(z,¢) ={y €S o(z,y) < ¢}, weShpe(0,7],

where o(z,y) = arccos({x,y)) denotes the geodesic distance. Note that the disper-
sion remains unchanged whether we consider open or closed caps, and we work with
the latter. We start with the observation that the minimal spherical cap dispersion
is related to covering the sphere by caps. Define the minimal spherical covering

density of the sphere by

dens(n, d) := inf { ZU(B(mi,cp)): U B(zi, o) =S4 21,...,0,€S% 0 € (0,77]}
i=1

=1

and the minimal geodesic covering radius by

©(n) := inf {(p >0: 3xq,..., 2, € S? with U Bz, @) = Sd}.
i=1



These two parameters have been intensively studied, see the books and surveys
[3, 11, 20, 27, 29, 30, 55]. We summarize the relations between them and dispersion

in the following lemma, which will be proved in Section 2.2.

Lemma 1.1. Let d,n be positive integers. Then
n - dispe(n,d) = dens(n,d) =n - V(e(n)), (1.3)

where V(p) = o(B(z,¢)) denotes the normalized volume of a cap with geodesic

radius ¢ € [0, 7] centered at x € S,

In the following, we derive statements about behavior of the spherical cap dis-
persion. It is easy to see that dispg(n,d) > L1 (which also follows from dens(n, d) > 1
and (1.3)). When n < d + 1 the affine hull of n points spans an affine subspace of
R with dimension at most d. Moreover, any cap of area at least % intersects a

given pair of antipodal points. Therefore we have
1
dispe(1,d) =1 and dispe(2,d) = --- = dispe(d + 1,d) = 3 (1.4)

For d +2 < n < 2d + 2 optimizers are expected to be regular structures, see [12,
Conjecture 1.3] and [11, Chapter 6]. More precisely, forn =d+1+k, 1 <k < d+1,
split R into an orthogonal sum of k subspaces F; of the dimensions [(d + 1)/k]
and |(d+1)/k] and in each E; take a regular simplex inscribed into the Euclidean
ball. Then take convex hull of such simplices. In particular, for n = d + 2 (so
k = 1) a regular simplex inscribed into S% gives the optimal covering with radius

p(d+2) = arccos ﬁ and for n = 2d+2 (so k = d+ 1) the cross-polytope inscribed
1

Vd+1’

to be optimal (see also [22, Problem 4]). We note also that such arrangements

into S? yields a covering with n caps of radius arccos which is conjectured
were used to prove sharpness of the lower bound on the distance between convex
polytopes with few vertices and centrally-symmetric bodies [31]. It follows from

volume bounds given in Section 2.1 (see Remark 2.3) that

1
3 dispe(d + 2,d) ~ (1.5)

1
V2rd'
where for sequences (aq)g and (bg)q of positive numbers we write ag ~ by for

limg_y oo Z—j = 1. Moreover, if n = 2d + 2, then

dispp(2d + 2,d) < ———2 e ¥/ eda as d — oo 1.6
pC( ) \/% L ( )

(see Lemma 2.4 and Remark 2.5 below).

Remark 1.2. For completeness we remark that in the case of d = 1 the sphere S!
is a one-dimensional torus and dispg(n,1) = % for every n € N. Thus, we focus
on d > 2. We refer to [2, 45, 46, 57, 64] about dispersion with respect to periodic

axis-parallel boxes on a torus of dimension d > 2.



If n is sufficiently large compared to d, then local approximation of S by R?
suggests that dens(n, d) is related to the minimal covering density of R? by equally
sized balls. The latter can be defined by

o voly(B N BY(0, R))
—inf 1
Va =iy Rféo;% vol, (B0, )

(1.7)

where the infimum is taken over any covering B = {B%(z1,1), B4(x2,1),...} of
R? by Euclidean balls of unit radius. Indeed, in the next theorem we show that
lim,,_, oo dens(n, d) = 94 (we state all our results in the equivalent notion of disper-

sion, see Lemma 1.1).

Theorem 1.3. Let d > 2. Then the minimal dispersion satisfies

lim n - dispe(n, d) = V4.

n—oo

Instead of proving Theorem 1.3 directly, we deduce it from the known asymptotic
for the best approximation of the Euclidean unit ball B! by inscribed polytopes

with n vertices in Hausdorff distance (see e.g., [59]).

The minimal covering density of R? is known to satisfy 9o = % in the case
d = 2 which is attained by the hexagonal lattice (see [43]) and, for d > 3,
4 <9, <dnd+dinlnd + 5d. (1.8)
eve

The lower bound in (1.8) is due to Coxeter-Few-Rogers [21] and the upper is due to
Rogers [53], which was improved by Fejes Téth [28] by replacing the summand 5d
with d and by Dumer [24] who obtained the bound (1/24 o(1))dInd. The constant
T4 can be written explicitly in terms of the interior angle of a d-dimensional regular

simplex.

Remark 1.4. The upper bound in (1.8) also holds for coverings by other convex
shapes, while no nontrivial lower bound for shapes other than the ball is known so
far, see Fejes Téth [35, p. 36]. We refer to [16] for recent results developments in

this direction.

It follows from Theorem 1.3 and the bounds in (1.8) that

d < lim n-dispe(n,d) < dlnd, (1.9)

n—oo

where for sequences (aq)q and (bg)g of positive numbers we write ag < by if for
some C' > 0 and all d one has ag < Cby. Note that compared to the minimal
dispersion on the cube with respect to axis-parallel boxes (see Bukh and Chao [15],
who showed cd for the lower bound and Cd? Ind for the upper bound) we have only
a logarithmic gap between the lower and upper bounds in the case of the spherical

cap dispersion.



Regarding the upper bound in (1.8), Erdds and Rogers [26] have shown that there
exists a covering of R? by unit balls such that no point is covered by more than
e(dlnd+ dInlnd+ 5d) balls. In the case of the sphere, Boroczky Jr. and Wintsche
[12] proved that for any ¢ < § there is a covering of S% by caps of geodesic radius
¢ such that no point of S¢ is covered by more than 400d1nd caps. From this one

can derive the following bound.

Proposition 1.5. Let d,n > 2. Then the minimal dispersion satisfies
n - dispe(n,d) < 400dInd.

In fact, in [12] (Remark 5.1 and the end of its proof, see also [48, Theorem 2.2])
the authors proved also that there is a covering of the sphere with the density
bounded by dInd + dInlnd + 5d (note, this is the same bound as in (1.8)). This

leads to the following estimate.

Proposition 1.6. Let d,n > 2. Then the minimal dispersion satisfies
n - dispe(n,d) < dlnd + dlnlnd + 5d.

The bound in Proposition 1.6 can be further improved as follows. Corollary 1.2

1

\/ﬁ) there is a covering of S? by at most

in [12] states that for every ¢ € (0, arccos

C’% d*?1n(1 + d cos? ) (1.10)

sin® ¢
geodesic balls of radius ¢ with density bounded by cIn(1+ d cos? ¢), where C,c > 0
are absolute constants. From this we deduce the following bound which improves

Proposition 1.6 if n is subexponential in d.

Theorem 1.7. Let d > 2. Then the minimal dispersion satisfies
. 2n
n - dispe(n,d) < Cdlnln v for n > 2d,
where C' > 1 is an absolute constant.

In particular, Theorem 1.7 shows that disp.(cd, d) can be made arbitrarily small
by choosing ¢ large enough. The same is true for the spherical cap discrepancy (see
[38, Theorem 3] which may be adapted to our situation using Lemma 5.2 below).
This is in contrast to the related problem of approximation of the Euclidean ball
B4+ by inscribed polytopes with n vertices, where n needs to grow faster than d%/?2
for the error to converge to zero, which follows from bounds provided in [4, 18, 32]
(which are essentially inequality (2.7) below).

Theorem 1.7 and Lemma 1.1 imply that V(p(n)) < C(d/n)Inln(2n/d). This
immediately provides a bound on covering numbers of the sphere. Recall that a set
of points N C S? is called a (geodesic) e-net if for every = € S there is y € NV such
that o(z,y) < e. Therefore, adjusting the constant C' we have the following bound.

5



Corollary 1.8. For every d > 2 and € (0,7/2) there exists a geodesic e-net of S
with cardinality bounded by

d max{2, C lnli((i/)V(e)) }’

where C' > 0 is an absolute constant.

This estimate complements standard bounds (see for example Corollary 5.5 in
[3]) and should be compared with bounds in Examples 6.1 and 6.2 in [12].

Moreover, the results of [12] imply the following lower bound, which unfortu-
nately holds only for n superexponential in d. This restriction appears as the proof
uses the lower bound in (1.8) for R? and a sufficiently good approximation of B4*!
by a polytope with n vertices. We would like to note that a similar restriction on
n also appears (although for a different reason) in the lower bound in [15] for the

minimal dispersion in the case of the cube.

Theorem 1.9. Let d > 2. Then the minimal dispersion satisfies
n - dispe(n,d) > cod for n>Cd“3/21n 4,

where cg, C > 0 are absolute constants.

Note that, asymptotically as n — oo, the constant ¢y in Theorem 1.9 can be

chosen as —~ by Theorem 1.3.

Severale\l/li)per bounds, including the ones in Propositions 1.5, 1.6 and Theo-
rem 1.7 (all derived from [12]), rely on semi-random constructions of identically and
independently distributed (i.i.d.) random points (with respect to the probability
measure o) with well-separated points to fill the gaps left by the random points.
Such a technique goes back at least to Rogers [53], who used it for the upper bound
of (1.8) and for the spherical covering density in [54]. The book [3, Chapter 5]
contains a presentation of this technique for the case of covering the sphere by
spherical caps. It was also recently used in [2] for the minimal dispersion on the
cube. Note that Naszddi [48] used non-probabilistic tools to reprove the bound from
[12] mentioned before Proposition 1.6.

If the number of points n is large compared to the dimension d, then covering
of $? relying only on i.i.d. random centers may introduce an additional logarithmic
factor in n. This is because the largest gap between i.i.d. random points is loga-
rithmically larger than the average gap, see [17, 42, 52] for details (note that in the
case d = 1 it is an easy fact). This effect is related to the coupon collector’s problem

(see [39] for dispersion on the cube).

Remark 1.10. In a recent work, Hoehner and Kur [41] have shown that covering
most of the sphere using i.i.d. random points is asymptotically optimal in high
dimension. More precisely, the maximum proportion of the sphere S¢ covered by n

spherical caps of volume 1 tends to 1 — 1 as n and d tend to infinity.
n e
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A separate question is what bounds can be obtained by using a random choice of
points (with respect to the normalized Lebesgue measure). Such a choice of points
was used in recent works on dispersion of the cube [45, 46, 57] and for spherical
lens dispersion [51]. Moreover, the above mentioned bounds in [57] and [51] are
immediate consequences of a result in [9], which essentially uses the so-called e-
net theorem in combinatorics due to [37] (see Theorem 5.1 below). We would like
to note that this e-net theorem has been used by Naszddi [49] to construct a good
approximation of a convex body by convex polytopes with small number of vertices.
Below, we use the results from [9, 37] to derive the following bound, which is slightly

weaker than the one in Theorem 1.7 but relies only on i.i.d. points.
Proposition 1.11. Let d > 2. Then the minimal dispersion satisfies

n - dispe(n,d) < for n>d+2.

S CEs)

Moreover, the bound holds for independent uniformly distributed points on S°.

In fact, it can be deduced from the proof that the bound holds with probability
1—a, a € (0,1), for i.i.d. random points if the factor 3 is replaced by a large
enough constant depending only on «. Although the proof of the combinatorial e-
net theorem is not very long (for the sake of completeness, we present it in Section 5
together with the proof of Proposition 1.11), there is an even simpler approach using
a standard (geometric) e-net argument, which however yields a slightly worse bound
in the regime d+2 <n < Cd? than Proposition 1.11.

Proposition 1.12. Let d,n > 2. Then the minimal dispersion satisfies
n - dispe(n,d) < 12d1nn.
Moreover, the bound holds for independent uniformly distributed points on S.

The proof of Proposition 1.12 will be given in Section 4 and it is based on the idea
of d-approximations which were discussed in [46] (see also [2, 45]) for the dispersion
on the cube as a simplification of the notion of §-covers used in [23] on the sphere. In
the preprint [13], a predecessor of [51], an approach using d-covers was carried out,
giving bounds of the same order as in Proposition 1.12. We refer to [33, 34, 57| for
d-covers and related notions on the cube. Let us note that d-covers were originally
used in discrepancy theory from which the concept of dispersion emerged.

The minimal lens dispersion, i.e. disp,(n,d) defined in (1.2), is more complicated
to analyze since there is no direct connection to covering. Theorem B in [51] asserts
that

en

n-dispg(n,d) < Cdln <327d> for n > 32d, (1.11)

where C' > 0 is an absolute constant. Moreover, this holds for the expected dis-

persion of n i.i.d. random points and the proof is based on bounds derived from

7



[9] (analogous to our Theorem 5.1). For completeness, we provide a proof of Theo-
rem 5.1 and inequality (1.11) in Section 5. In [13] a suboptimal bound using §-covers
was given. We recover this bound with a simpler proof building on d-approximations

as used for Proposition 1.12.

Proposition 1.13. Let d,n > 2. Then the minimal lens dispersion satisfies
n -dispp(n,d) < 24(d+ 1) Inn.
Moreover, the bound holds for independent uniformly distributed points on S.

We finally would like to note that the bound (1.11) and Proposition 1.13 extend
to families generated by intersections of an arbitrary number of caps with essentially
the same proof. For future reference we formulate it below and prove it in the last

section.

Theorem 1.14. Let d,k > 2 and
L = {Cl NCyN..NCy: C1,Co,...,Cy € C}
Let disp, (n,d) be defined similarly to dispe(n,d) and dispg(n,d). Then

n-dispﬁk(n,d)30dk‘lnk‘ln< for n>CdkInk,

cd knln k)

where ¢, C > 0 are absolute constants.

The structure of this note is as follows. In Section 2.1 we review volume bounds
for spherical caps and in Lemma 2.6 we provide a bound for the cardinality of a
geodesic e-net on S%. Section 2.2 is devoted to the proof of Lemma 1.1. In Sec-
tion 2.3 we present the relation between dispersion and approximation of the ball
by polytopes. The subsequent sections contain proofs of theorems and proposi-
tions. Section 4 contains the proofs of Proposition 1.12 and Proposition 1.13 using
standard (geodesic) e-nets and in Section 5 we present proofs of dispersion bounds

(Proposition 1.11, inequality (1.11), and Theorem 1.14) using VC-dimension.

2 Preliminaries

2.1 Volume bounds

The normalized volume of a spherical cap of geodesic radius ¢ € [0,7] can be

computed by

V(p) = =2 IIESd) | / st gy = o LA (2.1)
Vold 0 2 o2 sin? !t dt



where the d-dimensional volume of S? is given by

o (d+1)/2
L)

VOld(Sd) =

It is known that the Wallis integral ff sin?~! t dt satisfies

U ER 4l
— < tdt <,/ — for d > 2 2.2
1/2 _/0 sin S\3@-) or d>2, (2.2)

(which follows from [7, Lemma 1]). We need the following volume bounds.

Lemma 2.1. Let d > 2.

(i) If p € (0,5), then

——sin“p <V < —sin® .
27r(d—|— 1) 7= (80) 2 7
(ii) If ¢ < arccos ﬁ, then
. sin <V < . sin® .
3/2m(d+1) cosy pVip) < 2wd COs 4
(iii) If ¢ > arccos ﬁ, then
1 1
<V < —.
3eV2m (p) = 2
(iv) If a € (0,5), then
_(2'17;;012 d—1 < 1 V(W ) < d
[ cos“ « (6% —_ — — — —
2 -2 2 —V2r

(v) If0 <6 <w <, then
V(w) w\ @
v < (5)-
V(6) o
Proof. The upper bound in (i) is taken from [3, Proposition 5.1]. The lower bound
in (i) and bounds in (ii) and (iii) are taken from [12, Corollary 3.2].
To prove (iv) write
5o 2 sind=1¢ dt

1 (7[' ) 1 f¢ st ledr Ji 2.9

2 9 J? sin®1¢ dt 4 [? sin®1¢ dt

The numerator in (2.3) can be written as

g"l‘a’ [ a
/ sin® 1t dt = / cos® 1t dt = / eld=1) f(t) dt,
3o —o —a

9



where f(t) = Incost on (-7, 5) satisfies f(0) = 0, f’(0) = 0 and f"(t) = L

T cos2t”
Consequently,
1t t2
ng(t)g—i fort € (—a, ).

cos?a
We bound the numerator in (2.3) from above by

/ =1 £() qf < / e~[@D5 gt < 20,

and from below by

/a eld=DI® gt > /a 67;;;;@{% dt > Qaef%.
—a —a
Combined with (2.2) this completes the proof of (iv).

The bound in (v) follows from the Bishop-Gromov volume comparison theorem
(see e.g. [19, Theorem III.4.5]). Note that it is essentially proven using elementary
tools in [12, Lemma 3.1 (ii)] for 0 < § < w < 7/2. For convenience of the reader we

extend the proof to 0 < é < w < 7. We will use the following fact.
Claim 2.2. Letd >2,0<¢6 <m. Then for every 1 <t < %,
(i) sin(td) < tsin(0),
(ii) §sin?=1 5 < dfod sin?~ ! s ds.
Proof. Note that the function % is decreasing on (0,7]. Since 1 < ¢ < %, this

implies that

sin(t6)  sin(td) 6 <1
tsind o sind =

which proves (i).
To prove (ii) consider the function f(0) = dfg sin® ! sds — §sin?"1§ on (0, x].
Then f(0) =0 and

f1(8) =dsin® 1§ —sin? 16 — (d — 1)dsin? 2 dcosd = (d — 1)sin? 2 5(sind — & cos §).

Since sind — dcosd > 0 on (0, 7], we observe that f’(§) > 0. This proves that f is

non-negative on (0, 7] and thus proves (ii). O

We continue to prove (v). Setting t = w/§ we have to show that V' (¢5) < %V (4).
By (2.1) it suffices to show that for every 1 <t < %,

0 to
F(t):= td/ sin?™ s ds — / sin?™!sds > 0.
0 0
Using (i) and (ii) of Claim 2.2 we observe that for every 1 <t < T,

to
gt </ sin?~! sds> = §sin?1(t6) < t416sin?1 6

0
1) b 1)
< td_ld/ sin®lsds = — (td/ sin?~1 sds) )
0 ot 0

This shows that F” > 0 and implies the desired result as F(1) = 0. O

10



Remark 2.3. The asymptotic relation (1.5) for dispc(d + 2,d) is an immediate

consequence of Lemma 2.1 (iv) and arccosz = 5 —z — O(z®) as © — 0.

If § — ¢ is of order 7, then the following lemma gives the asymptotic constant
for V() as d — oo.

Lemma 2.4. For every a > 0,

s « 1

V(5 va) ~ V(s ) ~

Proof. The first “~” follows from arccosz = § —z—O(2?) as z — 0. For the second

43

/ e /2 dg as d — oo.

~” we interpret V (arccos \/;ﬁ) as the probability that a uniformly distributed

vector on S? is contained in a cap of radius arccos which, without loss of

(0%
Vd+1
generality, is centered at e; = (1,0,...,0). Let ¢ = (g1,...,94+1) be a standard

Gaussian vector in R!. Then m is uniformly distributed on S¢ and

g1 Za],

\/daﬁ}) :P[\/@

J({y e S%: arccosy; < arccos

where Sgy1 1= d+1 ZdH -2. By the law of large numbers S;y1 — 1 in probability
and by the continuous mapping theorem the same holds for /Sg+1. Then Slutsky’s

theorem implies that

g1 —x2/2
P >a| = Plg >
[ Say1 a} lgr = o] T Vor /

=) O]

This shows the claimed asymptotic for V (arccos

\/d+

Remark 2.5. The asymptotic relation (1.6) for dispq(2d + 2,d) directly follows

from Lemma 2.4.

We finally provide a standard estimate on the cardinality of geodesic e-nets on
the sphere. Recall that a set of points N' C S% forms a geodesic e-net if for every
z € S? there is y € N such that g(z,y) < e, or in other words, the geodesic
covering radius defined in the next subsection satisfies ¢(N) < e. Note that for
every x,y € S? one has |z — y| = 2sin(o(z,y)/2). The existence of Euclidean or
geodesic e-nets on the sphere S? of cardinality (C/¢)? for some absolute constant
C is well-known and follows from the volume argument. We provide a proof with

explicit constants for completeness.

Lemma 2.6. For every d > 1 and € € (0,7) there is a geodesic e-net N' C S? of
cardinality at most 2(m /)<,

Proof. For d = 1 this is straightforward, so let d > 2. If ¢ > 7, then choose
N = {z, —x} for some x € S*.

11



For € € (0,%) we use the standard volume argument. Let A" C S¢ be a maximal
set with o(z,y) > € for z,y € N. Then N is an e-net. Since the interiors of balls

B(z,5), * € N, have to be pairwise disjoint, we have

1=0(8) > > o(B(x,e/2)) = N|V(e/2). (2.4)

zeN

If d = 2, then V(g/2) = (1 — cos §) > 1(£)?, which proves the claim in this case.
If d > 3, we use Lemma 2.1 (i) and sin § > L , € €(0,%), to obtain that
1 2d—1 d 1 d
V(e/2) > ———sin?(g/2) > 7(£> > 7<£) :
2r(d 4+ 1) m(d+1)\m 2\
Combining this with (2.4) completes the proof. O

2.2 Dispersion and covering (proof of Lemma 1.1)

Here we prove Lemma 1.1, which provides relations between minimal dispersion,
density, and covering radius, all of which quantify the maximum efficiency of placing
points on the sphere. Recall that by definition, given a point set P = {z1,...,z,} C

S?, its spherical cap dispersion is
dispe(P) = sup{c(C): C N P = 0}.
ceC
With a slight abuse of notations we denote the geodesic covering radius by

©(P) = inf {<p > 0: U B(zi,¢) = Sd} = sup{y > 0: 3z € S% with B(z, ¢)NP = }.
i=1

Thus, the geodesic covering radius of P equals the geodesic radius of the largest

(open) ball which does not intersect P. Consequently,
dispc(P) = sup {V(p): B(z,9)N P =0,z €S, 0 € (0,m)} = V(p(P)). (2.5)

Taking the infimum over all n-point sets P, C S¢ on both sides of this equality and
using the continuity of the function V(-) we observe that
dispe(n,d) = inf dispe(P,) = V( inf o(P,)) =V : 2.6
ispe(n,d) = inf dispe(Fn) =V( inf o(Pn)) =V(e(n)) (2.6)
which proves one part of (1.3).

For the relation to minimal density, note that definitions of dens(n,d) and ¢ (n)
immediately imply that for every ¢ > ¢(n) one has dens(n,d) < nV(p) and for
every ¢ < ¢(n) one has dens(n,d) > nV (). These two facts together with the
continuity of V() yield dens(n,d) = nV (¢(n)), which completes the proof. O

12



2.3 Dispersion and convex body approximation

In this section we present a useful connection between minimal dispersion and best
approximation of convex bodies by polytopes. It is well-known that covering S by
geodesic balls of equal radius is related to approximating the (d + 1)-dimensional
Euclidean unit ball B! by the convex hull conv(P) of the set of centers P. Indeed,
it is not difficult to see that the largest ball centered at the origin and contained
in conv(P) has radius cos p(P), where ¢(P) is the geodesic covering radius of P

defined above (see e.g. [12, Lemma 7.1]). This implies
5 (conv(P), BT =1 — cos (P), (2.7)
where the Hausdorff distance between convex sets K, L C R is given by
6 (K, L) = max { 2’2}3522 [l —yll, ilég;glf( | — yH}-
From (2.5) and (2.7) we obtain that, for any n-point set P, C S%,
dispe(Pn) = V(¢(Pa)) = f(0u(conv(Py), BT1)),

with f(z) = V(arccos(l — z)) for z € (0,7). Taking the infimum over all n-point

sets P, C S on both sides and using continuity of f we deduce

dispe(n, d) = f(0m(n, d)), (2.8)

where d(n, d) denotes the error of best approximation of B! (in the Hausdorff
distance) by polytopes with at most n vertices on S?.

The relation (2.8) allows to transfer bounds for dz(n,d) to minimal dispersion,
and vice versa. This will be used below for the proof of Theorem 1.3. The survey [14]
contains many references on the behavior of dg(n,d). Equivalently, one can study
the difference 1 — dg(n,d) = cos p(n) which is the maximal inradius of a polytope
with n vertices inscribed into S? (see e.g. Lemma 7.1 in [12]) and thus related to
Banach-Mazur distance between the Euclidean ball and the convex hull n points on
the sphere (see discussion in Section 8 of [12]). In [12, inequality (14)] lower bounds
for cos p(n) are given for d4+1 < n < ﬁd. We will need the following upper bound,
which follows from a result on volumes of polytopes with n > 2(d + 1) vertices on
the sphere, proved independently in [4, 18, 32] and a result on the Banach-Mazur
distance between the Euclidean ball and a polytope with d +2 < n < 2(d + 1)
vertices, proved in [61]. We formulate it in terms of ¢(n) (cf. similar discussion in
Section 8 of [12]). It is known that this bound is sharp.

Theorem 2.7. Let n > d+ 2. Then

In(n/d)
I

cosp(n) <C

where C > 0 is an absolute constant.



3 Proofs of statements

In the following, we provide the proofs of all Theorems and Propositions in order of
appearance with four exceptions. Proposition 1.11 and Theorem 1.14 are proved in

Section 5, while Propositions 1.12 and 1.13 are proved in Section 4.

Proof of Theorem 1.3. Recall that dp(n,d) denotes the error of best approximation
of B™! by polytopes with at most n vertices on S? and that by (2.8),

dispe(n, d) = V(arccos(1 — dp(n, d))).
On the other hand it is well known that

dp(n,d) = as n — 0o, (3.1)

1+ 0(1) /vola(S?)  \2d 5,
2 (vold(Bd)ﬁd> "

where 94 is the minimal covering density given in (1.7) (see e.g. surveys [36, eq. (4)
and (5)] and [14, eq. (7)] and references therein, note that this result goes back to
[59]). Combining the asymptotics arccos(1 — z) = v/2x + O(x%/?) as z — 0 and

i d VOld(Bd)

voly (B4
Vip) = - a(BY) 4

©
cd—1 _

/0 Sin tdt— (1+0(1))W(Sd)s0 as QO—) 0

with (3.1), we obtain

lim n - dispe(n, d) = 9y as n — oo,
n—oo

as claimed. 0

Remark 3.1. Note that in [12, eq. (13)] a slightly less precise asymptotic for
dr(n,d) than the one in (3.1) is derived from the covering bound (1.10).

In the next three proofs we will use the following lemma. Recall that V()
denotes the normalized Lebesgue measure of a cap of geodesic radius ¢ and, given a
cover B = {Bi, By, ..., B, } of the sphere S? the density of this cover is > /", o/(B;).
When the cover B contains only spherical caps of the same radius ¢, we say that B

is a @-cover and denote its density by dens(p, B). Clearly, dens(p, B) = mV (y).

Lemma 3.2. Let d > 2, po € (0,7/2], and let D : (0, o] — [1,00) be a continuous
decreasing function. Assume that for every ¢ € (0, g there exists a p-cover B of
the sphere with density dens(p, B) < D(yp). Then for every n > D(¢0)/V (po) one
has ndispe(n,d) < D(p(n)).

Proof. Let n > D(pg)/V (¢0). Since 1/V and D are continuous decreasing functions
with D > 1 and V(p) — 0 as ¢ — 0, there exists a ¢, € (0, o] such that n =

14



D(4y)/V (). By the definition of p-cover and by the assumptions, there exists
p-cover B of the sphere by m spherical caps of radius 1, with the density

mV (Yn) = dens(¢y, B) < D(¢hn) = nV (Pn).

Thus, m < n so we also have a cover of the sphere by n spherical caps of radius
¥y, (just by adding caps if needed). This implies that ¢(n) < v,,. Therefore, using

Lemma 1.1, we obtain

ndispe(n, d) = nV(e(n)) <nV(pn) = D(¥n) < D(p(n)),
which completes the proof. O

jus

2
Z1,...,Tm € S%such that every point of S% is contained in at least one of the balls in

B ={B(z1,¢),...,B(xm,¢)} and in at most 400d In d many. In [12] this is stated
for d > 3 but the proof works also for d = 2. This implies that for every ¢ < 5

Proof of Proposition 1.5. By [12, Theorem 1.1], for every ¢ < 7, there exist centers

dens(p,B) =m -V (p) = ; /Sd 1B(iyp) (y)do(y)

m
- /Sd > 1B (y) do(y) < 400d1nd.
i=1

Applying Lemma 3.2 with the constant function D(¢) = 400dInd on (0,7/2], we

obtain the desired bound for n > P48 = 800d In d. The case n < 800dInd follows

from the trivial bounds dispp(n,d) < 3 (n > 2) and dispe(1,d) =1 (cf.,, (1.4)). O

Proof of Proposition 1.6. Denote Ay = dlnd 4+ dInlnd 4+ 5d. Remark 5.1 and the
end of its proof in [12] (see also [48, Theorem 2.2]) imply that for every ¢ < 7 there
is a @-cover B with dens(p, B) < Ay. Similarly to the proof of Proposition 1.5, using
Lemma 3.2 with the constant function D(¢) = Ay for n > 24, and dispe(n,d) < 3
for 2 <n < 24,4, dispc(1,d) = 1 we complete the proof. O

Proof of Theorem 1.7. Let g := arccos \/ﬁ. Corollary 1.2 in [12] states that

dens() < edIn(1 4 dcos? @) := D(yp)

on (0, @], where ¢ > 0 is an absolute constant. Note that D(¢p) < e¢dIn2 and that
by Lemma 2.1 (iii),

— <V < —.
3ev/ 2w (+70) 2
Applying Lemma 3.2 and Theorem 2.7 we obtain for every n > c1d,

n

d
ndispe(n,d) < edIn(1 + dcos®(p(n))) < Uy (1 +C?In 7
n

cod n
< = —
>_ n lnlnd,

15



where C, c1,co > 2 are absolute constants. This completes the proof for n > ¢; d.
For 2d < n < ¢; d we use the trivial bound

for a large enough absolute constant Cs. O

Proof of Corollary 1.8. Let ¢ € (0,7/2) and let n be the minimal cardinality of
a geodesic e-net. Note that V(e) < 1/2. If n < 2d we are done, so we assume
m :=n—1 > 2d. By the definition of the minimal covering radius we have V (¢(n)) <
V(e) < V(p(m)), therefore Theorem 1.7 and Lemma 1.1 yield

m _ mdispe(m, d) < ClInln(2m/d) < C'lnln(2m/d)
d  dV(e(m)) = Vie(m)) — Vi)

This implies
m < C,1111111(2/V(8))
d Vie)
for a large enough absolute constant C'; > 0. Since n < 2m, the desired bound

follows. O

Proof of Theorem 1.9. The following proof is based on [12, Example 6.3] where the
lower bound by Coxeter-Few-Rogers [21] (the left hand side of (1.8)) is adapted to

the sphere. More precisely, in [12, Example 6.3] it was shown that for any finite

_1
d+1

satisfies dens(B) > cd with an absolute constant ¢ > 0 (although not explicitly

covering B of S? by caps of equal geodesic radius ¢ < arcsin the density

stated in [12], the case d = 2 is also covered there). Therefore Lemma 1.1 implies
that

n-V(p(n)) =n-dispc(n,d) = dens(n,d) > cd, (3.2)
whenever n > ng for ng satisfying p(ng) < arcsin \/dlﬁ’ that is,
sin p(ng) < —— (3.3)
inp(n ) )
LY/

By the volume bound in Lemma 2.1 (i) and Proposition 1.6 we have

1 . d 7dlnd
——————sin ng) < Vi(plng)) < .
e ) < Vi) < S

Thus, if ng > Cd®+9)/21nd for some suitable absolute constant C' > 0, then (3.3)
holds, which completes the proof. O
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4 Dispersion bounds via geodesic c-nets

In this section we provide the proofs of Propositions 1.12 and 1.13. For convenience,
we mainly use |- | instead of o(+) for the normalized spherical volume and the inverse

of the minimal spherical dispersion which is given for v € (0,1) by
Num(7,d) == min{n > 1: disp(n,d) < v},

where M is either C or £, so we use either N¢ or N (but in fact it can be any other
family of measurable subsets of S%).

Similarly, for each v € (0,1) consider
M, ={A e M:|A| =~}
where M is either C or £, so we use either C, or £,. As in [2, 45] we call a finite
family N' C M a (coy)-approximation for M., with ¢o € (0,1), if for every A € M,
there exists B € N such that B C A and |B| > ¢py. Repeating the proof of [45,

Lemma 2.3] (see also [57, Theorem 1]) in our setting we obtain the following.

Lemma 4.1. Let d > 2 and let M be either C or L. Let co € (0,1) and v € (0,1).
If N C M is a (cyy)-approzimation for M~ and if |N'| > 3, then
< 31n \/\/'|
Co”Y
Moreover, the result holds for the random choice of points.

Num (77 d)

It is worth mentioning that recently Arman and Litvak in [2, Lemma 3.3] proved

a variation of the above result, which again transfers to our setting.

Lemma 4.2. Let d > 2 and let M be either C or L. Let ¢y € (0,1) and v € (0, %)
If N C M is a (coy)-approzimation for M~ and if [IN'| > -, then

coy’
Nt d) < BOND
Co7Y

We would like to emphasize that the proof of Lemma 4.1 is based on a random
choice of points, while the proof of Lemma, 4.2 introduces an additional non-random
step.

In order to estimate Naq(7,d) from above for some v € (0, 1), one can construct
a (coy)-approximation with small cardinality and ¢y = %, say. We provide a quick
summary of a construction of such an approximation A" for M.,. Since every cap
C(v,0) from M., is uniquely determined by its center v, we start with an e-net Ny
for S and consider N to be the family of caps centered at points from Ny with
the radius 0 — e. This guarantees that every cap from M, contains a member of
N. Moreover, by choosing ¢ sufficiently small we ensure that their volumes are
comparable.

As a tool, we need the following lemma which will be applied first for the family

C and later on for L.

17



Lemma 4.3. Let d > 2, v € (0,1) and A = B(v1,01) N B(vg,d2) with some vi,vs €

S?. Let 61,62 € (0,7] be such that |A| = . Then § = min{é,d2} > .

Proof. Assuming § < 7 and using the bound in Lemma 2.1 (i) we get

sin¢d 44
= |A| < < < —.
Y=l Ve < T < G
Therefore,
§ >4 > .

If 6 > 5, then 6 > 1 >+, which completes the proof.

~

To prove Proposition 1.12 we construct a j-approximation for the family C.

Lemma 4.4. Let d > 2. For every v € (0,1) there exists a %-approximation N for

Cy with cardinality

v S2<3d7r>d.

,y2

Proof. Let v € (0,1) and choose § € (0,7) such that V(§) = v. Let € € (0,6) and by
Lemma 2.6 choose an e-net Ny C S? of cardinality at most 2(§)d. Then, for every

B(v,6) € C, we find w € N such that p(v,w) < ¢ and thus B(w,d —¢) C B(v,0).

Let
N ={B(w,5 —¢): w € Ny}

Then Lemma 2.1 (v) implies that

IB(v, 6)| 5o\
Bw,d—o)] = =)

Choosing € = g—g, we observe that

SR (L) = (g < 1 ) <

3d
This implies

w2

> L

|B(w,d —¢e)| > ~ve~

o[ 2

Thus the family A is a J-approximation for C, of cardinality at most

i =2(2) -2y <),
where we used that § > v by Lemma 4.3.

Proof of Proposition 1.12. Set v = 1721—61 Inn. If v > 1, then dispg(n,d) < v trivially

O

holds and we are done. Assume v < 1. Then, using Lemmas 4.1 and 4.4, we have

3md)d 5md n2
Nl < ST O CE) o () o ey
Ty T v - o ~— 2 lan

This implies dispq(n,d) <y = %l Inn as required.

18
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Next we construct an approximation for £,. The construction that will be used
is a natural extension of the one we used for caps in Lemma 4.4, with the only
difference that now one has to control not only centers of caps, but also their radii.
First we observe that by Lemma 4.3 caps forming an intersection of volume ~ have
radii from the interval (v, 7]. We discretize this interval to approximate radii. Then
we construct a finite family of intersections A using the centers from a given e-net
and radii from the first step which ensures that every lens of volume ~ contains a
member of the family N. In the final step by choosing € in an appropriate way we

ensure that the volume loss is sufficiently small.

Lemma 4.5. Let d > 2. For every v € (0,1) there exists a %-approzimation N for
L., with cardinality

12dm 2(d+1)

WV < 9(7”) .

Proof. Fix v € (0,1). Let ¢ = IVTQd.

of cardinality at most 2(%)‘1. By Lemma 4.3, we have §1,d2 > v and we cover the

By Lemma 2.6 there exists an e-net Ny C S¢

interval (v, 7] by sufficiently small subintervals in the following way:

k

(’7,7T]CU(7T—i€, m—(i—1)e|,

=1

where k € N is the smallest integer such that m — ke < 7, i.e.,

p= |2 <24
9 9

Consider now the family
N ={B(wy, 7 —ie) N B(wa, 7™ — je) : w1, wy € Ny, i,5 =1,2,....k + 1}.

We show that A is Z-approximation for £, of required cardinality. We first estimate

the cardinality. Since ¢ < 7,
d d+1
\N0|-(k+1)§2<§) -(g+2)<3<f) .

Therefore,

2(d+1) 12 2(d+1)
V= INo x Nl (k+ 12 <9 ()7 =9 md ,
& 72

Next we prove that A is 3-approximation. Let A = B(vy,d1) N B(vg, d2) € L.

Then i = 1,2 there exists ¢; < k such that
o; € (7T —lie,m — (EZ — 1)6}
and there exist w; € Ny such that

B(wi,ﬂ' — (& + 1)6) - B(’Uz‘,ﬂ' — 618) C B(U,,(SZ)
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Since d; > v by Lemma 4.3, we have

2
W—(€i+1)525¢—26:6i—l>5¢(1—l)>O (4.1)

6d — 6d
for i = 1,2. Note that
B := B(wy,m— ({1 + 1)e) N B(wg, ™ — (b2 + 1)e) e N
and B C A. Therefore,

|B] > |A] = |B(v1,01) \ B(wi,m = (61 + 1)e)| — [B(vz,02) \ B(wa, 7 — (f2 + 1)e)].

(4.2)
Using Lemma 2.1 (v) and (4.1) we observe
| B(vi, 6i)| 1\ S 7\ 5
< =(1+———) <(1+-L) <e&/5 (4
\B(wi,w—(€i+1)s)]_(1—6'yd> ( +az((s_;;)> < (1+5;) = @y
Since

|B(vi, 6i) \ B(ws, ™ — (€ + 1)e)| = [B(vi, 6;)| — |B(wi, ™ — (& + 1)e))],
and since |B(w;, ™ — (¢; + 1)e)| < 1, formula (4.3) implies
|B(v;,6;) \ Blw;,m — Lie)| < e¥/® — 1.

Combining the above estimates with (4.2) and using |A| = 7, and ¢/ < 1 + 7 for
v € (0,1), we obtain

IB| >~ — 2% —1) > %
As B € N and B C A, this completes the proof. O

Proof of Proposition 1.13. We proceed as in the proof of Proposition 1.12. Set
_ 24(d+1)
n

Inn. If v > 1, then clearly dispe(n,d) < 1 < 7. Assume 7 < 1.

By Lemma 4.5, there exists 3-approximation N for £, of cardinality at most

9(%72”1)2(‘“'1). Applying this with Lemma 4.1 we obtain

61n (9(12xd)2(d+1) -
Ng(y,d) < ( ( 72 ) ) < 12(d+1) 1m(l&rd) Sﬁ,ln(d)
7 g 7?2 2

This implies the desired bound. O

<n. (44
Inn <n. (44)

Remark 4.6. In particular, when v < é we get
6(d+1 12(d + 1 1 18(d + 1 18
Ne(y,d) < 6(d+1) In(187d) + 12(d+1) In (f) < 18(d+1) In (7”)7
Y v Y Y Y
which is of the same order as the bound given in [51] using the combinatorial e-net

theorem.

Remark 4.7. By combining Lemma 4.5 with Lemma 4.2 instead of Lemma 4.1 we
can improve the absolute constants in (4.4) but at the price of not having random

choice of points on the sphere.
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5 Dispersion bounds via es-traversals

In this section we obtain Proposition 1.11 as a consequence of the combinatorial
e-net theorem. To phrase it, let X be a nonempty set equipped with a o-algebra
Y. Moreover, let R C X be a universally separable set system of measurable sets,
meaning that there exists a countable subsystem Ry C R with the following prop-
erty: each R € R can be approximated by a sequence Ry, Ro,... in Ro in the sense
that x € R if and only if x € R; for all but finitely many indices i. Note that the
assumptions are satisfied in the case of S equipped with its Borel o-algebra and for
the choice of R = C or R = L}, since each cap can be approximated by caps with
rational centers and radii.

A suitable notion of dimension in the general framework was given by Vapnik—
Chervonenkis in [65], which is nowadays called the VC-dimension. To introduce it,
first define the shatter function of R by

(k) = max {P,NR: R R}, (5.1)
PLEX
| P |=k
which returns the maximal number of subsets of a k-subset of X which arise as
intersections with R € R. The VC-dimension of R, given by

dimye(R) = sup{k € No: TIg (k) = 2¥},

that is, the maximal cardinality of a set such that all its subsets can be realized
as intersections with R € R. The dispersion of P C X with respect to R and a
probability measure p on (X, ) is

disp(P,R,p) =  sup  u(R).
ReR: RNP=0
The following probabilistic upper bound on the dispersion is essentially contained
in [9, Appendix A]. Since other notation, terminology, and concepts are used there,

for the reader’s convenience, we present a proof at the end of this section.

Theorem 5.1. Let i1 be a probability measure on (X, X). Assume that d = dimy.(R)
18 finite and let m > d. Suppose that X1,..., X, are distributed independently
according to . Then for all € > 0 one has

2 d
P|disp({X1, ..., Xm}, R, 1) >5} < 2( Zm) 9=em/2

Note that if for a given m > d weset € = ¢, = %% In(24%), then the probability
in Theorem 5.1 becomes strictly less than 1, which leads to existence of an m-point
set on X with dispersion at most €,,. Thus, we only need to have good bounds on
the VC-dimension of the class under consideration. For the class of caps it is given

by the following lemma.
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Lemma 5.2. Let d > 2. The class C = Cq of caps on S* C R satisfies
dimy.(Cq) = d + 2.

For a short proof of Lemma 5.2 we refer to [8, Prop. 5.12] (note that there
the notation S™ is used for (n — 1)-dimensional sphere in R™ and that this fact for
d = 2 was proved in [1, Prop. 8], where the authors used the definition of VC-
dimension which differs by 1 from the standard one). To obtain an upper bound on
the dispersion in the case of intersections of caps one can use Lemma 3.2.3 in [9,
Lemma 3.2.3], which provides an estimate on the VC-dimension (it implies that the
class L, consisting of intersections of at most k spherical caps, has VC-dimension
at most 2(d + 2)klogy(3k)).

Proof of Proposition 1.11. Let X = S? (equipped with its Borel o-algebra), R = C
and p = o. Since by Lemma 5.2 dimy.(Cy) = d + 2, Theorem 5.1 yields that for
every m > d + 2 there exists an m-point set P,, C S with

id+2 n<2em)'

di P, <eni=
ispe(Pm) < ¢ d+2

 In2 m

In particular, this gives dispy(m,d) < €., and completes the proof. O

Proof of Theorem 1.14 and inequality (1.11). We repeat the proof above (and es-
sentially follow [51]). Using that dim.(C4q) = d + 2 and [9, Lemma 3.2.3], we
observe that dimy. (L) < 2(d+2)klogy(3k), in particular, dimy.(L2) = dimy.(£) <
11(d + 2). Therefore Theorem 5.1 implies

6 (d+ 2)klogy(3k)

em
di d) < —— 1 .
ispe, (m.d) < 115 m . ((d + 2)k10g2(3k))

for every m > 2(d + 2)klog,(3k) (in the case of £, that is, in the case k = 2, it is
enough to ask m > 11(d + 2)). O

Remark 5.3. Note that Theorem 5.1 yields the existence of an absolute constant
C > 1 such that for every € € (0, %) there exists a point set P, C X of cardinality
< Cdimy.(R), 1

In —
€ €

n

with disp(P,, R, ) < e. It was shown in [44, Theorem 2.1] that in general this
bound on 7 is sharp up to an absolute constant and in [44, Theorem 3.1] that for
sufficiently small € > 0 (depending on dim.(R)) one may take C' arbitrarily close
to 1. Note however that for the proof of Proposition 1.11 we require bounds valid
for all € € (0, 3).

Remark 5.4. The notion of VC-dimension can also be used to bound the size of

empirical processes or (spherical cap) discrepancy, see [38, 60].
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The remainder of this section is devoted to the proof of Theorem 5.1, which is
essentially taken from [9, Appendix A] and [37].
A set P C X is an e-traversal of R if RN P # () for all

ReR.:={ReR: u(R) > e}

This definition is more general than the one of (combinatorial) e-nets introduced
in [37]. Theorem 5.1 provides an upper bound on the minimal cardinality of e-
traversals and thus generalizes the corresponding result for e-nets in [37].

Given € > 0 and m > 1 consider the set
Q' ={(z1,...,xym) € X™: IR € R, with RN{z1,...,zn} =0}

of realizations of {Xj,...,X,,} not forming an e-traversal. Then the probability
that {Xi,...,X,,} has dispersion > ¢ is given by u®™(Q™), where p®™ denotes

the product measure on X". Also define the set

ng: {(i‘ﬂj) = (xla"wanyl"")ym) S Xﬂm:

IR € R. such that RN{z1,...,xm} =0 and |[RN{y1,...,ym}| > %n}

Lemma 5.5. Let € > 0 and m > 1 be such that me > 2. Then

P (I < PO (QE) < 2pP (2.

Proof. If ¢ > 1, then R, = () and the statement is trivial. Thus assume ¢ € (0,1).
The first inequality follows since J2™ contains a stronger condition and by Fubini’s
theorem.

To prove the second bound, note that by Fubini’s theorem,
R = [ () 4 @) 4 (0)
> [ ] s e ) 4 @)

We estimate the inner integral uniformly from below. Fix z € Q7. Then there
exists R € R such that RN {x1,..., 2y} = 0. We fix one such R and denote it by
Rz. Let K?™ = K2?™(%) be the set of (Z,9) € X*™ with [{y1,...,Ym} N Rz| > em/2.
Then K2™ C J?™ and hence

/ 12m (2, 9) dp®™ (i) Z/ 1xc2m (2, 9) 4u®™()
:/)v(m 1{|{y17-'-7y7n}mRi‘ng/Q}(g) d/“L@m(y)

The latter integral is identical to the probability that >, & > em/2, where & =
ly,er, and Yi,...,Y,, are independently distributed according to p. Then the
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random variables &1, ..., &, are independent Bernoulli random variables distributed
with paramater p = pu(Rz) > €. We set p = ¢ which only decreases the above
probability. Since any median M of the Binomial distribution with parameters m,e

satisfies M > me — 1, we observe that for m > 2/e,

[Zgz > 6m/2}

[\D\H

['herefore,
1 _ 1
®2m(J£2m) > 2/ d ®m($) 5 ( ?)7

which proves the lemma. O

We need another lemma. Recall that IIx was defined in (5.1).

Lemma 5.6. For alle >0 andm > 1,
pEH(J2M) < Tl (2m) 27572,

Proof. A permutation 7 of {1,...,2m} acts on z = (21, ..., 20m) € X?™ by 7(2) =

®2m _ ,,Q2m
= p

(zﬂ(l), cees zﬂ(Qm)) and satisfies 7o p . Averaging over all permutations

yields
P = [ (@) )

/)(2m( 2m Zlﬂm )d,u®2m( )

where the sum is taken over all (2m)! such permutations. We provide a uniform
upper bound on the integrand.

Fix z = (21,...,20m) € X?™ and let Z = {z1,...,20m}. Recall that 7(z) €
J2™ if and only if there is R € R. such that RN {Zr(1)s -+ Zxm)t = 0 and
IR O {zx(mt1)s - Zrzm) 3| = 55*. In this case we write 7 <> R. Without loss

of generality, we replace R. by the smaller set system
Relz ={RN{z1,...,20m}: R € R}

Given R € R.|; define the set of permutations Sg = {m: 7 ++ R}. Then
7(z) € J*™ if and only if 7 € Sg for some (possibly non-unique) R € R.|;. This

gives
1 1
Wzlﬁm(”( 2m oDl D lmesa= ) Wzlﬂe&a-
™ m RGRE‘Z RGRglg ™
Let R € Re|z. If Sg = 0, omit R from the first sum. If Sgp # 0, then there

exists a subset of distinct indices Ir = {i1,...,4¢} such that £ < £ < m and

24



{z1,...,22m}R ={z,...,2,}and z; € R for i ¢ Ip. Note that for a permutation
7, © € Sg if and only if 771(31),..., 7 1(iy) € {m +1,...,2m}. The fraction of
permutations satisfying this can be computed by noting that there are (?) ways to

map Ig into {m+1,...,2m} but (22") ways to map I into {1,...,2m}. Therefore,

(7?) - om(m—1)---(m—L£+1)

1
(2m)! ; Lresn = (3 2m(2m—1)---(2m — £+ 1)

§ 2—[ g 2—6m/2‘

We complete the proof by noting that

|Re|z| < {RNA{z1,...,22m}: R € R} <IIg(2m).

These two lemmas yield that for every € > 0 and m > 1 with me > 2,
pEm(QM) < 2uBFM(JEM) < 200 (2m)27™/2,

It remains to bound the shatter function in terms of the VC-dimension. It is
done by the Sauer-Shelah lemma, which goes back to independent works by Vapnik
and Chervonenkis, by Sauer, and by Shelah, see the references in [47] related to

Lemma 5.9 there.

Lemma 5.7. Let R C X be a set system with dimy.(R) < d. Then for m > 1,

Tl (m) < Bg(m) = Zd: (’Z)

k=0

Proof of Theorem 5.1. Let m > d and € > 0. If me < 2, then the bound on the
probability is trivially satisfied. Thus, let me > 2. We bound the sum in Lemma 5.7

using the standard bound

which follows from
m d d
() =2 GV = s (7)

Combined with Lemmas 5.5, 5.6 and 5.7, we obtain

pom@r) < 22 gren,

This completes the proof. O
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